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SECTION L 

^be Manner of invejligating the Flvxioh$ 
of Exponentials^ with Thofe of the Sides 
and Angles of Jpherical Triangles. 
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250.^ I "^HE Method of deriving the Fluxion of 

any Power, a^, of a flowing Quantity^ 
when the Exponent (v) is given or in- 
invariable^ has been already jQiewn: But^ 

if the Exponent be variable, that Method fails ; in which 

Cafe the Quantity x^ is call'd an Exponential j whofe 

Fluxion is thus determined. 
Put %:=zx\ and let the hyperbolic. Logarithm of a? b<^ 

denoted by y ; then- that of at* (z) will, by the Nataref 
of Logarithms, be :=^'uy ; and therefore its Fluxion = 

4y+v>/ But the Fluxion of the Logarithm of z {=^*) 

T 2 M 
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• Aft. 116. is alfo cxprefled by — * ; whence wc have — =V)»+/v» 

* 

and confequendy«=Zi:y+2J>w: Which Equation,by fubfti- 
+Art. 116. tuting —for its Equal it> becomes «=zjw+ — = 



x'' yb+x'' X-^x"" fb + yx''^'xz:zx''^y.byp.Log.x 



-^VX X. 

The fame otherwijej without introducing the Properties 

of Logarithms, 

251. Let i4-z='*'j and »+^=^> fuppofing n con- 



«+w 



ftant and w variable : Then x^ = i+z' = i+a' 



«; «; — I 



X H-? =i+2^X i+^ + — X X z* + 



•Ait.99. — X X -— - Xz3+ ffff.* = T+D X 

1 2 3 * 



vhofe Fluxion, found the common Way, is nk X 

n — I ——==::: — ■ — 



Xs^fsfr. + I + Z^ X«Lyz+«;i:+Ztw-fat;Xz*+ftt;*-|zi; 



Xzzx+i^**^' — wiv+v^Xz^+i^^ — |w''+7tt;X32*x 
^r. which, by fubftituting x and v for their Equals « 



II— I 



and 'iV, becomes «:vX i-f-k| X i+wz+f^^* — fw 

XF+ £5f<:. + l+? X *£'Z+w;^+«;'£'-f ^X2^+ fsfr. 

But, if w be, now, fuppofed to vanifli, we (hall have 

the true Value of the Fluxion when v'=in j which, in 

«— '1 
th^t Cifcumftance, appears to be =: »;cX i-j-a' 



• • 
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It is plain, bccaufe the Series, z — f z* + i 2;^ faTr. 
here brought out, is known to expreis the Fluent of 

ZjlT^ ^^ '^^ hyperbolic Logarithm cf i+z *9 that the • Art, 126. 

t^o Condufions agree exaflly with each o^her : Prom 
either of which the following Rule^ for the Fluxions of 
Exponentials, is deduced. 

25 2. To the Fluxion found by the common Rule' (Art. 1 4.) 
conjidering the Exponent as conftant^ add the ^antiiy 
arlfing by multiplying the Fluxion of the Exponent^ the 
hyperbolic Logarithm of the Rooty and the propofed ^an^ 
tity itfelf continually ^ together : The Sum will be the 
Fluxion when the Exponent is variable. 

Thus, for Example, let the Quantity propofed be 



^as 



fl* + »** , then the Fluxion thereof will be z X izz X 

?HF2^'''"'+iX^H^* X hyp. Log. a'-'\'Z'. 

But, if the Root is conftant, and only the Exponent 
variable, the Exponential will be more fimple ; and its 
Fluxion will then be had by barely multiplying the ^^n- 
tity itfelf by the ProduSi under the Logarithm of theKoot 
and the fluxion of the Exponent, 

' Thus, the Fluxion of «* will be exprefled by a^ Xx 



»* . - , : : \^x 



X hyp. Log. a ; and that of J^"^ by a^^ X nx 

X hyp. Log. a^-^-b^. Thefe Kind of Exponentials oftner 
occur, in Pra^ice, than any other ; but, as it is very 
rare that we meet with any^ I (hall therefore proceed 
now to the other Confideration propofed in the Head of 
this Seflion ; namely, the Method of determining the 
Fluxions of the Sides and Angles of fphcrical Triangles 
(a Thing very ufeful in pra6lical Aftronomy) which 
I fhaH deliver in the following Propofitions. 

T3 PRO- 
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Of the Fluxions 
PROPOSITION L- 

%<%. Todetirmine the Ratio of tbi FluxsMS of tbefivirBl 
Parts of a right-angled fpherical Triangli^ fifing 
ibf Hypothifiufe^ one Leg, or one Angk^ to remain cm- 
Jlanty wbile the otlfer Parts vary. 



.-t-f^*\K/ 




Let A, F, and G be ibt 
Poles of the three Great? 
Circles DEFG, ABD, and 
ACE ; whereof the Pofition 
of each is fuppofed to conr 
tinue invariable, while ano« 
thcr Great-Circle HFCB is 
conceived to revolve about 
the Pole F: Whence, if GH 
be fuppofed perpendicular to 
FH, three variable right- 
angled Triangles, FGH» 
FCE, and ABC. will be 
formed ; in the (irft whereof, the Hypothenufe FG will 
remain conftant , in the fecond, the Leg £F ; and in 
the third the Angle A. 

Let B^ (q) be the Fluxion (or indefinitely (mall In- 

♦ Att. 134- crement *) of the Bafe AB, or the Angle F ; and let 

Cd meet the Great-Circle bFh, at Ridit^'angles, in ^ ; 

then it will be (per Spherics) as Sin. FB (Rad.) I Sin. 

^r. r., , . r.j Sin. FC CoSf. BC 

And, Tung. C : Rad. :: Cd [^ji^Xq) : ^^ 

^ ^ = the Fluxion of BC. 

/Co f, BC 
Moreover, Sin. C : Rad. :: Cd l- - 



Rdd. 



X^) : 



Co'f. BC 

'. ■ o- i> X ^ = the Fluxion of AC. 



Laftlvv 
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La%, Sineoi FB (Rad.) I Sin. FH (BC) :: B* (?) : 

StH. BC 
» ^ — X y ( = Hm) = the Fluxion of GH, or its 

Complement C. 

Now, if the feveral Quantities, in tbefe three Equa- 
tions for the Triangle ABC, be expounded by their re- 
fpe^ve Equals in the other two Triangles C£F and 
FGH9 we ihall alfo have 

5''«-CF ^, ^^ 

j2^Xf = -/7«..CF. 

Si»' CF ^ ^^ 

.^^;^X^ = -.Flux.CE. 

coj: cf 

-^X,=Flux.C 
And 

cw: FH 

g^^r-^TJJ X y = Flux. G. 

5i/f . FH 
j^j X y = ~ Flux. GH. . ^^•l 

Corollary L 

254. Heiice, if, in any right angled Spherical-Tri- 
angle, the Hypothenufe be denoted by hj the two Legs 
by L and /, the Angles^ refpedively^ adjacent to them 
by ^and a^ we (hall, by fubflituting above,, have three 
Equations for each of the three Cafes^ From the Com- 
parifon and Compoficion of which, the three following 
Tables are deduced ; exhibiting all the different Varieties 
that can poifibly happen, whether an Angle, a Leg, or 
the Hypothenufe be fuppofed invatiable. 

T4 TABLE 
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TABLET. 

When one Angle jf is invariable, 
• Tang, a . Sin, a . Rad. , 

I Co-/, I . , Co /.a , Co tang, I , 
Tang^ a R Tang, a 

. Co'f, / , ii . Co- tang. I . 
b =-o7 x£=: ^. ' /. x/ =-- o^ X a 

^ Sin. I . Tang, a . Sin. a 
X Co'tang, i Lo'tang, I 

T A B L E 11. 

When one Leg L is invariable, 
• Tang, a . Sin. a . R. ^ 

5/«. 6 . Co-/", tf . Tan£. h 

hz=LTf- — X jf=— 4- X/ = — 5^-^- X^ 
/^flW^. a K Tang, a 

Sin. i • R,. , • 7i?^jf . i& 

5m. a Lo'J. a Sin^ a 

TABLE III. 

When the Hyp. is invariable, 
-, Co- tang. I - Co'f. I ^ R , 

"^"^^ Co/.L ^^^^crj7L^'''^lI^^^ 

- Ca-f. L . Sin. I. . Tan^, I 

Co tang. I K, Tang. L 

Where, aiid alfo in the twQ preceding Tables, the Leg Zt 
is adjacent to the Angle J^ and the Leg / to the Angle a. 

3 Co- 



•4 

a 
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Corollary IL 

255. From the third original Equation, exprci&ng 
the Fluxion of the Angle C (Fid. Art, 253.) it appears 
that the Superficies of any Spherical-^Triangle ABC, is 
proportional to the Excefs of its three Angles above 
two Right- Angles. For (BC^iJ the Fluxion of the 
Trian^e ABCy is = Sine BCXBby by Art. 161.) which 

Sin. BC „ 
being to, p^ , XB^, the Fluxion of the Angle C, 

above fpecified, in the conftant Ratio of Radius to 
Unity, the Fluents themfelves (properly corrected) muft 
ther^ore be in that Ratio ; that is, the Superficies of 
the Triangle ABC will always be proportional to the 
Increafe of the Angle C, from its coinciding with Ay 
or as the Excels of A and C above two Right- Angles. 

PROPOSITION n. 

256. To determine the Ratio of the Fluxions, or the in- 
definitely fmall Increments^ of the different Parts of 
an oblique Spherical-Triangle ABC ; two Sides thereof 
AB) AC being invariable^ in Length. 



Let Cc be an indefinitely 
iinall Part of the Parallel de- 
fcribed by the Extreme C of 
the given Side AC, in its 
Motion about the given Point 
A ; moreover, let Cd be Part 
of another Parallel, whofe 
Pole is the given Point B ; let 
the Great^Circle Be meet Cd 
in d ; and let the three Sides, 
AB, AC, and BC, of the 
Triangle be denoted by X>j E^ 
^od F refpedivejy. 



B 



J^. ^ 




Then, 
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Then (pir Spbiri^s) we {hall have 

R : S.E :: CAr {J) I C€= -^ X ^', 

S F 
And, U : S.F.: CBi (j§) : 0/= -j- X i^. 

' Alfo, ^:5. </Cf(ACB)::Cf:/■=-^-;gr^X^: 
Bat S.C:S.D::S.B:S.Ei therefore S.EXS.C 

S.DXS.B 
=: S.DXS. Bf and confequendy F> alfo,S' ■ px ', 

xA. 

Ag^in, ^ : G>-/ dCe (ACB) :: Cf (-^ X J^ i 

S. E. X Corf. C - '' S.F. 
gT-^ X A {=Cd) = -^ X Si 

S. B X Ct'f. C 
Whence B= Ry^ s F ^ ^' 



Lafily, C» /. fC</ (C) '.R..Qi (-^ X ^; 



Fr=. 



XB. 



Co. t. C 

Whence, by the very fame Argument (fubftttuting 
D for Ey and C for S in the two Is^ £(^tions) wc 

likewife have C = — ^^ „ „ X ^, and /" (= 

S..F . g. /■ 

Cff-/. c^^) — Co-t. B ^ ^* 

Now, from the Equations thus found, it is nuuiifefty 
i». A: F:: jj» : S. DXS. B (:: C<»->tf. D:S.B) 
Z", A.B::RXS.F:S.EX Ce-f. C 
3°. A.C-.'.RXS.F-.'.S.DX Ce-f. B 
4°. B.F :: C<»-/. C : 5. F 
5°. C : /■ :: C«-^ B: S.F 
♦°. B..C::Ce-t,C:Cs-t.B{:;T.B:XC} Q^E.L 
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157. Thefe Proportions, for the Fluxions of the Parts 
of a opherical-Triangle, are very ufeful in various Cafes 
in Pra^ical Aftronemy \ whereof I (hall here put down 
one or two Inftances. 

The iirft b ; To determine the annual Alteration of 
the Declination and Right-Afcenfion of a fiat Star, 
through the Preceffion of the Equinox. 

Here J muft denote the Pole of the Ecliptic, B that 
of the Equinoctial, and C the Place of the Star % and 
ttbeo (by the iirft and fourth Proportions) we have 

Coi^feca. D : Sin. B n A: F^ mi 

That is, I®, As the Co-fecant of the Obliquity of 
the Ecliptic is to the Sine of the Star's Right- Afcenfion 
from the /oi^itiaf Cd/urey fo is the Precejjion of the Equi- 
nox, or Alteration of Longitude, to the Alteration of 
Declination. 

2°. As the Co -fine of the Star's Declination is to the 
Co-tangent of its Angle of Pofition, fo is the Alteration 
of Declination (found as above) to the Alteration of 
Right-Afcenfion correfponding. 

TTie fecond Exaniple is to find how much the Am- 
plitude, and the Tin)e of the apparent Rifing and Setting 
of the Sun, or a Star, are afFeded by Refraction. 



In this Cafe w^muft de- 
note the Pole of the Equa- 
tor, and B the Zenithy and 
the Side BC muft be an 
Arch of 90 Degrees, (o 
that the otar C may co- 
incide with the Horizon 
QC : Then, from the v^ry 
feme Proportion, we haye, 



B 1> 




Sin. B : Co-fica. D.iF'.Jt^ 

And, R : Ct-t. C :: /: ^ 

gut, R : Co-t. C (T.^A) :: Sin. B (C^ : Co-tavg. D 

(Tang.SiA}. 

Hence 
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Hence it appears, 

1®. That, as the Co-fine of the true Amplitude 
(confidered independent of Refra6lion) is to the Tangent 
of the Pole's Elevation, fo is the given horizontal Re- 
fraction to the Difference of Amplitudes thence arifing. 

2^. And, that, as the Co-fine of the ttue Amplitude 
is to the Secant of the Pole's Elevation, fo is the faid 
horizontal Refi-adion to the ZStSt thereof in the Time 
of Rifing, or Setting of the Sun, or Star. 

But this laft Proportion may be otherwife exprefled^ 
without the Amplitude : Thus, 

S. AB X S.AC X S.A : R^ :: the horizontal Rcfraaion, 
to the fame EiFed. 



p:roposition m. 

258. To determine the fame as in the preceding Problem ; 
fuppojing one Side AB and one of its adjacent Angles^ 
B, to continue invariable. 

If from the End of the 
given Side, oppofite to the 
given Angle, a Perpendicular 
AD be let fall, that Perpen- 
dicular, as well 28 the Seg- 
ment BD cut off thereby, 
v^^ill be a conftant Quantity,- 
while the other Parts of the 
Triangle AaD vary, by the 
Motion of a along the Arch 

irBD. Therefore the Problem is refolved by Cafe 2. of 

right -angled Triangles. Fid. Art, 254. 

159. It may not be amifs to give one Example of the 
Ufe of this laft Propofvtion : Which fhall be, in finding 
the Parallax of a Planet in Longitude and Latitude ; that 
of Altitude being given. 

Here A muft ftand for the Pole /)f the Ecliptic, B 
the Zenith, and a the Planet : Then, if the Hypo- 
thenufe A^ be denoted by /;, the Leg. Da by /, and the 

given Parallax, in Alutude, by /, it will appear, from 

the 
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the Place above quoted, that A (the Parallax in Long.) 
Sin. a . Sin, BaA 

Parallax in Lat.) = -^^ X / = ^^ — X /. 

If the Planet be in (or very near) the Ecliptic, and 
4K^be fuppofed a Portion of the Ecliptic, meeting AB» 

Sin, BaA 
at Right- Angles, in Q, then (per Spherics) ■ ^-^j ' 

( Co-/ Ba^ \ Tang. ^ Co-f.BaA / Sin. Ba^ x 

Radius )—Tang.Ba'^^^ Rad. \ Rad. ) 

Sin. ^B 
= «. ^ — ; whence, by fubftituting thefe Values 

Tang. ^ 
above, we {hall, in this Cafe, have A = y^ ©^ X 

/ and h = y: — -^ X /; that is, in Words, 

As, the Tangent of the Planet's Zenith Diftance, is 
to the Tangent of its Longitude from the nona'gefimal 
Degree of the Ecliptic, fo is the Parallax in Altitude to 
the Parallax in Longitude. 

And, as the Sine of the Zenith Diftance to the Co- 
fine of the Altitude (of the nonagefimal Degree, fo.is 
Che Parallax in Altitude to the Parallax in Latitude. 

Becaufe the Paiallax in Altitude, the horizontal Pa- 

Sin. Ba 
rallax (M) being given, is nearly = ^ , X M^ if 

« 

this Value be fubftituted for /, in the two laft Equations, 

. Sin. SB , ., Tang.^%Sin.Ba 

we Ihall get b = -g^ Xi^ and ^=^^^ ^ .^^^^ ^^ . 

,, Sin. AB X Sin. BAa ,^ 

Whence, 
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Whence, we have thefe two othff TheoreiiM, for 
finding the required Parallaxes immediately from the ho- 
rizontal Parallax, without either the Altitude or its 
Parallax. 

1. As Radius to the Co-fine of the Altitude of the 
ienagefimal Digree of the Ecliptic, fo is the horizontal 
f ar^ax to the Parallax in Latitude* 

2. And as the Square of Radius to the Redangle uiK 
der the Sines of the Altitude of the nonagijimal Dedret 
and the Phinet's Longitude from thence, fo is the Korif 
feootal Parallax to the Parallax in Longitude, 

PROPOSITION IV. 

260. StiU^ to diUrmm the fame Thing ; fuppejinzy oni 

« Angle A, and the Length of its ofpofite Side BD (or 

» § 

ViD) to remain tonftant^ 



Let BD (equal to 

BD) interfea BD in an 

indefinitely fmali Angle 

at P^ and meet AB 

# # 

and AD in B zni D % 

alfo in BD produced 

let there be taken PN 




PDandPM = PB, 



and let N^ by and if/, 5 be joined. 



* i 



Since, by Hypothefis, DB=DB=MN, if from the 
firft and laft of thefe equal Qnantities DMj common^ 
be taken away, there will remain BMs=DN. 

Moreover, fince the Triangles BMB and DND, in 

their ultimate State, may be confidered as redilineal, 

•Aft. 134. and right-angled at ^and JST*, it will therefore be, ai 



BS4 : Bi :: Co^f B : Radius 
An4 DN : DU - Co-f D :: Radius. 



From 
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From whence, the Extremes in both ProportkHK be* 

ittg die (ame, we have BB : DL) :: Cof. D : C0-/ B : 
And therefore^ if AB be denoted by H and AD by K^ 

k appeals that H : K :: Co-f. D : C^-f. B. 

Again, fer SpherUsy Sin. A : Sin. BD (G) :: Sin. 
D : &'«. if :: Flux. Sin. D : Fiux. Sin. H ; becade, 
the Sines themfelves being in a conftant Ratio, their 
Fluxions muft be in the fame Ratio : But the Fluxion 
of the Sine of any Arc, or i^gle, is to the Fluxion of 
the Arc or Angle itfelf, as the Co-fme to Radius * : * Art. t4s« 

Therefore the Fiux. Sin. D being = ^y X X>, and 

/STiw. Sin. H= "j^J- X H, it follows that. Sin. J 

: Sim. G :: Co^f. DXD: Cof. HX HiorD: H:^ 
Sin. JXCo'f. H : Sin. G X C$-f. D : And, by the very 
tame Argument, BlKi: Sin.ytXCc./ K : Sin. G X 

Co-f. B. Now, by compounding the former of thefe 
two Proportions with the firft above gives, we get^ 

Z) : ^ :: Sin. A X Co-f. Hi Sin. GxCff-f. B. And, by 

compounding this hAmth KlB :iSin.Gxa'/.B: 
&M. AXCe-f. K (that immediately preceding it} we alfo 

4)btain JO:B:: C^-f. H : Co-f, K. 

Whence, by coUeSing thefe fevera! Proportions to- 
gether, we have the fdUowing Table, for aU the dif- 
ferent Cafes. 

H:k::C9'/.D:Co'/.B 

Di&iiCo-f.HiCo'f.K 

b : Hv. Tang. D : Tang. H 

£: K:: Tahg, B : Tang. K 

K : b :: Sin. G X Cof. B : Sin. A X Cof. H 

K : B ;: Sin. G X Co-f, D : Sin. AX Cof.K 

It 
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It may be obferved, that the fourth and the laft are no 
new Cafes, but only the third and fifth repeated : And 
that, though the former of the two, laft named, differs 
from that found above ; yet it is very eafily deduced 

. . Sin, A, 
from it: For, fincc it appears that D\H\\ r ^r h '• 

Sin.G. . , ^ «. ^ n. ^ «. rv «. 

P f ii % *nd became 01/7. a : Sin. G :: Sm. D : Stn. 

. . Sin.D Sin.H 
H, it follows that 1^:1/:: c^^-^ : Cof. H " 

Tang. D : Tang. H. Q^ E. L 

There is yet another Problem, when two Angles re- 
main conftant; but this, by taking the Triangle formed 
by the Poles of the three given Circles, is reduced to 
Problem 2. 



SECTION II. 

Of the Refolution of fuxional Equations ^ or 

the Manner of finding the Relation of the 

flowing S^uantitiesfrom that of the Fluxions. 

261. XT THEN an Equation, exprefEng the Re- 
W lation of the Fluxions of the two va- 
riable Quantities, contains only one of thofe Fluxions 
with its refpeftive flowing Quantity in each Term, the 
Relation of the Quantities will be obtained by finding 
the Fluent of every Term ; as has been already taught^ 
in&^.VI. Parti. 

ax^ y* 
Thus, if ax^xzzyH^ then will — = — . 

^ 3 4 

And, if x^ y x:=zayihy reducing it firft to x x z=i 

af^y (lb that its variable Quantities may be feparated) 
. ;r«+» ay 

we have — — = ^ 

n^\ I — m 

But, 
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Sut, if the given Equation has its indeterminate Quail* 
lities and their Fluxions fo oompliatted together, that 
It cannot be brought under the Form there preicribed, 
the Task will become much more difficult; nor is there 
any general Method to be given for futh Kinds of Equa- 
tions, whereof there are an infinite Variety. 

The Method of Infinite Seriefes (in fome meafure ex* 
plained already^ and more fully confidered hereafter) is 
indeed very comprehenfive, and may be applyM to good 
,Purpofe in various Cafes { but, being tedious and at- 
tended with a Number of Inconveniencies, it is a Me« 
thod we ought never to have Recourfe to till we hav9 
try*d what may be, other^ays, eSeded, by help of fuch 
particular Rules and Obfervations as we have been able 
to coiled. 

Accordingly, I fhall, here, firft point out fome of 
the moft proper Ways to be tried, in order, if poffible, 
to bring out the Solution without an Infinite Series^ 

26a* Tbe fi¥ji Method is^ by multiplying^ or dividing^ 
the given Equation into fome Power or Frodu£f of the 
Quantities concerned \ fo as to bring it^ if pojpble^ under 
the Form of fuch Fluxions^ as^ we know\ do arife^ if not 
from tbeprjf^ yet from tbe fecond^ or thirds of the tbrte 
general Kules in the direct Methods 

ic y j^«^ 

Thus, If the given Equation be ^ + — s= — j 

I of 
then^ the whole being multiply^d by xy^ fo that the two 
firft TermS)yx4**:^> "^^y become the (known) Fluxion of 

the Redangle xy *, ther^ arIfe8yir+^= ""JUi • ^"^ * ^^^* '^* 

ay 

flill we are at a Lofs for the Fluent of the laft Term, 
unlefs n be taken 2=1 (fo thaty may vanifb.) In that 

Cafe we have xj = ■ ' ; expreffing the Relation 

X y 

of the Fluents when that of the Fluxions is — + — =5 

X ^ y 

St X 

— : Which appears to be the only Cafe, of the given 
Equation^ where this Method is of Ufe« 
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px r'y X X 

Again, let the Equation --• + -^ =: ■ — — be pro- 

^ y ay - 

pofcd. 

Here, multiplying \yj x y (where the Exponents 

X y \ 

are the fame as the Coefficients of — and — 1 wc get 

X y J ^ 

wt¥f. 

px^ ^xXy'^ +A^X ry'^'^^J = ^^="5 in which the 

' former Part of the Equation is known to exprefs the 

• Art. 15, Fluxion of ;if j^ *. Therefore, when «=:r, the Relation 
of the Fluents may be found, and will be expreiled by 

A- V = — : Which, if no Corredion by a 

^ m+p+iXa ^ 

confiant Quantity be neceflary, may be reduced to 

^ X 

y = 



The fame Method may alfo be extended to Fluxions 
of the higher Orders : Let x — xz^zzfz^ (which Equa- 
tion occurs hereafter, in the Refolution of a Problem ' 
of fome Difficulty.) Then, multiplying by x*, it be- 
comes XX — xxz^zzfx^x ; where, x being conftant, each 
Term admits, now, of a perfedi Fluent, and we therefofe 



x"- x^'i^ 



••. 



•have — — — — ^=^fxz^ : From whence, fuppofing no 

X 

Correflion neceflary, « = . =, ands;=^^. 

\/^2/x + xx 

Log.f+x^ s/ljx-^-x^ [hy Art. 1 26.} 

263. // may happen that the Solution of an Equation 
will become more eafy by firjl taking the Fluxion thereof i 
when^ by that means ^ jome of the Terms dejfroy each other. 

The following is an Inftance of it (which, alfo, occurs 
hereafter) Let;^+^2SfZ:f = ;r— ^4^: WhofcFlux- 

X y 

ion> 
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ton, making x conftant, is j? +-^ a — x xy __^^ — 

'^ X 

• • • • •• 



yy 



: Which, by realbn of the Terms deftroying 



\\fa X y^y 

one another, is reduced to-i_ = -^ : Therefore, 

X yy 



I 



1 V-z 



by expunging >', ^c, we get j?y * =i^X a — x\ , and 

I 

confequently 2yzz=i — 2X a — a\ -^-fome conjiant^an- 

tity, 

* 

264. Another Method^ applicable to Equations^ of the 
firjl Order oj Fluxions^ wherein only one of the two va^ 
r table ^antities (x or y) enters^ iV, to fubjiitute for the 
Ratio of the two Fluxions (x andy) : From whence the 
Value of that ^antity will be had^ immediately^ in Terms 
of the faid affumed Ratio : And then^ by taking its Fluxion j 
that of the other S^uantity {and from thence the ^antity 
itfelf) will become known. 

Thus, \tt axy^zz^yX, xx'\'yy^ (being the Equation of 
the Curve that generates the Solid of the leaft Re* 
fijiancey when the Bulk and greateft Diameter are given.) 

X 

.Then, by putting -r = v, and fubftituting above, we 

get tfZ{y+==)>X ^*i* + y^^ ^=^yy^ X zF+Tk* 5 and con- 

^ av aif — 'lav^H^ 

fequently y = ^==77: Therefore jJ = . n. ; 

aiHf — '^av'^v 
and confequently x (= vj) =: — — : Whofe 

Fluent may be found, from Art. 84. or, otherwife, 
thus : Put t«;* = «;*+i 5 then «y*=: w* — i, and wov = 
t^v i by (ubflituting which Values there arifes x = 

aw^ — -itfaMvXw* — I • "5 ^ • -3 j 

■ .,. -^ ■ .1 ■■ — = 4<?<ivi(; — 3tfwii/ ^ 'y and 

U 2 there- 
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tore Jf — — — — — -^ ^„* Xatyi— • jw* 

„ SfX^Z^f = l2<5E±ii which, correfted 

(by taking > or v=o) becomes a- = 1— J^^Xi — ~ , 

From this Equation, by completing the Square, &r. 
V may be found in Terms of x ; whence the correfpond- 

ing Value of y (= .: 1 will alfo be known* 

265. 72/ fourth Metbody which chiefly obtains when 
one of the indeterminate Quajntities and its Fluxion, 
arife but to a fingle Dimenfion each, may be thus : 

Let the Faha of that ^antity^ which is leaji involved^ 
he firji fought^ frtm the fictitious Equation arifing by neg- 
k£iing all the Terms in the given Equation^ where neither 
that Quantity ^ nor its Fluxion^ are found : Then^ to that 
Value^ let fome Power ^ or Powers^ of the other ^an- 
tity^ with unknown Coefficients^ be added (according to 
the Dimenfions of the Terms negleSfed) and let the Sum 
be fubftituted in the given Equation^ as the true Value of 
the jirjl mentioned ^antity : By tvhich means a new 
Equation will refult ; from whence the ajhned Coefficients 
may^ fometimes^ be determined. 

Ex, Let the given Equation be fx*x+>'*'=^. 

By negleSing cx^Xy or feigning yx = aj^ we get 

^ y 1 r ' X ^ 

— =: — -r and confcquently — =hyp. Log./— hyp. 
ay a 

tod tV'*** ^°S' i * = hyp. Log. -J ; d being any conftant Quan- 
tity, which the Nature of the Problem may require. 

y 
Hence --7 = the Number whofe hyperbolical Logarithm 



X 



is jp : Which Number, if Afbeputfor (2,7i828£s^f.) 
3 the 
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the -Number whofc hyp. Log. is Unity, will be cx- 

prcffcd by ^* (fince it is evident that the hyp. Log. 
hereof '^~X Log. -*f = -^) : Therefore -j =s 

jS^^ miyz=LdXAi''' * Now, to the Vahie thus 

foimd, let there >e added AAf*+B4f+C, in order to get 

dx 
the true Value ; and then, y being = %kxx+^x + — 

m 

X il?' *, we fhall, by fubftitutifig in the given Equa- * Art. 74. 






tion, have ^;f»x+A;r*x+Bjfx+Cx+i;riW* = ihaxx 

4" Bflir -|- ^x^^ , and confequently t + A X a-^x -|- 

B— 2AaXxx+C^BaXx=o. Whence A = — r ♦, • Art. 8+. 
B= — 2aCi C= — 2/?^7fi and confequently y= — fX 

X 

A'*+2tf.*'+2t<'^ + ^^* . ' By the very fame Way, the 
Value of y, in the Equation rjr"x4-y*=fly, will come 



out = — f X ;»f' +tf** ""'+«.«— I .tfV'"*+».»— I. 



266» But, what is a little remarkable, in thefe Equa- 

X 

tions, is, thztiht Exponenttal dM* ^ tho* a variable 
Quantity, ihould only fcrve, as it were, to corre<Sl the 
Fluent, or perform the Office of a coi>ftaat Quantity. 
What I here mean will plainly appear, if it be cont 

fidered, that the Equation y = — c X ^* -f" zax -j- 2^tf , 
where the faid Exponential is wanting, anf^vers all the 
Conditions of the fluxional Equation iirft prdpofed ; 
which, upon Trial, will be founds andmuAneeda.be 

U 3 ' ' the 
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the Cafe, feeing d may be, eithei*, taken Notl.ing at 
all, or any Quantity at Pleafure. 

But the Equation ;^ = — cX^* + 2tf^ + 2fl'' (when 

dM^ is wanting) cannot be correSed, in the ufual Way, 
fo as to give >=o, when x:=.o ; fince, if any other con- 
ftant Quantity, bcfides — 2a^c be introduced, the firft 
Conditions will not be anfwer'd : The Correflion niuft, 

therefore, be by the Exponential dM^ ; and is thus. 

X 

♦ —* 

Since j^ = — ex''- — 2cax — 2ca^-\'dM^ , if ^^ be 
taken = o and ;ir = o, then — 2ca^'\-d^i'^z=:o^ or dzzi 
7.cd^ ; and fo the Equation, truly correfted, is j'z^ — c X 

X 

x' + 2ax'\-2a^ '\-2a'^cM^ . 

267. We come now to the laft Method ; namely, 
that of Infinite Seriefes ; which, tho' lefs accurate, is 
vaftly more comprehcnfive, than any yet explained: 
The Manner of it is thus : 

For the ^antity whofe Value you would find^ let an 
Infinite Series ^ conjtjiing of the Powers of the other ^an^ 
iity with unknown Coefficients^ be affumed ; which Series^ 
together with its Fluxion^ or Fluxions, muft be fubjli- 
iuted injlead of their Equals in the given Equation ; 
whence a new Equation will urife, from which, by com- 
paring the homologous Terms, the affumed Coefficients, and 
confequently the Value fought, will be determined. 

X 

Thus, let the Equation— p— z=,y (reducible to x-^ 

1 I ■ X \ 

j — xyzzio) be propofed J to find x in Terms of/ 
Then, afluming A:=Ay+B/+C;'3^Py*+E;'5 ^c. 
We have a:=Aj+2B;7+3C/>+4D;^3jJ4.3E^*^-^ y^. 

Which lvalues being iubftituted in a:— j) — xj=io, we get 
A>+2Bj^>+3C/.y+4Dy3j.+ ^c.7^ 
^y—hyy—^y^j —Cy^y — {5V. i^^' 

There- 
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Therefore A — 1=0, or A— i ; 2B — A=o, or B= 

A I , B I 

7=T* 3C-B=o,orC = -= — ; 4D-C 

T. C I 

= 0, or D =-7 z= — — £sff. 

4 2.3.4 

And confequently x ( Aj -j- Bj?* + Cy^ fjTr.) =;' + 

y* . y' y* y^ 

2 ^ 2.3 ^ 2.3.4^ 2.3.4.5 ^ ^^ 

Again, let it be required to find the Value of y^ in 
the Equation cx^^ + j'-*^ = ^y% or ay — yx — cx'^x'zzo. 
Here, affuming y =: A;f+B;t*+ C;r3+D;e4+Ex5+Fi^ 
^^- and proceeding as before, we fhall have 

aPiX'{'2aBxx'{'yiCx'^X'\'/^T>x^X'\-^aEx^x^ fcfr. ^ ,, 
o — Axx— Bx'x— Cx^x— Dx^x— feff. ( " 
o o CX^X J ^ 

Whence A = o ; 2flB = A = ; 3tfC=B4-^=r, or 

C = — 5 4^7D=C= — , or D = — ^ ; 5tfE=D 
3^ 3^ 3-4« 

— , or E= — 3 fsff. and confequently y 



3-4« 34S« 

fjf^ cx^ cx^ 

^ ^ ^ ^ ^ 3^ 3-4^ 3-4-5<» 



c;«'® 



268. It appears from this Example, that the Quantity 
to be found, will not always require all the Terms of the 
Series Ax -|- B;c* -f" Ca-^ (ffc. And it may happen, in 
inumerable Cafes, that the Series to be afTumed will de- 
mand a very different Law from that where the Exponents 
jMTOceed according to the Terms of an arithmetical Pro- 
greffion having Unity for the common Difference. And, 
indeed, the grcatefl Difficulty we have here to en- 
counter, is, to know what Kind of Series, with regard 
to its Exponents, ought to be affumed, fo as to anfwer 
the Conditions of the Equation, without introducing 
more Terms than are a£tually neceffary, 

U 4 For 
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The fetlowing Rules will be found very iifeful upcMi 
this Occafion : Which, though they may become im- 
pra£Hcable in certain particular Caies> never take in any 
fuperfluous Terms. 

I*^. Having (if necejfary) freed your Equatian from 
FraSfims and Surdsy let the ^yantity^ wbofe Value is 
fought^ he fufpofed equal tsfome Power of the other ^an- 
tity with an unkno%un Exponent («) j and let that Power^ 
together with its Fluxion^ or Fluxions^ be fubjlituted /ir 
their (fuppofed) Equals in the given Equation. 

2®. Let the haft Exponents of the variable^ or iude^ 
terminate^ Quantity ^ in the new Equation, thence arifingy 
he put equal to eceh other : fVheme the Fe^lui of the U9tf 
known Exponent n will be found, 

3°. Subjlitute the Value of «, fi founds in all the Ex^ 

ponents where n is concerned ; and then take the Dif-^ 

ference between one of the equal oncs^ above Mention* dy 

and every other Exponent^ of the variable ^uantity^ in 

the whole Equation, 

4**. To thefe Differences^ write down all the leaji Nurn^ 
bers that can be compofed out of them^ by continual Addi' 
tion, either to themjelveSy or to one another ; till you have^ 
by that means ^ got, in the whole^ as many different Term^^ 
as you would have the required Series continued to. 

5®. Lajily, let each of thofe Terms be increafed by the 
Value of n (found by Sjile 2.) and you will then have the 
Exponents of the Series to be affumed. 

E X A M P L E X 

^69. Let the Value of Xy in the Equation a^x* + J»r*«* 

— <?^2;*=:0, be required, 

Firft, by writing z* for x, and rtz^'^^z for Xy the 
Indices of z will be 2n — 2, 2», and o (which are deter- 
mined by Infpeftion, without regarding the Coefficients) 
whereof the two lead (2«-^2 and o) being put eqvial 
to each other, we here find n=:i : Therefore, the Ex- 
ponents being 0, 2, o, the DifFcrences (according to 
Rule 3.) are alfo 0, 2 i from whence, by adding 2 con-r 
tinu^llyj we g9t o, 2, 4, 6, 8 t^c. which (being each 
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incmfed I^ the Value of n) give I9 3* ^9 7» 9 i^^- for 
the Exponents in this Cafe. 

Let, therefore, jr=Ax+B»»+Ca'+D2^ + tfr* 
Then, putting «q?i, in order to facilitate the Operation« 
we (hall have xz=iA + 382* + s^z"^ + 7^^^ + ^^* 
which two Values being fqaared> and fubftituted in the 
given Equation, it will become 

+9tf*B*z*+30tf*BCV+ ^^'C\\ 
« +A*2;* +2ABz* +2ACV + (^c\o 

Whence, <j* A»=:«*, and therefore A=;: 1 5 6a^B = -^ 
A^ andthercforeB= — •g^ = — J— 7; iCtf*AC 

?=— 9<i*B* — 2AB = — B X 9?B+Ta = — B X 

""^3 ^ B I 

-^— + 2=; — 2 "^2.3.2^*^ ^'^^ therefore C =: 

- — 5-^ J 14AD = — 30fl* X — ' ^ X — ~ — 

I I I I I 

1200^ 36fl* 24^* "^6o<i+ 36a* "^ 

I I 

, and therefore D = — 



36oii* * i4.36o«<^ 

^.3.4.5.6,7.^ ' ^"^' confequently, ^ = «; ^ -|^ + 

■ — "-rr — r cfTc. 

2t3.4»5^* 2.3.4.5.6.7^* 

EXAMPLE II. 

270* Let the given Equation he a^xy — la^ky -}- axx*' 

+ *^'j'=:Oi to find y. 

Here, fubftituting x* for y^ the Exponents will be 
»— ^1, « — I, I, aqd«-f-ii w|ierc, making w—'i^i, 

we 
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we get n:r=.% : Whence, the DifFcrences being 0, 2, tlie 
Series to be aiTumed for y will be Ax^ + B jt* -|- C^-^-f- 
"D^^ + Ex^° + ^^* From which, making i-s: i, wc 
have jJ=2A;rf 48:^3 J^.tCx^ +&Dx^ tffc. and 

>=2A 4-i2B*-*+3oC;r*+56D;K'^ 
And, thefc Values being fubfiituted, the Equation be- 
comes 
2A*Aj^ +Jia^Bx^+iOa'^Cx^+S6a''Dx7+ ^c.f 

—j^a'^Ax—Sa^Bx^ —i2a'^Cx^'^iba^Dx7+ ^^. > = 
+ax +2A;<^ +I2B*-5 +3oC;v7 + i^fc.J 

I ^ 2A I 

Therefore A = — --; B= — —^ =— - -— , ; 

12B I _ 20C I 

v^ y^ v>6 y^ J^'^ 

and fo> = ---7+3^-g^+^^- tfc. 



axx 



Which Series is known to exprefs the Fluent of ^ , ^ j 

a^'+x'' 
or, f « X hyp. Log. : Confequently y is alfo =: 

a^'+x^ 
l^iXhyp. Log. 1 — . In this manner, it comes to 

pa(s, that, though we are obliged, in very complicated 
Cafes, to have recourfe to Infinite Seriefes, we are 
fdmetinves able, at laft, to give the Solution in finite 
Tenns, or, at lead, by help of Logarithms, Sines and 
Tangents : Which will always happen when the Series 
can be fummcd, or is found to agree with that arifmg 
from fome known Qiiantity. 

271. Sometimes it happens, in Equations involving 
the higher Orders of Fluxions, that the Exponents, 
mentioned in Rule 2. whereof the leaft ought to be 
made equal to each other, are fo exprefled, as to render 
fuch an Equality impoiTible . When this is the Cafe, 
the Value of », and the firft Term of the required Se- 
lie?, can only be determined from the Nature of the 
Problem to which the Equation belongs. We know, 

in- 
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i])deed, from the Equation idelf^ that n muft he either 
equal to Nothing, or to fome pofitive Integer, lefi than 
that expreffing the Order of the higheft Fluxion in the 
Equation : Becaufe the Term that has the leaft Ex- 
ponent, and which therefore cannot be compared with 
any other (being always aiFeded by two or more of the 
Fa^rs », n — i, n — 2, fefr.) will then (one of thofe 
Factors being =0) vanifh intirely out of the Equation i 
which, thereby, is rendered poffible* 

When n and A are known, the reft of the Terms 
will be found in the common Way, as in 

E X A M P L E IIL 

Where the Equation propofed is yx^ -f" ^^y — ^^J = ^ 5 

to find y. 

By fuppofing i"=i, and writing x (or y, nx*^^ for 

J, and « X « — I Xx^* for jf, we get x^ +«ij;ic'^*— 

nX n — I X<?*.v*~"* : But it is plain that no two of the 
Indices of x can, herey be equal : The Value of « muft 
therefore be either =0, or Unity (in both which Cafes 



the Term — nXn — iX^*/"^ vaniflies) but I (hall 
take the latter Value, and fuppofe the firft Term of the 
Series to be A^ ; then, the Differences of the forefaid 
Exponents being i and 2, the Law of the Series will \jc 
expreffed by i, 2, 3, 4 fefc. Whence, affuming jf=: 
Ax+Bx^'\-Cx"^ -{-Dx^ ^c. and proceeding as in the 
former Examples, y will be found = A into x + 

jr* ' x^ x^ x^ x^ 

— + — T + u~T + imi + 77;;^ ^^« or =A intoxAr 

A-* 2A'5 ^A** cjr' %x^ 



%a ' 2.3^* ^ ^•3'4^' 21.3.4.5^+ ' 2.3.4.5.6^5 

^c, where the Law of Continuation is manifeft, the 
Coefficient of every Numerator being compofed by the 
Addition of the two preceding ones. 

272, It 



^6!^"3^^V^ 



« 
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%j2. h will he proper to obferre here, that, in Eqast^ 
tions like the two )a(t propofed^ where the higher Or- 
ders of Fluxions are concerned, the Series cxprefling 
the Relation of the two Quantities muft alvr/iys be ibufio 
ia Terms of the Quantity flowing uniformly. And, 
that, if the Number of Dimenfions of the Fluxion of 
the (aid Quantity, after Subftitution, be iv)t the fame in 
every Term, the Equation itfelf, put down to be re- 
iblved, is abfurd and impoffible, and fuch as never can 
arife in the Solution of any Problem. In all proper 
Equations the Number of fluxional Points (fuppofing 
the Powers of the Fluxions to be wrote without Indices) 
will be the fame in every Term. 

EXAMPLE IV. 

273. Where let the given Equation he a^y-'^y'^X'^x^yy 

'zz.x^x \ t$ fndym 

By projceeding as ufual the Indices will here be »-i-i, 
i«, aw^ I an^ 3 > whereof the leaft (which can be no 
other than n — i and 3) being compared, n will be given 
=4 : And the Differences will therefore be o, 5, 6 ; to 
which the Double of the Second and the Sum of the 
ftcond and third, fcfr. being put down, and then every 
Term increafed by 4, there arifes 4, 9, 10, r4> 15, 16, 19 
i^c. for the Exponents of the Series to be affumed for y. 

Let therefore y=AA^+B;rs»+C;r*^+D^'* tsTf. then, 
making ;r=i, i is == 4Ajf3 4- 9B;f8-|-ioC*9+ i4D;f** 

And, by fubftituting thefe Values above, we have 
4a3A;^3^9<?3B*«+io<?3C;r5+i4^j3D;if'3^^. &?<:. t«^^ 

r. S 



I 

j^9 ^\0 »I4 



Whence A = -^, B = — 73^ > ^^* 



And *y= ^^3 — ^^^^3 — ^^^^ + 403212'^ ^^' 

""Ifyfory, the Strits A;r*+B;r?+C*^+Dj.' ^r. nvbo/e Ex- 
ponents are in arithmetUal FrogrtjftQn^ hud been ajfumed^ at^ 
ctn-ding t<f the Method of Jome 'very good Authors^ no left tbatf 
fcvcn luperflwjus Terms muf have been introduced. t9. obtain^ the 
four above gi'ven* 

27> 
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^74. BefiMre I quit thb Subje^, it may not be amife 
tofubjoin the following Remarks. 

1^. If the indeterminate Qj^ntitics are great in re- 
i^& to the given ones, a defcending Series wiU, in moft 
Cafi» (where it is pradicabte) converge better than an 
afi^nding one. To obtain fuch a Scries, compare the 
greateft Exponents, mentioned in Rule 2. inftead of the 
leaft, and proceed according to the third and fourth 
Rules *y whence a Series of Numbers will be found ; * Art t^h 
which, being fucceffively fubtraded from the Value of 
17, you will have the Exponents of a defcending Series. 

Thus, let the common- algebraic Equation a^x+ax^ 
m^a^y — ^^+=0 be propounded ; to find j, when x is great 
in comparifon of a. 

Then, proceeding as ufual, the Exponents of the 
four Terms of the Equation will be i, 3, «, 411 ; whereof 
the two greateft (4/f and 3) being made equal, we get 
ifsil- ; therefore the DiHerences are o, 2 and 2^ ; and 
the' Numbers to be fubftraded from n^ are o, 2, J, 4, 
V» ^^* Confequcntly the Series to be aflumed for y is 

A^"^ +8/"^+ Cir"'^+D/ ^ + ^^ From whence 

9 

jr will be found = a^x -j^ — — 

4v^ 4v' J2x 

2**. But, if the Quantity (x) in whofe Terms the 
other is to be exprefled, be neither much greater nor 
much fmaller than the given Quantity (a)^ it will be 
proper to fubftitute for the Excefs, or D^(e£ty oi the 
laid Qj^antity (x) above, or below, (ocxkQ given Qi^an- 
tity J (o that, having, by this means, exterminated x^ 
the Series arifing from tl>c new Equation (wherein the 
faid Excefs, or DcfeSt^ is the cwiverging Qudutity) 
,will have a due Rate of Convergency. 

The Ufe of this is fo obvious that it needs no ^ample, 
or farther Explanation. 

3*». Laftly, it will be proper to obferve, that, if the 

Equation for the Value of A, arifing from the Jiril Co- 

. iumo of homologous IVme, admiis of two or more, 

equal 
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equal Roots (which is a Cafe that may, perhaps, never 
happen in Pra£tice) all the foregoing Precepts will be itt- 
fufficient ; unlefs the Equation alfo admits of fome other 
Root, befides the equal ones, whereby A may be more 
commodioufly exprefled* To determine the Exponents, 
in that particular Cafe, divide each of the Differences 
mentioned in Rule 3. by the Number of the equal 
Roots ; and then proceed as ufual. The Reafons of 
which, as well as of the Rules themfelves, I have long 
ago given elfewherey and have not Room to repeat 
them here. 

Scholium. 

* 

275. Although the Bufmels of reverting SerieTes is 
not a Branch of the Dodtrine of Fluxions, but> more 
properly, belongs to common Algebra 'y yet, as it is 
ofi^n ufefiil where Fluxions are concerned, and falls 
under the general Rules illuftrated in the foregoing 
Pages, I (hall here add an Example or two on that 
Head. 

Liet, then, ax'{'bx'^-\'Cx^'\'dx^'\'ex^ &c. zzzy ; to re- 
vert the Series, or, to find x in an Infinite Series ex- 
prefled in the Powers of j. 

Here, by writing y' for Xj the Indices of the Powers 
of yy in the Equation, will be «,' 2«, 3«, ^c, and i ; 
therefore «=i. and the Differences are o, i, 2^ 3, 4, 5, 
^c. and fo the Series to be aflfumed, in thi$ Cafe, is 
Ajf+By*+Cj^3+Dy* &ff , Which being involved and fub- 
ftituted for the refpeSive Powers of *• (neglefiing, every 
where, all fuch Powers of x and y as exceed the higheft 
you would have the Series carry*d to) there arifes - 

aAy+aBy^ +aCy^ -j-^Dy* ^c. 

* +hAy+2bA'By^+2bACy^ l&c.i 

* ♦ -{-cAY +3^A*By* ^cA 

Whence, 
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. Whence, by comparing the homologous Terms, A = 

r ^ ^ ^ . 7bAB+cA^\ 2bb—ac 
_. B = --; C (= ^^ ) = -^'^ 

y hy^ ibb'-^ac . 
i^£* and confequently x z=. — j- + j — X j' 

X y* CsTf. 

For an Inftance of the Ufe of this Conclufion, let .v-— 

PC*- x^ x"^ 

— + — " — -7 ^c, =^y: Then, <? being, in this 

Cafe, =r, ^ = — f, ^ = 4, aTzi: — ^, {sTr. we (Kali, 
by fubftituting thefe Values, have x =y + f" "T + 

— CsTf . From whence^ when y is given, jc will alfo be 

given ; provided the Value of y be fufficicntly fmall *. • Art. gi. 

Example 2. Let there be given ^ jf+iy+rjf*+^+ 
^y^ +/»3 +^'***y +*^>'* + /y+/j>f*+/.v3y (^c. =0 i to 
find y. 

By affuming y=A;c+Bx*+0»+D;r* tt'c. and pro- 

a 
ceeding as above, A will be found = — -t", B =± — 

r+^A+M^ ^B+2gAB+/HA+/^A^4-iA3 

dC+2eAC+eB^+gB+2hAB+:^iA^B+i'^IA^ 



■•— w^* 



.— ^ £sr^^ 



Exampk 
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ExampU 3. Laftly, let *" + bx^^ + ^;r* + * -(- 

Hercy in order to determine the Form of the Series 

to be aflumed, let %* be wrote for x in the given l^^^M^* 
tion, according to the ufual Method ; and then the £x-» 
ponents, fuppofing z tranfpofed, will be i, nm^ nm-^^ 
npj nm-\'2np, nm^-^^p^ ^^' fcfpedively } whereof the 
two leall ( I and nm) being made equd to pacb otber^ 

I p 7^ 

n b found =5 — j and the Differences are — , 



m ' m ' m 



~- » &!!:. Whence the Series to be aflumed fat x k 

m 

;r* + Bx" + Cz " + Dz " + Csfi:. (for it is evi- 
dent, by Infpe£Hon, that the Coefficient (A) of die 
firft Term muft here be an Unit.) This Series being 
therefore raifed to the feveral Powers of x^ in the given 
Equation, hy Art. 108. and the Coefficients of the ho- 
mologous Terms in the new Equation compared together, 

it wUl be found that. B=--, C==i±^±5E**l2ff, 
p _ _ 2ffl* + 9^P '\'9P^+ jm+tp^iX b^ , 



nC- ^ 



From the general Value of «r, found above, innu- 
merable Theorems, for reverting particular Forms of 
Seriefes, may be deduced. 

Thus, if * + hx"- + cx^ + rf^, ^c. = z ; then {m 

being = I and « =: 1) *• is = z --^z*-f 2^— rX:i»-v 
^b^^^bc^d X z* ISc. 



And 
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And> M X'^hx^'\'Cx^ + dxT-^l^c. =:a; (w being 

Xz? &c. 

Alfo, if ;r* + i*-^ + cx'^ + dx^ I Se. =z ; then 
(«w being = | and ^=1) *'=z* — 2te*+7^^ — 2fXa^ — 

276. It may be obferved that, in all thefe Forms of 
Sqpbfes» the firft Term is wichgut a Coefficient (which 
jncoders the Concluilon much more Ample.) There- 
fore, when the Series to be reverted has a Co- efficient 
in its firft Term, the whole Equation muft be firft of 
all divided thereby : Thus, if the Equation was yc — 
6;r* + 8*3 "^ ^S-^* ^^» ^=J^5 ^y dividing the whole 

8;r' 13;^* 
by 3 it will become x — 2^* + "T" — "T" ^^* = \y ' 

Where, putting zzn^y^ we have, by Form. i. A-^ar^- 
16 , y , V* . i6y' . 



SECTION IIL 

Of the Comparijgn of Fluent s^ or the Mannef 
of finding one Fluent from another. 

277. "XTT^E have, already, pointed out the moft 
•y V remarkable Forms of Fluxions whofe 

Fluents are explicable in finite Terms*; and alfo#Art. 77. 

ihewn the Ufe of Infinite Seriefes in approximating the 78. S3. 84. 

Values of fuch Fluents as do not come under any of •"** ^5- 

thofe Forms J: But this laft Method (as is before j Art. 99. 
. .hinted) being troubleibme, and attended with many 
- Obftades ; Mathematicians have therefore invented, 

and (hewn, the Way of deriving one Fluent from 

another : Which is of good Advantage when the Fluent 

X foj^ht 
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fought can be referred to one, like thofe in Art 126. 
and 142. expreffing the Logarithm of aNumber, or the 
Arch of a Circle \ fince the IVouble of an infinite 
Series b» then, avoided. 

As the Subjedl here propofed is of fuch a Nature, 
that it would be very tedious and difficult, if not 
altogether impradlicable, to lay down Rules and Pre- 
cepts for all the various Cafes 5 I (hall deliver, what I 
have to offer thereon, by way of Problems ; beginning 
with fome very eafy ones, for the Sake of the ymo^ 
Proficient. 

P R O B. I. 

X 

278. The Fluent of --—= =, being given (by Art. 1 26.) 
*tis propofed to find J from thence^ the Fluent of ^— — =l. 

Let both the Numerator and Denominator xf 

— F=====^> be multiply'd by a*, fo that the Quantity 

x^x 

without the Vinculum, in the Fluxion, 



y/a'^x'' + x^ • 

thus transformed, may become fome conftant Part of the 
Fluxion of the higheft Term under the Vinculum : 
Which Part, in this Cafe, being J, let \ of the Fluxion 
of the firft Term under the Vinculum (or \ a^xx) be 
therefore added to the Numerator, in order to have the 

TFhole^ — - — :, a complete Fluxion ; and then the 

\ra''x^ + x^ 

Art, 77. Fluent thereof, by the common Rule *, will be f 
\/a^x^+x^ :=2 ^ X x/a^-^x^ : But, from this, we are 



1 4 • 
i a*xx 



now to deduft the Fluent of the Quantity . 

\/^a^x*^x^ 

(=: .. ^ 1 that was added : Which Fluent, at 

that 
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that of j—^ — is given = hyf. Log. *•+ \/?+F ♦, • Art. 116. 

ymil be = f tf* X hyp. Leg. X + \/a* + *•* ; and con- 
sequently the Fluent fought = | a* \/tf*+j?* _ i ii» X 

Iiyp. Lag. X 4- V'ShP^. ^ £. /. 

pkoB. n. 

x'^x 
. 279. Z^/ iV be propofed to find the Fluent of — " , 

X 

from that of —r====L ; given hy Art. 1 42. 

By proceeding as above, and adding — | a'^xx to 

— I a^xx — x^x 
ihe Numerator, we have ^ r ; whereof 

the Fluent, by the common Ruky is — | syd^x^ — x^ 
(= — f;fv/tf* — ^flf*) : From which deducting the 

f tf A";if f tf a: 

Fluent of < — — . , or ^— ^ - (given 

3= — I tf* X Arc (if) whofe Radius is Unity and Sine 
= — ♦ J there comes out f a* >f — f a* >/«* — x^ . • Art. 14*. 

280* In the fame Manner, if the Power without 
thle Vinculum, in the Expreflioii whofe Fluent is fought, 
exceeds that in the other Expreffion given, by the £x-> 
ponent under the Vinculum, or by any Multiple of it, 
the required Fluent may be determined, by one, or by 
ieveral Operations, according to the Value of the fdid 
Multiple. 

x^x 



Thus, if the Fluent of ' ^ was fought ; then, 

V^tf* — x^ 

becaufe the Index of *•, without the Vinculum^ exceeds 

X % that 
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that in — p==== by twice the Exponent under the 
Vinculuniy the required Fluent may be had from that of 

at 

, at two Operations \ by the firft whereof. 



y/d" — x"- 



x^x 



we have already found the Fluent of — .tobe=s 

\ a^A — f X \/a^ — jf* : Whence, putting this Value 

=5, and proceeding as before, we alfo get — iv/flV^-jr* 

J ■ 'ld*'x j^ 

^\d'B——\x^\/a''—x'-'--^ >/?— ^ + 

^^-5— == £ L^ I = the true 

x^x 

Fluent of 



\/«* — x"- 

PR OB. in. 



2S1. Suppofing the Fluent o/a+cz"^ Xz^'"^^^ t9 be 

given — Ay to find the Fluent of7+^ Xz^^ "^-^i 

=S {where the Exponent of z, without the Vinculuni 
is increafed by the Exponent under the Vinculum.) 

Let the Part afFefled by the Vinculum be multiply'd 

by z*^, and the Part without be divided by the fame 
Quantity ; then our Fluxion will be transformed to 

az^-^-cz^^^^ Xz^"^'^^'^^i=B .-Where let y be, now, 
fo taken that the Exponent («+^) of the higheft Power 
of z under the Vinculum may be eaual to (^«+'* — ^4) 
that of the Power without the vinculum + ' > that 

is, let q = -^ : Then (by Art. 77. if the firft Term 
. w-p I * 

under 
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imder die Vinculum was conftant, the Fluent of the 
fii4 Expreffion, or its Equal az^ -^cvi" A xz" ^'«, 

would be had = ===: — === — . But the 

m-j^i X n-^-qXc 

Fluxion hereof, fuppofing both Terms to be variable 
(as they adually are) is a%9 + fz"+?l*Xa"*^'« + 
^. X az^ + cz^'^^^X^^^^^ (by the common 

Rule.) Therefore SS!~ - =:^- >< 

;w+iX«+yXf »+^Xc 

i7«. of 07? + fz"'*'^^" X z^'« = 5 J that is, 

iw+l X »+^ X c n^q X f 

a*^ ■** ^ "* ' « = B ; or, by fubftituting for q^ 

«+i te 

tf+rz*"' Xz /)flr '* 



— XFlu. a+cz"" X 
»*+^ + *X«r m+p-^-iXc 

z^""« = 5.- But the F/«. 0/ ai-cz'^^ z^"" '« is 



given = J', therefore, laftly, ^-i^ 



«' Xz'^ 



;w4-/>+i X nc 



jn+p+i X c 

282. If the Quantity under the Vinculum ht a Mul- 
tinomial, a^cz 4- ^z** + ^z^' fe^^. Then, fince 
the Fluxion of a+cz' + </z*" + e7?' i^c} X a^ is 



X3 
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i?+fa" +d:i^ks'S X a^' + i3+^a'' +rf%*'^ i^cf 

' vy 

Xtf+<^2^' +^2** Vc.) , It is evident, that, if the 

Fluents of %^^^k, z^+«-r»it, z^*+"-»« faff, drawn 

into the general Multiplicatpr ia-{'C7f -^d^* fjTr.] , be 

denoted by Ay 5, C, />, f^Tr. the Fluent of Ae 

. Whole-Quantity exhibited above ( which Fluent is 

g + ca" + dT^"" + ^23* fafr. f 'x g ^) will alf o be ex- 
preffed by pnaJ+ p + m+iX ncB+p+2m+2 XndC+ 

p+3^"l"3 X^^^ ^^•. Therefore, if there be given 
as many of the Fluents Jj 5, Cy D tfc. as there arc 

Terms in <7-f-^z + dz^* -|- ez^* fsff . minus one, that 
other Fluent, be it which it will, will alfo be given from 
hence. Thus, if </=o, ^=o, bfc. and the Value of 

J be given, we ihall have a+cz" X vz=ipnaA'\' 



<7+«& XZ 



.^* 



^-|*»i+iX«r^ ; and confequcntly J5=: ^ 

' *- ' /+/«+iX»~c 

PR OB. IV. 



^83. 7X^ Fluent of d+c^ X 2;^*""-'« heing ghm (as 
in the preceding Problem) to determine^ from thence^ 

the Fluent of ^^^ X z^^"^'^\ y fuppofmg v to 
denote a whole pofttive Number, 

Let 
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Let «+«;•' be denoted by M\ alfo put^+i= 



3" 



;./>+! (^+2) =/>,/>+! (?+3) =/>(Jff. and let the 
FJucntsof 7+T^ Xz^*""'i, n+cz" Xz>^-'«, 

tf+cz" "x 2^"-'i, ^+^*Xz^^'« , &^r. be re- 
prefeoted by A^ 5, C, Z), faff. refpeSively. Then, fince 

M%^ paA ' 

■=■■ I — . — — z=i B (h the preceding 

Prib.) it follows, froni the very fame Arginnent, that 



Mz^ 



pad _ 



= C 



m-^-p-^-iXnc m'{'p-\'iXc 



_ - paC _ 



= /) 



Hei^ce, by writing thp Value of B in the fecond Equa^ 



^00, we have - 



MTf* 



paMvtf^ 



I / ■ 

in+^+ \Xnc i»+^+ 1 x/»-|-^+ I x;:f c 

■ ■■ =C- In the fame Manner, 



w+j^+iXw+/>+i><c* 
J)y fubilituting this Value fojj: C in the 3d Equation, we get 



/* 



Afa'" 



paM% 



pn 



-+ - 



X4 



312 Of the Comparifon 






m^ p + I X/«+^ + i X/»+^+ I Xnc^ 

pppa^A 






Where the Law of Continuation is manifeft j and from 
whence it appears that the Value of any of the Quan- 
tities JJ, C, -D, -B. feff . or the Fluent cxprefled in a gc* 

neral Manner, will be 



^+^+iXw 






, qXq—lXa''M% 



(v) ± ^Xp+TXpTl xffi r^; X a'' A . ^^^ 
^+i^+ 1 Xm +p^iXm^p+z (v) Xc'' * 

^ ^ X^^ - ^^ + ^ 

s+iXnc ic s.s^iXc'' 



C.C— I.J— aV/rS ^ ^ + 1 ' + a 



J.J — l.s — 2X^3 
t±l f^s y — : Where, ^=: Fluent of .7+fz^ 

Xz^"'"'^, q=p+'^ — 1> i=y+»*> /=H-^+Jf ; and 

where the Sign of the laft Term (in which A is 

found) muft be taken + or — according as v is an 

even or odd Number: Note, alfo, that the Parenthefls 

(v) is put to exprefs the Number of Terms, or Favors, 

to which the Series, or Produft, preceding it, is to be 

continued. The like Notation is to be underftood in 

other Cafes of the fame Kind, when they hereafter 

occur. 

Thi 



* 
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The fame otherwife. 

284. Lttqz:zp + v — I, and let tf+fz"' X 

Rz^+Sz^-^+Tz'"^"' + A z^" + ^./, be 

aflumed for the Fluent fought : Then, by taking the 






Fluxion thereof, you will have w-f- J x»r2 '« X «+«&' 

XRzf^+Sz^"^ + Az^+a+cz''^'' ' X 

ji»5i^*-' + f^XzSz^"^'^^ + j>«i A2^"-* 

+ ^ X ^+C2;" ' X z^'^^z; which muft be = a+cz' ' 

Xz^'*''"^'^ (or Hh^'"xz^" + "-'^) the Fluxion 
propofed : Whence, dividing the whole Equation by 

a'{'cz Xz*^ «, and tranfpofing, there conties out 

^X« rxi^'4^^"^+^^^"^ +A 2.^ P jj 

fl+rz»x^»i52?*^+?«^x5z^-' +/^«A2.^»-" S o 

Which, reduced, and the homologous Terms united, 
becomes 

m+q+iXncRl y^^ .l^qXnc^} Xz^""^ + 
— 13 ' -{-qnaR j 

m^q—lXncT'X ^j^^*^" ^-/'"^ ^ j Xz'"^ 

=:o: Where, by making m + ^ + i X wU — 1 = 0, 

1 

m+q XncS+qnaR=o^ &c. we have R= ■ , = — 9 
*' '^ m+q+ixcn 

S^^.M-,T=-~S^i or (putting 
'w+jXc m+q—i Xc 

m+q 
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j~iXf j+iXiXi— iX«c3 

Where, becaufc the Exponent of the firft Term of the 
{Equation is qn {pn-\^vn — «) and that of the laft Term 
(in which A and are concerned) =^»9 it follows that 
the Number of Coefficients to be taken as above (where* 
of A is the laft j is expreiled by v : From which laff j 
the Value o\ $ is given = — pna^* 

But, from the Law of the faid Coefficients, ^, ^9 
• ... A, it appears that the Value of A (whofe Place 
from the Beginning is denoted by v) will be = ± 

qq-'.^q — '» q — v4-2 ^ «"'^^ . 






«— I 



i+i.i. J — I p^m-^i nc* 



X : And therefore j5 



i+i.i. J— I ^ + ^ + J^ 

X lL= ± ^•^'j£^-^^''^ X ^ (putting 

p+m+i:fit^ as before.) Now, if the feveral Values gi 

J2, S, T and jS, thus found, be fubftituted in 

the affumed Expreffion, you will have the very faq^e 
Conclufion as ia the preceding Article. 



Corollary I. 



IH'f X 



285. Since q is =^+z^— I, the Fluent a+cz"' X 
j^r« ^Sz^"^ ~7+ Ag^^ + gvf, given above, may 
be cxprefled by iSTX Rz"'*'" + Sz"^^' + Tz'^r^' 

(v) + Sd i where A^ = fl+f? X /% ^ = 
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J+^^^ . And, where the Coefficient (?) of the 

given Fluent (if J will always be exprejled by the laft of 
the Quantities R, S, T , . . A, multiply'd by — pna : 
This is evident, becaufe.it is found that /S= — pnaA. 
And the fame thing will alio appear from the feveral par- 
ticular Cafes (in Art. 283.) for the Values of 5, C and 
P : In eacJi of which the Coefficient of fhe laft Term 
(where A is concern'd) is to that of the Term imme- 
diately^ preceding it, in the conftant Ratio oi pa to 

— , or of pna to Unity. 

Corollary II, 

286. If the Value of r be negative, the general Fluent 
(in Art. 283.) when /?+fz* =0 (provided yw+i> w^and 

p \» po&tive) will become barely = ± — X ^jj" X 
'^"'"^ M X —\ hpcaufe, in this CircutfiBance, all 



/+^ ' c^ 



m+l 



the Terms multiply'd by ^4-^2;" intirely vanifli. 

If, therefore, h be wrote for — c (to render the Ex- 

preffion more commodious) we (hall have -r X 7X7 

X t^ iv) X fl^ for the trup Fluent of a—b^cT ^ X 

jj^+vii— i^^ generated while ^a", from Nothing, be- 

comes = tf : Where A denotes the Fluent of a — hz ' 
X2if*~'«, generated in the fame time; and where 
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/ =^ + « -f- 1* Hence it follows that the Fluent of 
(where *,/, g tat any given Quantities) will be :=AX 

foremention'd Circumftance. 

PR OB. V. 

287. Tbt Fluent (A) of «+ra"'"x a'*~*i *«•; f i- 

^^w, t9 find the Fluent of a-^-cz'! X a x; fup* 
poftng r to denote a whole pofitive Number. 



.«+i * ytn 



Since tf +^2;* ' = ^ -f" ^* ^ /z+^2;*, it is evident 

that 7^^^^ Xx/'"""'i = ^+^* X ^Jz^^^'i + 

fl+rz«' Xra;^'**"^'^.. Whofe Fluent T^ Pfvi. 3.; 

is aA + ^f^^^^'^'xz^'' _ pa A _ 

^+)>+-i X« »'+/>+* 

+ "Ti — i — • I" J*^ Manner, if 



this Fluent, of a-^-cz'^ * Xz «, be denoted by 



— ^w!"2 



5, that of a+ca"* Xz^~"i by C, {jfc. it wiU ap- 
pear that fHn^+ E±l21f£ = C i 

•+ o4.m.j-, =D,i^c. Whence, 

by fubftituting thefe Values, one by one, as in the pre- 
ceding 
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ceding ProhleflUt and putting j^=:<7-4-f2 1 ^cget 

p+m-{-2.n p+m+2.p+m+i.H 

^2..JrFi X a* A : n — _J-'*i*^" 

4- ^+3^^>>^.W ^g^^^ Whence it is 

P+^+3 'f+m+2 . ^+^+ 1 

evident, by Infpc£Hon, that the Fluent of 0+^^' 
Xz^*"*«> cxprefled in a general Manner, will be 

£iS-^^^^f^^i,c. Which. 

bjr putting /«4-r=:/, />4-^+''=f^ ^ making ^ 'X 
z*^ a general Multiplicator, will be reduced to ^ X 

* X — — + — ==- H [r) + 

m-^i m-^-i ^"1-3 r 

n i — X ri — TT X T . I (r) a A\ where it 

p+;w+i p+m+2 p+m+5 * '^ 

appears (from the foregoing Values of S, C, and £)) 
that the Coeffipent of -^is always equal to the laft Term 

of the preceding Series, multiply*d by m+iXna (in- 

fteadof-C^'a^".) ^£./. 

Corollary. 

2S8. If c be negative, fo that ^ or its Equal, 

/t-frz% may become equal to Nothing, the Fluent will, 

2 in 
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in that Clrcumftancc, be barely =s ^i ^ . ^ X * j ^ Lj» 

X ■ , '? (r) XcTAi provided the Values of ot+i; 

^,.and » are pofitite : Or, if r, ^ and n be pofitive, add 
fn'\^'\-p negative, the fanie Expreilion will exhibit the 
true Value of the whole Fluent, generated whHe s^^ 
from Nothing) becomes infinite. 

PROB. VL 

;l89. The fame being given as in the preceding Pr$blems i 

'//> propofed to find the Fluent rf a-{'C7r X 

If — r be wrote inftcad of r, in the laft Article, 
we (ball have m — r=:/', p-^^m — rz=,gy and ^"^^ z^ 

gn g.g—iM A+^+i 

>^ 1 ^ I ^ (-0 X fl -^, exprcffing the required Fluent m 

this Cafe. 

m+i /w+2 

Fa£iors, fignifies the fame thing as the Produd con- 
tinued downwards, or the contrary way, to r Fadort, 
according to the fame Law: And therefore is =t: 
p+m p'\'m — I p-^-m — 2 ^ 



Manner we have ^Ss ^ -{-< TS: ( — = 
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\r) and confequently the Fluent itfelf = ^^^J' X 



(0 



/+!.«« /+l./+2.«fl» /+ X ./+ 2 .7+3 »«' 

+ ^X ' T_, X ^"^ , (r) X - ^.£.7. 




Corollary* 



' 290. It appears from hence that the Coefiicient of A^ 
die given Fluent, will always be equal to that of the 

laft Xerm of the preceding Series, mulciply'd by p-^mxn : 

For, feeing the Coefficient of theiaid laft Term (whofe 
Diltance from the firft, inclufive,is denoted by r) muft be 

rri »FHi+i..-.^+>— ' X -L (by the Uw of 



the Scries) where /+r±=w and ^^4"^ — jzizp+m — i (as 
itppeais Stcxpi above) it follows, by inverting the Order 

4jt botli ProgKcffions, that Cl 



1 . 



m.m — l.m — 2 (r) 



■I t 

y( '^•^ win alfo exprefs the lame Coefficient : Which, 
m 

/ jtoR^y'd by 



'' m.m — i,m — 2 ^r) 

-J-- , £he very Coefficient of J^ abovt determined. The 

a 

Ufe of this Conclufion will be fm in what follows. 



PRO- 
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PR OB. VII. 

291. Tbi fame being j ftill, given 5 to find the PbuffU tf 



\- 

By proceeding as in the laft Problem, the required 
Fluent of a-^cz" Xz^^**"""^' is derived fron> that of 
ar^z'^ Xz^ '« (given by Prob. 4.) and comes out 



«— wi 



= 3^^ z^ X — S'\-2.cz , 



j+^H^.?+3 »»« ^ ^~' P-» ^i ^*' 

Where, l^zza-^-cz , f=/M>-i, i=/»-|-^, 



c*>< 



/=^^f72^i : And where, the Coefficient of ^^ is, equal 
to that of the laft of the preceding Terms, multiply'd 

' by — m-^-p X nc. If the Manner of deducing fhe re^ 
quired Fluent, in this, and the laft. Problem, Ihould,^ 
appear fufficiently plain .apd fatis&Aory to the B^^er i 
the fame Cpncluiions^majr be, otherwife, brought oiiti 
by finding j#, in Tcrips of By C, or />, from the fe- 
veral particular Eqj^tions in Art. 283. or, by afliuning 
a defcending Sefifs> inftead of an afcendjng ope. FuL 
Art. 284. 

PROB. VIII. 
292. The fame beings ftill, given ; to find the Fluent of 

a-f-cz X Z 



m 



Let the Fluent of tf+^ X z^^'^'^^x ( given bf 
Prob. 4.) be denoted by 5, and that required by F: 

Then, 



Then, if ^4"^ be put =/, the Value of F (the Fluent 
tf «-f-f a* X z^^^i) will be given from that of B 

(the Fluent of <i-|-«b* Xa^*~*«) by writing S for 

# w^ s 

^ and p for p, in ifr/, 287. Whence we get F=^ 

gn ' g.g-'iM • ^.j^— i.^— 2.« 
*+f m-f-z »»-f*3 , . »> ^r, -,-.» 



^-|-m-f-i ^«-f2 f'+»»+3 

Which Fluent, by fubftituting the Value o f B ( in 

Preb. 4.) becomes F= ^""*';i^ X =^^ + ^^-=^=- 
i" g'g—i^n 

ft»; ± \ ^ X ;— i-- (r; X / X ^ X dlS 

(t,)X i^ : Where }=/>+v-j(, irsOT+yrrw+z+c,-! ^ 

c 

.and <=;^+'''+ * »-. '"^ where the Sign of the Uft Term 
is + or -'^ accoiding as « ii ah even or i»d(t Number. 

^. E. I. 

Y Go- 
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292, If the laft Term of the fiift Series, cxdufive" 

of the general Multiplicator ^ z^^ be denoted by 

m-\-i w+2 . ^ - 
ft ihe Multiplicator, ■ X {r)xa , to 

p'^^m+l p+m+2 

• Art. 287. *- fecond Series will be = m+i X w0 * ; and there- 
fore the firft Term of this Series, including its, Mul- 

tipKcatore, is = ^+''^^^"^'^^^ : Which, if R 

be put to denote the laft Term ffj^^^gf^^ of the 
firft Series (with its Multiplicator) will be expounded by 

^ *" — . Hence it follows, that the Fluent of 

tf+ra*' X z^ ** 'i, given above, will alfo be truly 

^cpreffedby :L-^+^X^+^, X 
al . / — 2 aK ^ fir^^i aR a 

a + *-=3 '^ -^ ^'^ + TFT X ;?— 7 >« 



n 



r— I ^ 



f« ' — » «r • * at 



/+m+i./>+w+2 fr; x/.f+i./+2 (v; ^ 

Where H, I, K, L JJ, 5, T, T, 6ff. rcpre- 

fent the Terms immediately preceding thofe where they 
Hand, under their proper Signs: R being the laft Term 
of the firft defies i alfo/=z«4"^, ^ = ^ + r + ^ + v, 

f=/'+v— I, /=w+f, /=yw+/+r, andJ^=:tf+(^. 



Co- 



6f Fbtetiti* 3^3 



Corollary II. 



I hi ai 



I93. Since the Divifor, ^+OT+i.^+m+2 (r) X 
/./+i*f+2 ("v;, of the laft Term of the Fluent (by 

!■* ■ ft 

(ubftituting for t and p f^c) is 3c^-f"^+''^"l*^+^ 

(t^) X p+v+m+i.p+v+m+2 (r) : Where, the laft 
Fador (p-f-OT+w) of the firft Frogrcffion, is Icfs by 
Unity than the firft Fa£kor of the Second ; it is evident 
that the faid fecond Progreffion is only a Continuadoti 
of the firft to r more Faftors 2 And fo, the laft Term 
of the Fluent, where J is found, is truly exprefled by ±, 

p.p+l .p+I{v) X ^ , H ^ . ^3 (r) /^'J 



Hf 



m+p+ 1 - m+p+2 . m+p+i (p+r) i 

Hence it follows, that the Fluent of a+ra* * 



Xa*^ «> or that of a — bz, X z ^ 

(making c;=: — b) will, when a — iz" becomes equal 
to Nothing, be barely =s 



^■rfM 



>f bdng the Fluent of «— *a* X z «, in that Cir- 
cumftance^ v and r whole pofitive Numbers, and p 
and >9iHhl ^^^y pofitive Numbers, either whole or broken* 

ScHOLtVM. 

294. If the Fluent of a-^ciL Xz . « (given 
^ Frah. 5.) be denoted by C i then (/^ the Fluent of 
t 

fl+cz Xz X (where »is«?i.:f-r) will be had, 

from C (by Pr«i. 4.) .according to a new Form, dif- 

Y 2 ferent 
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fcrcnt from thofc already given. And, by following 



the fame Method, the Fluents of a+cz"^ X 
a «^9 a+cz" XzT^ x, and n+tai** 

X 2 X may alfo be found, eadi» according to 

two different Forms^ from a Combination of the cor- 
ref|;K>nding Cafes in the foregoing Problems. 

But, as it is extremely tirefome to repeat the fame 
thing, again and again, where fuch a Number of Sym- 
bols are necefiarily concerned, I (ball here put down 
one Solution to each Cafe (becaufe of their life) leaving 
the Procefs and the other Forms (which contain no new 
Difficulty) tp Thofe who will be at the Trouble to fet 
about them. 

. 1°. The Fluent of «+«"' , Xz' i is = 

+i±ix j-x-^Mxf x^^xgi^xf!::^. 

^ iw w — I tn — 2^ ' / /+* t + z"^ ' — 



Where H^ I, K, L R^S, r, is^c. denote the 

Terms immediately preceding thofe where they ftand^ 
under their proper Signs ; R being the laft Term of the 

firft Series, alfo^=^4-^a*,/=»i— r,^=/>+./»+t^— r^ 
j=/)+v— I, i=i«+^+v— I, tzzzp-^m^i^ and-^= 



lW 



the given Fluent of a-^'cx Xz^^ i. 



2,\ The 
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2». The Fluent of a+fz"^ X z'*""*^'* is = 
Rc%' ,f aS f-i aT f—z aV - 

j.ii?„ii:J *+•*/ > '"+» *»»+2 «+3, ^ "7,*/ 



Wheref=/— -v— I, j=»i4-r+j, /=»j+r, f=^+OT 
•f-^i and the reft as in the preceding Cafe. 



3». The Fl6ent of H"^*^ X z^''~^^'i]s = 

~rt,^^^>-^ g^ ^ gJ^.2 ^ 

■ k 

mm — 1./» — 21 (0^^ — ^P — ^'P — 3 W a '* 

In which /=»! — r, g'zzm-^p — r — v, f3=:^— v — i^ 
/:s^-{-m, and the reft as before. 

205. From what has been delivered in this S^AIon, 
the Fluents of various Forms of Fluxions may be ex- 
bibited, by means of circular Arcs and Logarithms. 



-» In^x 



For , fince the Fluents of ^-fra X z 

4i+rz*' *X%* J?, and ^+^a^ Xz '« (wliich 

I call original Ones) ^re all of them explicable by one, 
or the other, of thefc two Kinds of Quantities (as will 



appear farther onj thofe of tf-j-^z" X z if 

«+^z"^ *"" Xz %, andi?+fz"^ X 

a X will alfo be given from thence, by the fore* 

Y 3 going 
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|OLng Theorems. Whence the mod oleful Forms of 
r lueot8 in Cotes*s Harmonia Menfurantm will be ob^ 
tained, befides fome others, more sencxal than any, oi 
the fame Kind, put down by that ugacious Author. 

Here follow a few Examples of fome of the mofi 
uFeful Cafes. 

EXAMPLE I. 



9n 



196. Let the Fluxhn given be — ^ (or^+a*)*^ 
X a**«) V heing anf whole pofitive Number. 

Then, the Fluent of cP±z?^ X i, or ■ ■ .,m ;-^ 

being = hyp. Log. — i- — , ' m . i or, equal to the 

a 

• Aft i%i. Arch whofe Sine is ^ and Radius Unity * ; according 

as the fecond Term, in d^dtx\ is pofitive or n^ative; 
let J be, therefore, taken to denote the faid Arch, or 

I^arithm ; and let J*dk»^" X « be compared with 



<i+f2;"' Xz K (whofe Fluent is, all along, fufn 
pofed to be given = A) and you will have a-zzJ^^ css^ 
±1, w=;:2, w= — -|, 2^ — is;=o, and therefore /=f : 
Whence, by fubfiituting thofe Values in Art. 283* we 

2t; — I 
likewifeget y (H^v— i) = --r^, s («t+j) =:v 



2 
—I, t (m^p-^-i) =1 i and, confcquently, the Fluent 



fought = ?±»M*X ±^ ~ =2^ 



2v — i.^/*a**^*^ 



^'^ 2v.2t; — 2 



» I . ' I ■ I W I 



av — 1 . 2v— 3.rf*z* ^ 2« — 1 . 2v — 3. 2v— 5 .d^^^f 

•- ■ . . ^ ■ — * LH^ 

>V.2V— 2.giV— 4 2V.2V— 2.2V— 4.iv--6 
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(•) ± Y^fxi ^J W X/": In which the 
laft Term Is negative, when the given Fluxion is 

'■ ' 9 and V, at the lame time, an odd Number ; 

\/^+ 2* 

but in all other Cafes, affirmative. 

EXAMPLE If. 

2J7. Let %''i\/F±I- (or T±i?^ * 'x z**i) ^/ 

^9p9unded. 

_ J. 

Here, denoting the Fluent of <f*±z*^ *i by A (as 
above) and comparing rf*±z^ Xz^'a, with 

tf+^ Xz^*'"""^ C^</. Pwi. 8.) wa have rz=T, 
and the reft as in the laft Example: Whence alfo 

f (^+*) 5=»+f, fim^r) =1, g =p+i, ^ =//*± 
«% and the Fluent itfelf = -'"^'^f^"^ ± ^^ 

2V+2 2VZ* 



^ •=== — -♦- — K^+^J =21 T X T 

21/ — 2.Z* 2V — ^4.Z* ^ 

X 4 (ti) X i!!!!:£* (R, S, r, esrr. bemg the pre- • Art.a9s. 

O 2V-f-l 



ceding T^rms with their Signs) := 

2V+2 




^ — —5 ^ ± ■ ^- . -~ 

2 V 2V. 2Z; — 2 2V. 7.V — 2 . 2V — 4 

(H-i) ± r X r X T X 4- (^) X ^L—f :• Where 

the Sign of the laft Term muft be regulated as in th» 

Y 4 pre- 
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preceding Example — ^If the Fluent of 



E-9 



V<?±z* 



of %^^k v/3*±a* (in which the Exponent is ne- 
gative) be required ; the Anfwer will be \aA in fiqit^ 
7"erms, independent of A^ by Art. 85. 

EXAMPLE III. 



5I98. Wherein the Fluxion propofed is ^•— a*' X 

Ss* ***""« } r and v being any wholt pajitive Numbers, 

$incc the Fluent of d'—z'^~ Xa**"'i (as wfll 

2 

appear hereafter) is truly cxpreiTed by — XAreb^ whofe 



n 



+a 



Sine is — r and Radius Unity, let this Value be d«- 

noted by 4t and then, by writing d^ for «, — l for e, 
-^ \ for /», and i for ^ m Art. 29a. we (ball have/ 

(«+r) = -^, ^ («+/+r+f ) =y+«, J (^+»-l) 



, * (ot+?) =»— I, < (?+»»+0 =r, J?. 
(a+a") ?5 /^-^"» and the Fluent, itfi^lf, equal to 



+ V— 2 ^ j,f W+ ?,4.6 8. 10.12 (r+wf 



2 



M3. • Xi^^'^yl:. In which H, J, K. ..R, S, T, bfc. 
' denote the preceding Tcrrjas with ^hcir Signs 5 i£ being 

the 
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the Ia{l Term of the iirft Series. Hence, becaufe all the 
Terms, but the lift, vanifli, when ^===0, it follows that 

the whole Fluent of <3f'— z" * x z*^^* 'i, generated 
while %j from Nothing, becomes equal to ^, is truly 

exprcffed by ^l^^^^^^JM^a"'^^^ j^ „ • 
"^ ' 2.4.0.0. 10.12 \r-\-v) 

1.3.5-7 (0 X i.3.t.7 (t>) fl'»+*»G „ . . 

^'y 2,4.6.8.10,12 (r+z;) ^ r~'' ^ '"^ 

fhe Semi* Periphery of the Circle whofe Radius is Unity. 

EXAMPLE IV. 
799. Let it be required to find the whole Fluent of 

- — , , generated while iz.", from AV 

/i^iV/, lec9mes:=ui 'y that of a — ^2."' X a « i^/Wj 

r-^ 

Hpre, by expanding ^4"^^*^ 9 our given Fluxion 
becomes = ^—^2."^ X z^^^'z into d^ X T^ 



^ 1:2.//* 1.2.3.^3 

Which.Series being compared with e +/z* -|- ^z** (fc, 

6k 
(Fid. 4rt. 2%6.) we have <=i, /= — y> ^ = 

j^^ ^a, — ) ^^» and confequently the Fluent fought 
(by fubftituting thefe Values) equal to —j into i — 
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being ^z p-\-m+i.) 

Here the Values of 19^^I^ « ^d / are (uppofed po« 

•Afr.«86. fitive*; and it is requifite that i+^ fliould alfo be 

poiitive ; otherwife the Fluent will fail. Although the 
Series brought out above runs on to Infinity^ yet it may 
be fum'd, in many Cafes : Thus, if the given Fluxion 

be ^:zt^ — ^ f ; then, the forefaid Series be^ 

comingi— iX^+f XjXf^f — fcfr. its Sum 

: And confcquently --. X i+^ 
= the Fluent fought : Where, J (the wboli Fluent of 
a—hz'^ X z" x) being = 7==- X 5emi-Peri- 

phery of the Circle whofe Radius is Unity, the Fluent 

I 
given above will, therefore, be =:: """yr5?^=^ 

X by the (ame Semi^^Periphery. If the Reader is dtf-> 
firous to fee a further Application of the Summation of 
Serieies, to the finding of Fluents, I muft refer him to 
my Dijfertations (where it is handled in a general Man- 
ner] having neither Roon^ nor Inclination to treat <rf 
ithere. 



willbei + f!* 
bd 



,3£ & 
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SECTION IV. 

Of the Tramfarmation of Fluxions. 

301. TJY the Transformation of Fluxions may be 
J3 underfiood, the reducing any fiuxional Quan* 
city to a different, or more commodious. Form » ac- 
cording to which Senfe, a great Part cf the fecoiid 
Sc&ion would properly fall under this Head. But, what 
U here propofed, and what is commonly meant by the 
Transformation of Fluxions, /i, the Method of or- 
dering thofe Kinds of Expreilions which involve one va* 
liable Quantity only with its Fluxion ; which, yet, are 
fo affef^ed by radical Signs, that the Fluent, without 
an Infinite Serieis, would be impracticable, were it not 
for a new Subftitution, or fome other Kind of Tranf- 
formation, whereby the given Fluxion is render'd mere 
manageable. 

Something of this Sort has been already touch'd upon 
in An. 83^ And in what follows I {hall farther point 
out and exemplify the principal Cafes wherein fuch a 
Pr9Ciiure will be of Service. 

302» If the Number of Dimenftons of the variable ^an^ 
tiiy^ without /A^ Vinculum, increafedby Unity j he fomeali^ 
fuot Part J or Parts ^ of the Dimenfions of the fame ^au" 
tity^ under the Vinculum, the Fluxion will be reduced to 
abetter Form by fub/iituting for that Power of the va^ 
rktkU Quantity., which arifes by dividing its Exponent^ 
under the Vinculum, by the Denominator of the FraSiion 
txprejfmg the Jaid aliquot Part^ or Parts. 

Thus, if the Fluxion propounded be — •; by 

T 

■in 

fiibfiituting Jri=:z , and taking the Fluxion of both Sides 
of the Equation, wc have i=|«»a"^'« j and there- 

fore z*"'^'« = — ; Which Value, with that of z* , 

being wrote for their Equals, in the given Fjuxion, it 

wfli 
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X 

will be transformed to ^ : Which, puttiiiff 

a'=zc (to make the Terms homologbu^),' is sdfo ex- 

preffcd by •;; — ^ ■ : Whereof the Fluent will be 

given by Art. 126. or Art. 142. according as the SigQ 
of X* is pofitive or negative. 

307. If the Power of the variable Quantity under 
the finculum has a Coei&cient, it will b^ beft to bring 
that Coefficient without the Vinculum. 



% z 



Ex. 2. Where let the Fluxion given be 

Which, by bringing c without the Vimulum^ becomes 

"kit 
=. : From whence, by putting x = a , 






'• Jt +-• 



and proceeding as above, we get 



*«V7 



+ x- 



Whofe Fluent, tyJrt. 126. is — 2 ^ *^' ^V!' ^ + 



^ - +**• This, by reftoring as, becomes "^ X 

AX^. JL(7^. 2** + V - + a" . Which, correfted) by 

2 

fuppofmg it =0 when z=o) gives, at length, — 1 X' 

nc* . 

ix^. £tf^. %*'' + J ^'"\'^ —kfP* Log. / 1 =: 

4:X *)!?. Log. /'.^+ J 1 + '^ foV the true 

Fluent of the CJiiantity prppoftd. 

But, 
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But, when ^ is a negative Quantity, this Fluent fails, 
becaufe the fquare Root of ^ i^ to be extradcd. In 

this Cafe ~; — / muft be transformed to 

J / ^ . 



= : And then its Fluent {ly 



X* 



t 

An. iiaO will be had = 7 7=- X the Arch of a 

Circle whoie Radius is Unity, and Right -Sine :=s 

Etc. 3. Let the given Fluxion be — > , . 
Which, by bringing r without the Vinculum^ and put- 
ting X =: z**, is tranfformed to i : 

knc^xj i + *' 

I 

Whereof the Fluent, hyArU 126. is — 7=rX *;#- Z«r, 






+ A>» 



— r^ ■-■■ I " = 7=- X hyp. Log. 

X — ZZ-JL-fXt-—- , But here, when c is pofitjve, 

the Numerator will be negative ; in which Cafe it will 
be proper to change its Signs, and exprefs the Fluent by 

~~ X hyp.Lo^. ^^+^' -^^. That,fuch 

an 
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an Alteration of the Signs can make no DHterence 14 
thcFlnxion, is erklent itota the Nature of Logartthmtl 

becaure the Fluxion of the Log. of — ;f (22 — - = - f 

is the fame with that of the hyp. Log. of x. It will be 
proper to obferve farther, that, inftead of the Logarithm 
above derived, any one of the following, equal, Quan* 

titles may be taken ; viz. hyp. Log. — 

(found by multiplying both the Nume rator an d Deno- 
minator of the foreiaid Logarithm by >/«+«&•— V^tf ) 

^, X hyp. Leg. ^^^.^^ (bj tbc N.ter« 



C%^ 



of Logarithms) = 2 X hyp. Log. " .^ 7— 

(by multiplying, equally, by \/a^c%^ + V^ ) 
But, take which of thefe Forms you will, the Fluent 
fails when a is negative ; becaufe the general Mukiplicator 

— 7=r is then impoffible. In this Cafe the Fluent of 
n y/^a 

• • 

X ^ « 

or Its Equal 



^ c 
be given hy Art. 142. and is expounded by i / * 

2 

X vf = ——7 — ; where A denotes the dr<h wfaoftf 
« V^ — a 

Radius % Unity, and Secant — r-rirr (ss / f^Y 
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In the lamc Manner |)i^ Fluent of •"- — r> ^fo^nd 
cr -1 X ifrcAf whofc Radius is Unity and Tan- 

— , or equal to " ". X Ay^. Z«'^. 

a ft \r — Of 

^ ""^=-» according as the Value of e is affir- 




mative or negative ; a being fuppofed affirmative. 

304, ff^hen ibi Pnver^ or Pmversj ^f thi variable 

Quantity without the Vinculum, or radical Sign^ falU 

tnoflly^ in the Donominatorf it may be of life to fub- 

Jhtute for thi Riciprocal ojf the faid Quantity ^ or for 

the ^otient which arifis hy dividing Jome Jtnown ^an^ 

tity^ either^ by it^ or by feme Compound of it in the De* 

nominator. 

a^k 
Ex. r. Let the propofed Fluxion be -' — : ■ ■ - r 

^^ ^^Va^ + z.^ 

a^ a" 

then, puttii^ * = — , we have « = — , and » = «« 

— T i and confequently 'Z — ^ v . i = yrr-r-^ • 
Whereof the Fluent is — v^?+?= —^ "1 J^a\ 



Ex. 2. Let the given Fluxion be =?=5r^ 7====r====r. 



tf^ aa^-^ax 

Here, putting at = ^X^» we have z = — ^jj; — = 



41— ;r tf*x 



^ . _ . _^ a^x X tf •*- jr 

« X -— *-, K = — --r> «« = — 7-^ — f 

XX jpj 

\/a*+dz+z* = - >/tf *— <i;r+4f * ; and therefctfe the 

Quantity 
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x*x-^^xx 



Quantity propofcd is transformed to y*^ j. — i 

d^ \/^a* — ax -|* x^ 

Whofe Fluent may be found from a Table of Loga- 
rithms ; as will appear farther on. 

305. If the Fluxion given is affeSled hy twd dlf- 
fennt Surds^ and the rattGnal Fa£tor^ ot the ^antity 
without the Vinculum, be in d conjiant Ratio to tbg 
Fluxion of the Quantity under the Vinculum of either 
Surdy or be related to it as in Art. 83. the given Fluxion 
Will be reduced to a more Jitnple Form^ by fubjiituting for 
ihat Surd. 

Ex. !• Let ?^ Y^^-'f— be propounded. 



Then, putting x ziz, v/^+z*, we have %*=*•* — V-^ 
a« == XX ^ and v/^*— z* = v/r*+^*— ;r*=\/fl*— a-* 

(by making a = v/?+P) W^hence '^^^'^^"' -^ 



y/c'^—z' 



4 • 

XX 



Art. 279. 



•** 



s/a^^i 

Or, if ;r be put = v^<r*-^z* finftead ofV7*+»*); 
then 2* = r* — ;r% 2« = — xx^ v^^» + a* = 

\/i>* + ^* -^ ^* = V^^* — •** 5 and confequcntly 

fi^^^SL = - ;c\/?=7* : Whof^ Fluent is 

\/cc — zz 
given by Art. 297. or J 31. 

Ex. 2. Zf/ /if ^/i;^« Fluxion he a-^-CT? X *+/2i* X 
Art 83. z^"^^^ 5 f^ppofingp to denote ary whole pojitive Number *. 

In this Cafe, let that of the two Quantities, tf+fz* 

and e-^-fzJ^i whofe Index (m or r) is the moft com- 
plex (which wq will fuppofe the latter) be put^ZA-). 



If - • ^ 



then we (hall have z = — r i »*"•'« = --7?; 
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«-t-^a* = <? + — -Tr^ 21^4- y (by putting a -=z a — 



^1 X X X 



~ ^ and confcquently rf + ^J X . 

£= the Fluxion propofed : Where, p — i being a whole 

pofitive Number, the Value of x — e\ will therefore 

be exprefled in finite Terms; whence, if ;w be alfo a 
whole pofitive Number, the Fluent itfelf will be had in 
finite Terms : But, if m and r be the Halves of odd 
Numbers, then the Fluent will be found (from Art, 
298 or 294.) by means of circular Arcs and Logarithms. 

306. If the given Expreffton be affiled by two Surds 
wherein the Powers of the variable ^antity are the 
fame^ and the rational ^antity^ without the Vinculums, 
be related to the Fluxion of either Surd, as in Art, 83. 
// may be of Uje to fubjihute for the ^otienty or Ratio ^ 
of the two ^antities under the radical Signs ; efpecially, 
if the Sum of the faid radical Signs^ or Exponents 
(fuppofmg both Surds to be reduced to the Denominator) 
is a whole Number, 



Ex. !• Let the given Fluxion be 



2, • 



% 4. • 



^^-j-z' c^x^b^ 

Then, writing x = 3 3 , we have z^zz: — r— ; 

3*>i = ^2^; 'b^:^\ .-^irp^ (=tE9^ 



X c^^^^^=x~rxc- 



1 

T 



7^r^'\ _ ^M^' X X 



Z and 
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a 



and confequendy 



1 • ^3 • 

2 « X X 






• • 



Whofc Fluent is ^ = _!_ X y ^'+*' 



A3+C3 ^3^t3 



^3 jr3' 






Ex. 2. Z^/ /A^r^ fc f /v/» T\* ni 

Here, putting a* = — — -• , you will have z =: 

a+cz :/\' 



€% — e »— I . af—ceXx p^^^ ^ 
f-^cx /' — c;^ ^ 



f — cx\ nXr—<x' 



X a—* z 

' f—cx\ nXf-^^' ' ' - 

Xa-'')— ^^^ — ^1 X**" 9 and conrequently the 
' f- — ex 

IT, • • ^^-^ X,^C? X X--X 

Fluxion given =: ^^, • 

YiKaf- — ce ' 

Where, if /»+r be a whole pofitive Number, greater 
than^ (alfo a whole pofitive Number) the Fluent will 
be truly had in finite Terms ; becaufe both the Seriefes 

for the Values of ax—e^ zxAf—co^ do 

# Art. 99. ^" ^bat Cafe terminiate *. But, if r and /«+r— jp — i 
be the Halves of whole Numbers, pofitive or negative, 
then the Fluent will be given by the laft Seftion. 

307. ^ Trinomial is reduced to a Binomial by taking 
away its middle Term ; that is, by fubjiituting for the 
Sum or Difference of the Pozver of the variable ^antity 

3 ^*« 
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in tbat Term and half its Coefficient ; according as thg 
Signs of the two Terms, where the faid Quantity is founds 
are like^ or unlike. 

m 

% 

Ex. !• Let the given Fluxion be — . ^ ; 

then, putting ;ir=z+|r, or zz=ix — |r, we have «=*', 
and V^*+f2+2* (= x/b'^^cx—lc^+x^—cx+Xc'') 
= \/4*— J c^+A-* ; whence (making «*=**— tr*) 

diere refults — ; =: = — a : Whofe 

Fluent is given, £jf Art. 1 26. 

Ex. 2. Z^/ /A/ Fluxion given be 



Firfi, by bringing c without the Finculunsy according 
to Art. 303. we have x/a+bz^'+cz^ =r \/7 X 



J 



- + *^+ *" 



z : And, by putting xzz z -f. 



— , or 2 = jr — r", we alfo get z «= — , and 

2f •••> R 



1 I = / ^ 4-;^.* -.Therefore the 

c ^cc J V r d^cc "^ 

Fluxion, transformed, is^ ■ - f 

^ c /^cc 

Whofe Fluent is given by Art. 1 26. when r is a pofitivc 
Qiiantity : But, when c is negative, the Fluxion muft be 

fx 
expreiled thus, '"' l. 



Anfwering to Form 2. Art, 142. 

Z 2 Ex, 
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Ex.3. Let' 



aJ^bz" + c%^ ^ 



* he propofed, 
Y'hen, following the Steps of the laft Example^ 









■) 



a bb .^" 



■y and a" '« = — , we alfo have a**^'« ( =z 



be transformed to c*" X — + -^^ ' • Morc- 

n * 

over, z being = ;f — :;7 = '*' — ^ C^X putting d 5= 

1c _ 

, 2. ^n^i .X -7-^* V ^ X^x—2dxx+d^x 

^r, fcf^r. From whence, by fubftituting thefe fe- 
veral Values in the given Fluxion, and putting 

a bb ^ 

— — — == ^*, there comes out 

c ^cc 



% 



fx-^gXxx — dx + hXx'^x — 2dxx + d'-x + btc. 

nc X ee-j'XX' 

Whofe Fluent, when the Exponent m is the Half of 
any Integer^ pofitive or negative, will be found, * by- 
means of, circular Arcs and Logarithms, from jfrt. 
295. 

308. fVhen the Denominator is a rational Trinomial^ 
or Multinomial (that is^ when it is without a Vinculum^ 
the beji Way of proceedirig^ for the general Part^ is, to 
refolve the given FraBion into binomial Ones. In or^ 
der to thi^y lei its Denominator be feigned = o ; by 

means 
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meam of which Equation^ iVhofe Roots muft be founds you 
willy by fubJlfaSfing each Root from the indeterminate 
Quantity (x)^ have the binomial Denominators of the re- 
quired Fractions into which the given One Muy be re- 
folved : Whofe correjponding Numerators, let be denoted 
Ax, Bxj Cx &c. then^ by putting the Sum of the Frac- 
tions, thus arijing, equal to the given Fra5iion^ and re- 
duciug the whole Equation to the fame Denominator, the 
affunud ^antities A, B, C i5fc. by comparing the ho-^ 
mologous Terms, will be determined. 

m 

X 

Ex. I. Let the given Fraction be "^ , . y ; then, 

feigning x^'^ax'\'b=zo, the two Roots of the Equation 

will be — f flr — \/ia''—b, and — f ^?+\/i^^— ^ .- 
Which being denoted by p and q, we have x—p and 
X — q for the two binomial Faftors whereby x^-^-ax-^-b 

may be rcfolvcd, or by whofe Multiplication (x — p 
X X — q) the faid Quantity is produced. 

Ax Bx 

Let therefore t + be now afTumed f=: 

X — p X — q ^ 

X \ X 

— r j-7 ) = -=== — == ; then, by reducing the 

x^'+aX'YbJ ^^_pxx—q ^ 

whole Equation to one Denomination £fff, we g^t 

A+B X XX — qA+pB+ I Xx=o : Whence A 

I r 

is found = :;: , B = ^ — r ; and, confequently, 

P — q ^""r 



X 



p^q X x—p "*" q—p X x—q ^'+^^+^* 



x'^x 



Ex. 2. Let the Quantity propofed he '^q^';;rTJ^:c' 

Here, if the binomial Faftors whereby x^-^-ax^^hx 
-f-f is produced be reprefented by x — p, x — q, and 

Ax Bx Cx 

X — r, and there be aflumed ^^— + ^IZII + JZrV 
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this Ciafc, wc (hall have AXx^Xx^^BxT^yC 
^— r+CXx^XA"— f— ;r*=o j that is, by Rcduftion^ 

-1 3 ^x c 3 ^?^ 

Whence if+5+C=i, ifXffr+^X/+P+CX7+^ 
=0, and Aqr^Bpr-^-Cpqzzio. Now, from the firft 
of thefe Equations, midtiply'd by p^q^ fubtra£l the 

fecond, and you will have AXp — ^r+Sx7--^=^+? •' 
Alfo, from the firft, multiply'd by pq^ fubtraS the third ; 

then A X pq — rq+BXpq'—pr=ipq : Laftly, from the 
former of the two Equations thus arifing, multiply'd by 

py fubtra£l the latter, then AXpp—pr—pq'{'qrz=ippy 

that is, AXp^qXp — rz=:p* ; and confequently A = 



p--qXp — r 



Whence, by the very fame Argument, 



r , 



B = ^ — , and C rz 

q—pXq — r r^Xr — q 

309. After the fame Manner you may proceed in other 
Cafes : But there is an Artifice, or Compendium, for 
more readily determining the aflumed Quantities A^ B^ C 
iffc, by which a great deal of Trouble is avoided : And 
that is, by confidering the Equation in fuch Circum- 
ftances of the indeterminate Quantity Xy when it be- 
comes moft fimplc, orwhen moft of its Terms vanifh. 

Thus, in the preceding Example, becaufe AX x — q 

Xx^r+Bxl^Xx^+CXT^X^^—x'' is = o 
(in all Circumftances of x whatever) let x be taken =^ ; 
then, all the Terms vaniftiing, except the firft and laft, 

we 
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have A X p — q X^— r— ^*=: o ; and confcqucntly if = 

— ==- ; the very fame as befire. 

f—qXp—r 

More univerfally^ let the given Fra£lion be 



— . " — "*— (where m and n may 

x-^Xx — ^Xjf — rXx — s bfc. 

rcprefent any whole pofirive Numbers whatever, pro- 
vided the latter be greater than the former.) Then^ 

Jx Bx ^ Cx Dx 

affuming ';;z:p -^ ^S^ZIa ^ IP^ ^ '^s ^'^ = 

x'^x 



..-.......-.-. &c. we fhall have jf X 

';;zrjxl^rXx^ i^c. + Bx^J^xiwxI^ i^c 

+ CX x—pXx—qXx^s fie. Wf. — ;r" =o: From 
whence, by expounding x by p^q^r (ic. fucceflively, 

we obtain J = , -B = 

p^^^p — ^•p — sfffc, 

9' 



»C = 



q — p.q-'^r.q — s bfc. r — p.r — q.r — s isfc. 

iic. Whence the FraAions themfelves, whereof thefe 
Quantities are the Coefficient , or Numerators, will like- 
wife be given. 

But the Numerators thus found may, fomedmes, be 
more commodioufly ^xprefled by Help of the given 
Coefficients a, b^ c^ d kic. fo as to involve only one of 
the Roots py qy r &c. in each Fra^ion* For, fince 

X — pXx — qXx — r fcfr. is fuppefed, umvnfaUy^ zz x' 

+ ax"^^ + *;r"""* ^cx'^^ tffc. if both Sides of the 

Z 4 Equation 
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Equation be divided by x-^^ •we {hall have x — q X 

x—p 
Which laft Exprcffion, when x is =;: p^ that is, when 
both the Numerator and the Denominator become equal 

to Nothing, will, manifeftly, be equal to (p-^qXp — r 

Xp — s ^c.) the Divifor of J. Therefore, if the 
Fluxion of the Numerator be taken and divided by that 
of the Denominator, and p be wrote inftead of x [vid. 

Pagi IS5*) we (hall hav^ .np"^^ + «— -i xap^"^ + 
n — 2 X^;>*"^ i^c. = p — qXp — rXp — s ^c. and there^ 

fore J (= ^ " ^ = 



By the 



£ 

..ax, -ji ■ ■ ■ ■ 



np*^^ +11—1 . af * +« — 2 . hp*^"^ is^c. 
very fame Reafoning B =; 



TT 



nq^^ + «— I . of^ + «— 2 . ^^"""^ <srV: 



C = 



«r 



*-' + «— I . tf r"-~* + «-^2 • ^^"""3 y^^ 



lie. 



Hence it appearSy that^ if th Numerator of the given 
Fraction he divided hy the Fluxion of the Denominator 
(negkSfing x) and the feveral Roots p^ q, r &c. {found 
by feigning the Denominator = o) he^ fuccejj^vely ^fuhfti- 
tuted in the ^otient^ infiead of x \ I fay^ it is evident y 
thflt the ^aniities fo refultingy divided by x — p^ x — q^ 
A*-— r ^c. will be the required^ binomial^ F^ahions into 
which the propofed multinomial One may be refolved, 

310. If feme of the Roots /, q^ r &c, are impof- 
fible, which is often the Cafe, the Fraftions thus 
found, where the impoffible Roots are concerned, muft 

be 
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be united in Pairs, and fo reduced to trinomial Ones, ia 

order to take away the imaginary Terms. 

XX 

Thus, let the Fraflion propofed be '~7T — a i ), i ) 

X ^^ax T^wJfcT"* 

and let two of the Roots> p and q^ ,of the Equation 

Ax , 
x^ -^ ax^-^bx-^cz^o be impoffible: Then, —-7 + 

Bx Cx XX 

+ being := -r-; — TT7 — ITy ^e (hall, by u-^ 

X — q * X — r ^ x^'{-ax^'\»bx'{'C ^ 



. . ^ A-^Byoc x—Aq+BpxA 

niting the imaginary TermSy have — - — ^ ■■ — * 

Cx XX 

+ ;;=;> ^Ifo. = ;,3+^;,.+^7p5 where the impot 

fible Quantities deftroy one aflTother. But, to render 
this more obvious, let a be taken = 0, bzno^ and ct:=. 

XX 

— I, fo that the given Fraction may become , ; 
then the three Roots (f^ y, r) of the Equation, x^ — i 

=0,will here be— - + ^ Il3, — - — J "Zl ^ 

and I ; whereof the two former are impoffible. More- 
over, by dividing the Numerator [x) by the Fluxion of 
the Denominator (3.^^) (according to the Prefcript) we 

have — ; which, by writing />, ^, r fucceflively, in- 

I I I 

ftead of A-, becomes r:» — and — for the Values of -^5 



5, and C, refpeaively. Whence d±3^S^^JlZ:^ 

x*- — p+qXx-i-pq 

C ^ \ . —i^ + i \ . 

^^ X — r ^ x^ — I y , ^^^--^ + i •*■ — ' "^ 

I — X I 

wife 
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wife^ invefUgated, in a more general Manner; by af- 

fuming ^s_^^^^ + -^^ = ;;tiij» and proceeding as 

in the firft and fecond Examples i whence the very fame 
Concluiion will be derived. 

If the Fra^on propofed be of this Form, vi^. 
^ * ., the Method of Rcfo- 



lution yf'ilUfiiO^ be the fame: Since, by putting x^lz^^ 
the given £xpreffion is reduced to 



TX' 



x" + aJ^^ + ^A*^ ^c. 



It may alfo be proper to obferve, that^ in very 
complicated Cafes, the Application of two, or more, 
of the fix foregoing Rules, may become neceflary. 
Thus, for Example, if the Fluxion given be 

, . ; by refolving ,rn.^^ 

into two Binomial Fra£lion9, . , ^ + ^(according 

to Art. 308.) we (hall have ■ 



%r" 'X 



a+cz"^ X i+fz" + gz*' 



-^-^'- + ^^^'-^ : Where, 



•^4^ Xh+z" a+cz''' Xi+z* 

if m be a whole pofitive Number, greater than /, the 
Fluent will bt had in finite Terms (hyArt^ 306. Ex^ 2.) 



SEC 
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SECTION V. 

ne Invejiigation of Fluents of rational 
FraSlions^ offeveral Dimenjions^ according 
to the Forms in Cotes's Harmonia. 
Mensurarum. 

31 !• A S the Subjed here propofed is, ai Matter of 
±\^ confiderable Difficulty, and has exercis'd the 
Attention of fome of the moft celebrated Mathemati- 
cians (who, yet, feem to have condefcended very little 
to the Information of their le(s experienc'd Readers) I 
(hall endeavour to fet it in the deareft Light poffible : 
In order to which, it will be requifite to premife the 
following Lemmas. 

Lemma L 

If the Sine of thi Mean of three equi -different Arcs^ 
fuppofing Radius Unity^ be muliiply'd by the Double of 
the Co-Jine of the common Difference^ and from the Pro- 
duSiy the Sine of the leffer Extreme be fubtraSfed^ the 
Remainder will be the Sine of the greater Extreme. 

Lemma IL 

312. If G be taken to denote the greater^ and L the 
leffer^ of two unequal Ara^ and their Difference be ex- 
freffed by D i then willy 

Sin. G. X Co'f D — S in, L. X Rad. ^ .^ 
*• SiiTD =Co^f.G 

Cof, L X Rad. — Co-f G X Co-f D 
2. jr-^-^ =Sm.G 

Sin, G. X Rad:^ Sin. L X Co-f D 
3. jj^^ =Co^f.L. 

The 
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The former of thefe two Lemmas may be met with 
in moft Authors upon Trigonometry ; and the latter is 
nothing more than a G>rollary to the common Theorems 
for finding the Sine and Co-fme of the Sum and Dif- 
ference of two given Arcs ; for which Reafons I (hall 
not ftop here to give their Demonflration. 

CoROLLA&Y. 

313. If any Arch of the Circle, whofe Radius is 
Unity, be denoted by ^, its Sine by j, and its Co-fine 
by fl ; and there be taken >/= 2<7, B:=z2aA — i. C = 
laB—Jl^ V=2aC—B, E=2aD—C, F=i2aE—Dy 
l^c. it follows (from Lemma i.) that. 
Sin. 2^ (Sin. ^la—Sin. o) =2sa—o=sA 
S/«. 3^ (Sin. 2^2a—Sin, ^) z=i2sjia—sz=.sB 
Sin. 4^(Sln. 3^X2^— S/«. 2^) =2sBa—syf=sC 
Sin. 5^ (Sin. ^^2a— Sin. 3^) =2sCa—sB=sD 
Sin. 6^ [sin. s^2a—Sin. 4^; z=,2sDa—iC=sE 

Lemma IIL 

314. 7i refohe the Trinomial r — 2kr^x'-\'X ywhere 
n is any whole Number^ intojimple trinomial Fa^oT^s. 



Since the firft Term of the given Quantity r — 



irit 1 crm or tne given v^antity 1 



2kr X -{- X is divifible, only, by the Powers of r, 
and the lalt, only, by thofe of x ; and it appears that 
r and x are concerned, exaflly, alike ; let therefore 
r^ — 2arx-\-x^ (where r and x are, alfo^ alike concerned) 
be afTumed for one of the required trinomial Faftors, 



a» r n n t ^n 



whereby r — 2kr x -^-x may be refolved : And let 

Cr^x^-\'Br^x^'-^JrxT'{'X^ (where r and x are, /?///, af- 
fected alike) be affumed z= r'° — 2kr^x^~{'X^'^ (the Va- 
lue of «, to render the Operation more perfpicuous, 
being firft expreffed by 5.) 

Then, 
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Then, by Multiplication and Tranfpofition, we flull 

have 

I 



Whence 
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Whence, Jzziia^ B=:2y/a — i, C:=z2aB — if, Dzz^TaC 
— S, and iC — 2tfJ5+^=o- But, if ^ be taken to 
denote the Arcl^ (EF) of a Circle £HK» whofe Radius 
EO is Unity, and Co-fioe {Of) = « i and s be put for 
(Vf) the Sine of the fame Arch ; then (by CoroU t9 
Lem. I.) sJ = Sin. 2^, jJ?=S/ii. 3^, sC=Sin.^ 

, . Sin, 2^ 
^V. and confequentjy Az:^ , 



B^'J^,C 



'E?j 



over, becaufe, 2C — 2aD+2k=zOi or DXa — CXi=i, 
where (as appears from above) DXa — CX i = 
Sin. r.^Co'-f. I^-^Sin.4^XRad. 
S = Co-f. 5^ (iy 

Cafe I. Lem.2,) we therefore have Co'f,^^(n^) 
=i. Whence this Conftruftion. 



GM 



Take R to denote 
the Arch (EM) whofe 
Co-fine (ON) is the 
given Co-efficient i, and 
let ^ (EF) be taken 
to EM as I to ;i ; then 
the Co-fme {Of) of 
this laft Arch will be the 
true Value of a. But 
this is only one of the 
Values that a will admit 
qf: For it is well known, 
that the Co-fine of any Arch, is alfo the Co-fine of the 
fame Arch increafed by any Number of Times the whole 
Periphery (P). Therefore, feeing the Co-fine of n^ 

(= Co-fine of R) is likewife == Co-fine P+TT^iCo-C 

2P+« = Cof. 3^+^ ^c. it follows that ^ (whofe 
Co-fine is a) will be exprefled by any one of the Arcs, 

R P+R 2P+R 2P+R 

^c. (or by EG, EH, EI, 




n 



n 



n 



n 



£5fc. 
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f^c. fuppofing the whole Periphery to bt divided into n 
equal Parts, from the Point F). Hence, if the Co- 
fines of thefe feveral Arcs, expreffing all the diiFerent 
Values of a^ be reprefented by b^ c and d^ f^c. refpec- 
tively, we (hall have r* — ibrx+x^y r* — 2crx+x*9 r* — 
adrx^x*^ Cffr. for the feveral required Fafiors, by which 

r — 2ir***4"'*' may be refolved : and confequently 
r» — 2Jfrx+x* X r^—icrx+x"^ X r*—2drx+x^ (») = 

r'^^zir^x' +x^'. ^.E. I. 



n n 



Note, If the Sign of the middle Term lir x be po- 
ikive, the Diftance (or Co-fine) ON muft be taken on 
the contrary Side of the Center : But when ^ is greater 
than Unity, this Method of Solution fails ; fince no Co- 
fine can be greater than the Radius. 

« 

Corollary I. 

315. If >( r= I, the Arch R (whofe Cofme is k) be- 
ing = 0, the Values of h, r, d^ i^c. will be exprefTed 

V P 2P 3P 

by the Co-fines of the Arcs — , — > ~* T" ^^' '^" 

fpedively : And our general Equation will here become 

r**— 2r%"+ x^ = r'^^—ihrx+x'' X r^—2crx + x'- 
y.» — 2drx+x* («). From whence, by extrafting the 

Square-Root, on both Sides, we alfo have r' co * = 

I L 

r^ — 2trx+x'-\ X r * — 2crx+x^ \ («), 



Corollary II. 

316. But, if >& = — I (or the middle Term be 

P 

+ 2r";fc') then the Arch R bcingrn---, the Values of 

*, r, i, ^c. will, here, be defined by the Co-fuies of 

the 
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P 3P sP 

the Arcs — , — , — , ifc. and our Equation, 



by 



taking the Root, as above, will become i^ + ;r* = 

1 I 

Scholium. 

317. From the two preceding Corollaries, the De- 
monttration of that remarkable Property of the Circle 
given, and apply'd to finding a vaft Number of Fluents, 
in Cotes^s Harmonia Menfurarum^ is very eafily, and 
naturally, deduced. 

For, let the 
Periphery of the 

CircIeABB&fr, 
wbofe Radius is 
cxprcffed by r, 
be divided into 
as many equal 

Pajts AB, BB, 

BB, »c. as 
there are Units 
in the given In* 
teger » ; fo that 

AB, AB, a5, 

i^c, may refpedively exhibit the Values of the forefaid 

P 2P 3P 
Arcs — • — , — iffc. (vld, CoroL i.) Moreover, let 

n n n ^ ' 

OQ^be the Co- fine of the firft of them; and, in the 
Radius OA (produced if neceffarv) let there be taken 
0?=zx 5 and let OB, QB, PB, ^c. ^c. be drawn : 

Then, the Co-fine of the Angle AOB (= —J to 
-? the 







hy rejblvihg them into morejiinpk ones. 3/3 

the Radius i, being exprefled b/ c (vsd. Corel i.) it 
Iwll be I : r :: r (OB) : OQ = cr : Whence PB* Y=s 
OB*+OP»— 2OQXOP) =r*+;r*— 2^;r=zr*— 2U 

By the very feme Argument PB* is=r* — 2^r^+5r% 

f/r. fsT^. Therefore, becaufe/-* a> ^* =i:r*-^2^r;r-|-jr*^ 

X r»— 2frA-+^*)* X r*— 2^r;r+;«'*f («) , *y Orx^/. r^ 
it follows that their Equals, AO* co OP* and PAxPBx 

PB X PB fefr. muft be equal likewifc : m^ich is tbe 
firft Part of the Theorem above hinted at. 

After the fehie Manner, if the Arcs AC, AU, ACj 

Ar P ^P Qp 

AC be taken refpeftively equal to — , ^-^, ~ fjTA 

*^ ' ^ 2« 2n ' 2« 

it will appear (from Corel. 2.) that AO' + PO* is 

s=:PCXPCXPO (») Which is the latter Part of the fame 
Theorem, 
Heiice (by tbe Bye) all the Roots of the £qua«^ 

fion x' =i r** arc very readily found : For, finct 

AG* «^ PO* = P A X PB X PIJ (^c. where the fecond 
Fador and the laft, the third and the laft but one, i^c. 

are refpeAively equal to each other, it is evident that 

AO*coP0"('r* coA^") is alfo=?PAxPB*xPB*xP]tf* = 



rcnx X r* — icrx + x* X r* — 2elrx -f- *•* fjfc. 



Whtoce,'*'* CO r being = o, it follows that r co .arx 

r*— 2^*+J^ ^^- is==o : From which, by extracting 
die Roots out of the Equations r c^ jr = o, r* — icrx 
+ *^ = o, r* — 2ir;ir -f- J«p* = £tftf • we get r, r X 

^ + \^F^i rX<^\/^^j rX ITV^^^f 

Aa (^ 



•*■? 
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kfc. for the feveral Roots of the Equation ** = r*i 
whereof the firft, only, is poffible. 

By the fame Way of proceeding all the Roots of the 

Equation, x + r" := o, will alfo be found : For, feeing 

I I 

x' ^r" is = r^'-^itrx+x^)'' X r*— 2crA^+i^* fcfr. 

(=PCXPC;XPC i^c.) where the firft Fador and the 
lafty the fecond and the laft but one, &c« are refpec- 

lively equal to each other, it is plain that x -^^r' h 
likewifc = r'' — 2brx + x^ X r^—icrx+x"^ esf r. and 

confequently x = rX b± x/b^^ — i &c.i5fc. Where 
the Roots are all Impoffible i except the laft^ when their 
Number (») is odd. 

Lemma IV. 
318. Suppofing every thing to remain as in the pre- 

eeiing Lemma, and that kt h^ r, d &c, denote the 

„ R P+R 2P+R 
^inei of the Arcs Ry — , — ^, — ^ iffc. ( wbo/e 

Co'Jines are kj *, r, dy &c.) tben^ I fay^ the FraGim 

nkr X brx 

Tn 7T— 1; '"^ ^?^^' '^ r* — 2irx + x^ + 



— 2kr X -^x 



crx • drx 



+ , . . , ^*> 



r^ — ^crx■\^x^ r* — idrx-\'X- 

For, fmce r«°— 2/fr5jr5+Ar'» {r*^ -~2h* J' ^x**) vi 
^r'-^^arx^x'- X r'+Ar^x+Br^x^+Cr^x^+Dr^x^ 
-\^Cr^x^+Br*x^+Jrx7+x^ {by the fore/aid Lemma) 

Sin. 29 SJh. 73 

j»nd it is alfo proved that yf = , fc^-**-^-^ 

I C = 



ly refohtng them into mbnJimpU 6 Acs. J ^5 

Sin. 4^ 

^ -— — , ^^^ in 13 evident, therefore,, that 

i 

••xo., — oir^x^ 4-;^*° 



Sin. 2^ iXr'Q— li r^;r^+ ;g'^ 
J — "Xr7^ e^fr. and confequently — ^z_2arx+x'' — 

= Sifi. ^X H + Sh. 2^Xr^x+Sin. 3^XrV+Sm. 
^X r^x^ + 5/«. S^X r*A^ + S/«. ^^Xr';^* y'^. j^ 

vrbich Equation, for a and x, let their feveral refpec- 

/ / « 

tive Values i, c, ^/, fc^V. and ^, ^, ^/, fsTc. be, fuccef- 

fively, fubftituted ; " and let the correfponding Arcs -^, 

^i?, ■ £^c. be reprcfented by ^, ^ J^, fcfr. 

then we (hall have 






I I I* 



r* — 'icrx-f-x^ 
Which Equations, added all together, give 



+ ?: 



# 



y.«o — 2:ir5*5^»o y.a_2*rA^+** ^* — acr^r-l-* 



^ — : — {sr^. 



Aa 2 



• . . * 
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■ I 
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)c 




•► 
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? 





But the Sines of the firft Column, being thofe of 
an arithmetical ProgrefSon ( wbofe common Difference is 

— J by which the whole Periphery is divided into n 

(5) equal Parts, their Sum will therefore^ it is well 
known, be equal to Nothing ; or all the negative ones 
equal to all the pofitive ones. 

' The 



ly refohing them into morejimple ones. 3 ^7 

* ' The fame is alfo true with regard to the Sines of the 

2R 2P+2R 4-P+2R 
fecond Column j whofe Arcs -— , — z > "^ — 

tic. (having — for their common Difference) divide 

the Periphery (twice taken) into the fame Number («) 
of equal Parts. But the Sines of the middle Column 
(which is the laft above exhibited) will not vaniib, as 

all the reft do: For, «^ being =i!, n^P^R, n^ 
=2P+i?, t5fc. the common Difference will here be 
equal to (P) the whole Periphery ; and therefore, every 
Arch terminating in the fame Point with the firft, the, 
Circle will, in this Cafe, remain undivided^ and the 

Sine of each be equal to i^k) the Sine of the firft. 



Hence, our Equation is reduced to r*® — 2ir5**+Jf*®X 



«ito 



. U f i^c, = Kk'r*x^\ which 

r* — 2brx-\-x'^ r* — 2crx'\'X^ 

divided by r»°— 2^r5;rs+;e««, and roultiply'd by ra?, gives 
r* — 2brx'\-'X^ r* — 2rr;e+ a* ' r* ~2</r*+x* ' ^ 



jTA^ yifw otherwije. 



a« -.!_» « I *» 



319. Since r _2irV+**'' is = r'^—%brx+x'- X 



r* — 2crx'\'X^ X r*— 2^r;if-|-** («) h Lemma 3, it is 

evident that. Log. r*"— 2ir%"+;^*« = Log. 

r*— a^r^+^-^+Log. r* — 2fr*+Jif*+Log.r* — 2drx-{-x^ 
(»). And, as this Equation holds univerfally, let k and 
X be what they will (which two Quantities may be fup^ 
pofed to flow independently of each other) let the 

A a 3 Fluxion 



1. 
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Ruxion of the wboU Equation be taken » making i V2r 



riabic (and * conftant) ; which gives 



—zkr^'x" 



r*«_2ir»;t*+;t** 



• • • 
— 2brx 2crx 2drx 



r* — 2hrx-\'X'*- r* — %crx^x^ r* — idrx'\'x'^ 
I A^. ja5, (») *. But, hy *, Cy dy lie, are the Cofines of the Arcs i2, 

R R+P R+iP' ^ 

c*ff. (whereof the correfponding 



a* n ' 






Sines are i, i5, Cj ffff.) therefore, the Fluxion of the 
firft of thefe Arps being denoted by iJ, the Fluxion of 

each of the reft will be expreffed by — ; And fo (the 

n 

Fluxion of the Co-fine of an Arch being equal to the 

Fluxion of the Arch iifelf drawn int6 it? Sine, apply 'd to 

'^'* '^'Radius ♦) it fQllows that /= H b = ^X h, I- 

n 

J: X c, (ffc, Which Values being fubftituted in the 
n 

foregoing Equation, and the whole divided by —, 

n 

/ , nkr^x hrx , 

we have ^ rr .. J^ 

rV^^zkr'^J'^x''^ r^^zbrx^x"- ^ 

crx j^ drx . ^ 

Lemma V. 

320. To determine the Series ^ arijingfrvn the Divijim 
^f Unity by a Trinomial ^ Sf^ — 2arx'{'r* ; and to exhibit 
the Remainder after any given Number (v) of Terms in 
9he ^otient. 

Let *"^+^r;r"^5+5rV"^+0'»jr""^+2>rV'^ re^ 
'prefent the required (Quotient continued to 5 Tcrm5 
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(v, to render the Procefs the more obvious, being firft 
expounded by that Number) and let Er^x^^^Fr^x-^'^ 

be the Remainder. Then, becaufe -^ .— r isrr 

— ;; ^^ t > we (hall, by reducing the whole 

Equation to one Denomination, have 

I + 

1 \ 

M 

• t 



I* 



\ \ 1 

i ^ 1 

♦* V v# 

J 

+ ' ± 

I - I 

\ \ \ 

+ I + 

^ 1, ? 

+ 1 + 

to ^ 

1 I 



Whence i#s2«, it=2«/->i, CsiiaB^J, DsztaC 

Aa 4 There- 
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Therefore, if J^ be now put for the Arch whofe 
Radius is i and Co-fine a, and there be taken S = Sin. 

^ S=Sin. 2^, ^=5/h. 3^ &c. we (hall, alfo, have 

c i. mm Z 

., , S ^ S S s _ S 

S!n. 64> Sin. eP 



5 
Im. 1.) And confcc|uently ^x ^ ^^^ ^ ;» = 

: a = + 

Sin. 65xr5*^5_SjV.5^xr^— «. 

^ ; : — — ' — . Whence, fimver* 

SXx^—zarx'^r'' 



2arx + r* 
Sx'^^+Srx'^^+Sr^x'^'i^Sr^x^^ &£. (to v Terms) , 

■ m I ■■■. -|-» 



5 



SXx^'—zarx+r* 
laft Equation (tho* obvious enough from the preceding 
one) may be inveftigated ip a general Manner (if re-.^ 

quired) by affuming *^+Arx'^^^Br^x'^^"{^Cr^x'^^ 
+ dr^^'^+er'^^x""'^^ + 

■ 7 i—T ; ^ , ^ 9 and proceed- 

X* — 2arx+r^ x* — 2tfr;r-}-r* '^ 

ing as above : By which Means ^ou will find Az=i2a^ 

c. Sin.v^ 

(3= — #) s= — '^^'-^g'^ — . And thus may the thijpd 
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Lemma be ipade out, if any Objedion, or Difficulty, 
ihould arife about its being general. 

Corollary. ' 

321. If, in the given Trinomial at* — 2tfrx+r% we 
fuppofe r*, inftead of ;if*, to be the leading Term 
whereby the Quotient is produced j then, fmce r and. 
X ^re aiF^ded exa£Uy ali)ce ; we fhall, by writing r for 

X, and X for r, have ;;rL2^;rr+^* = 



,. -±- 

P R O B. I. 

322, Ti /wi the Fluent of ' ^^_^^ ' ^y.^^ ^^ , together with 

XX 

Let ABM fefr. be a Circle whofc Radius OA (or 
OM) is r, and let the Angle AOB be fucb, that its 
Co-fine^ to the Radius i, 

may be equal to ^^ or ^^^ ^^^^ 

fo, that OQ^ (fuppciing - ■ y 
BQjerpendicular to OA) / 

may be =flr ; Moreover /iL^ 

let s denote the Sine of QL P O 

the faid Angle AOB, cor- 

refponding to the Co-fine <?, and let OP (confidcrcd 
as variable by the Motion of P along OA) exprefs the 
Value of X : Then, PB* (OB*+OP*— 2OQXOP) 
s=rr — larx+xx : And the Fluxion of the Meafure of 
4be Angjle QBP ^Radius being Unity) will be repre- 

fented 
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rented by "gp, ;■ {vtd. Art. 142.) or by 

, — ; and conlcquently that of OBP^ by 
rr — larx+xx ' ^ ' ' -^ 

•T" — i Whence it is evident that the Fluent of 



X 

rr 

prcffed by — X OBP. 



. oarx-^-xx (contemporaneous with x) Is truly ex- 



Again, fince ^^ ^^ r — may be transformed to 

« . T 1 -r ^^ — 2arx-\'xx 
♦Art. n6. the former Part is = f hyp. Log- — * =:; 

P5* , , PB 

Ihyp.Log.Q^ = hyp. Log. q^; and that of the latter 

Part = y X 05P 5 it appears that the Fluent of 

rr—Z^x^xx *' ^"^^y expounded by hyp. Log. ^, + 
y X OBP. ^ ^ E. I. 

CoROLLARr 

323. Since, PR : PO:: Si«. 50P fij : Sin. OBP=s 

sx 
■ . ; it follows^ if the hyperbolical Lo- 

^rr-^iarx-^xx 



garithm of — , be reprefented by M, and 

the Arch, whofe Sine is ^ and Radius 

\/^rr — larx-f-xx 

Unity, 
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■ 

Unity by iST, that the Fluents of , — and 

xi N aN 

:: 1 — will be exprcflcd by — and M + •— re- 

rr — 2arx+xx ^ ^ rs ' i 

fpeftively. 

PROB* n. 

m • 

324, To determine the Fluent of ; fuppo* 

x^ — 2arx'^r^ 

Jing m any whole pojitive Number y and a lefs than 

Unity. 

Let every thing remain as in Lemma 5. and then, if 

the Equation there brought out be multiply 'd byb ^x^ 
smd V at the fame time ht expounded by m — i, we £hall 

^m^ Sx'^^x +Srx'^^ x+Sr ^x'^^x 

get 



x"^ — zarx-^-r^ 



SXxx — 2arx+rr 

Whofe Fluent will therefore be given by the preceding 
Propofition : For, fuppofing the Values of Af and JVto 
be as there fpecified, the Fluent of the laft Term 

( Sin. m^Xr^^^xx—Sin^i^^lX^r'^x ^ ^iU^ jj 
SXxX'^iarx+rr ^ 

is manifeft*, be expreffcd by-n- into Stn. m^Xr'^^X • Art 3*$. 



aN ■:r-=T— .. «.. ^ 



r 



X 



M+'^— Sin.m—iX^Xr'"X'jgZ=z'-^ ^^^ 



SiZ;^ XM^ ^/«> m^Xa~Sin.m-^,X^_^^r 



IB— I 



?= 1—^ into Sin.m^XM+ Co-f. mJ^xN {byLem.2. 

Caff 
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Cdfii.) To which adding the Fluent of the preceding Series^ 



'<. 



there refults-c" X +' r-l im — i) 



+ !! X Sin. m^XM+Co-f. m^X N. ^ E. /• 

S 

Corollary. 
325, Hence, the Fluent of ~^^"^+^^'"^'^ may 
be deduced; For, by writing /« — i, inftead of w, the 



•I . I 

Fluent of 1 will be found = -o- X 

XX — 2arx'\'rr *^ 



ix- - . 5r*— ? . Sr^r-* ,„ .^ . ^"~* 



^Zl-^+'^IJ—. (m-2) +' X 



■i»— 2 m — 3 m — ^4 



&"«^ m—iX^XM+CO'f. nt—iX^N: Which FIu- 

cnt being multiply'd by r, and that of : ; — - 

^ XX — 2arx-f-rr 

{given above) by -^a^ we {hall, when the homologous 

— — i< '■ II— ■ » 

Terms are united, have-n- X — ^^oX — aS — S X 

-; ^ m — I 






// # Vx ^ . r 



m — 2 



- ^^~*x-^=j- (^i) +"x-^"^^- 



Sin. m^a—Sin. tn—i X^ X -flf -« Ca-fm^X a — 



&-/ //I — I X ^XN^ for the tru^ Fluent of the Quan. 
.tity propounded. 



But (hy Cafe i. Lm. 2.) "-^^ (= 



• ' " g»,.^ } -C.-/2^; Alfo 



hy refohing tbemjnto mortjimpk meu 365 



^S-S f Sin. s^Xa—Sin, 2^XRad\ -Co.f:^^ 

&r. And, by Cafe 2. of the (ame Lemmay 
Cf^^ix^l^C^^ = Si„, ^^, Whence, 

s 

by fubftituting thefe Values, our Fluent is reduced to 

— Co/. ^X i^ — Co/. 2^X ^J^-^Co'/z^x 

m — I ;7i— 2 



r^x * in, r . /a v> r^x 



. — Co-/ 4^X— («— i) ~ r"^' X 



/w— 3 i«— 4 



Co-/. m^X M—Sin, M^X N. 

PROB. m. 



X X 



326. To determine the fluent of — ____ ; under 

the Rejlri^ions /pecified in the preceding Problem. 

If the Equation in Art. 321. be multiply M by x x^ 
and V at the faofie time be expounded by m, we 

fhall have ^ ^ 



r* -— Txirx + x'^ 



Sr^x'^x+Sr'^h^'^x + Sr^^x' x .. , 
J- ' W + 



■« Sin. in+iX^X rx — Sin, m^ X xx . 



Where, the Fluent of the lafl Term being 1 






Sin 
•I 



^ii, into — Sin. m^X M + 

S 
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S!n.m+ iX^ — Sin. m^Xa ^ r^""^' ^ 

5 ^^ s ^ 



9 



— . S/V m^ XM-{- Co-f. m^XN {hyCafe^. Lem. 2.) 
it follows that the Fluent of the whole Expreffion, or 
the Quantity fought, will be truly ciprcffed by 

^ ^> or X or ^x 
L 

-m '^ 2 — m 



•^ X . -j. + ^^* or i^s Equal 



» W2 — i.r* >» — 2.r3 m — 3.r* 



— ^ X Co'/in. m^XN-^ Sin. . m^X M. 



JROB. IV. 



X X 



327. T*^ /«rf the Fluent of — ; m and n being 

any whole pofitive Numbers^ whereof the former does 
not exceed the latter. 

Let b^ Cy dy l^c, denote the Co-fuies of the Arcs 
% lij^, l>^". t,, ,R,,i„ bring U.i,) 

Then (by CoroL 2. Lem. 3.) we (hall have r" + ** = 

rr-42^r;t^+A^;rt * X rr — icrx+xxi^. X rr — 2drx+xx^^ 

(«). Whence Log. r" + ;r« =f L^^. rr— 2^r*+^^ + 

- ■■ ' ■■• ■ ■ ■ - 

\Log. rr — icrx-^'xx + \Log» rr — 2drx + xx («) 

, and, confequently, by taking the Fluxion, on both 

WA«""*i _, AX— fox ^ xi— cr x . 

Sides, =i 7 — i r :; ; — + 

^« I ^» XX — zbrx+rr xx*^2crx+rr 

xx—^*drx 
• Art. xa6. ■ ^ — -J- — * («) ; which laft Equation, multiply 'd by 



x 



X 



» XX — brx XX — crx 



nx ^_ '^•* vr^ , 
, gives ___— xx'-^brx+rr'^ xX'-^lcrx-^-rr 



h rejolying them into morejimpk onei. §67 

XX — drx 

'^ XX 2drx + rr ^^^* ^^^ ^^^ ^^^^ hereof Be now 

fubtraaed from n (or, which comes to the fame thing. 



nx^ 



^^^ be taken from «, and each of the (n) 

Terms on the other Side, from Unity) then we 
(hall have ^"' - ^ —brx+rr —crx+rr 

+ xZtlt^^^^ W = Which multipl/d by f!ll^ 



»r^' X x^^^x _ ^hx'^x'^'rx'^^x 



^cx'^x^rxT-x ^^^ 
XX — 2crX'\' rr 

But now, to determine the Fluent hereof, let the 
/1 80^ 3X180^ 5 X 180^ 
feveral Arcs \^> — ^ ^ n ^^'^ ^howt 

fpecified, be denoted by ^, 4* ^, 4, fefr. ' refpec- 

tively 5 alfo let iV, 2v, iv, CsTf , cxprefe the Mcafures of 

* X Sin. 3 
the Ancles whofc Sines arc ' y , 

*^ V rr — 2*r;ir -J- xx 

V^A-jr — 2fr;if+rr V^^^w^--25rv?-|-rr , 

if, £sfr. the hyperbolic Logarithms of^'^''^^^^'^,+''^. 

\/jif'*' — 2crx'\'rr ^ xx—%irx'\'rr 



r 

iSc. Then (if 
r r 

Corol. to Prob. 2.) the Fluent of the firft Term, 



^T'— 2^rAr+rr 



-i (expounding u hy b) comes out ' 






*s 
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— Co-J. ^ X JL-l - Co^f. 2^x I!L^ - Co./. 

m — I m — 2 



r»**~' 



3^X If (m— i) + r*~* into i?/«. wj^XiST— 

In the fame Manner, by writing r for a^ ^ for ^ 
JlJf for Af, and iVfor iV; the Fluent of the fccond Term, 



— C(7.y: 2^X-!;f (sTc. fcfr. 

Therefore the Fluent of the whole Expreflionj by 
colleding the homologous Terms, appears to be 

I 

^ o c^ o c> 
r v^ T^ 7^ >^ 



^. ■■ I f 



.. I 



x 



.^. " 



f 



I 



" ? ? ?* ^ 
^ *^ "^ 'S' "{^ 

/£$ fk^ ^^ ^ 



r 




O O D O 

? ^ S^ Ss Ss 

00 00 00 o* 

. <«£5 ^. <«a* <^ 

— ■■■■■■!■» 



91^- 



f'5 
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"Sin. m^XN — Co -J, m^ X M 



Sin. m^ X N— Co-/. m^X M 



+ r""'X^ 



Sin. m^X N— Co-f. m^X M 



in M ill Ul 

Sin. mJ^X N— Co-/. m^X M 

But the Co-fines of the firft Column being thofe of an 

'.u .-IP /r Z"'^^' 3X18Q" 5 X i8o<> 
anthmetrcal Progrellion ( , , 

360° 
i5fc.) whofe conunon Difference is , whereby the 

whole Periphery is divided into n equal Parts {vid. Art. 
317.) they will therefore deftroy one another ; fince it is 
well known that, if the Periphery of any Circle be divided 
into any Number (») of equal Parts, the negative Sines 
and Co-fines will be equal to the pofitive ones \ which 
is felf-evident when their Number is even. 

■ 

Hence the Co fines in the fecond and third Columns, 
^c. will alfo deftroy one another {yid. Art. 318.) But 
iho/e of the laft Column of all, as well as the Sines, having 
.unequal Muhiplicators, muft remain as above, 'and 

that Column, alone^ (drawn into f """') will be the 



true Fluent of . — . . . Whence, putting w^ 

r* + A"' 

i8o°\ ^ „_, 

(;=»2 X ""T^J = ^% and dividing by nr , we 



' ^ *» ^01 



(hall fbccaufe ^= 3^. ^= 5^, kF=^']^^c.) have 

' Bb 
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fSin. RXN—Co-f. RXM'^ 
Sin^iRxk—Cor/^RXM 



= Fluent of 



n 



X < Sin,sRXJ>r—Co-j:sRXM> 
Sin.jRXr^—iSJ^X M 

\ t^c, (to n Lines.) J 
Corollary. 



IB— •! • 
X X 



r« +A^ 



^ £. /. 



328 Since the firft and the laft, the fccond and 
the laft but one, £3*r. of the foregoing Quantities 
x"^ — 2brx + rr^ xx — Txrx + rry xx — 2drx r\- rr 
iSfC. are refpedively equal to each other (vid. Art, 
317.) the correfponding Fluents, found above, wiH 
likewife be equal : And therefore the Fluent of 



:^^' 



^+^* 



will, alfiy be cxpreifed by 



Sin. RXlN'-Ca-f. RXiM 
YaXik—Co'f.'iRXi^ 



The Number of Lines to be thus taken beinjg 
= f «, when n is even ; but, otherwifc, = — ^ 



in 



which laft Cafe, the Logarithm, £sfr, in the laft Line, 
muft be taken only once, inftead of twice j being that 

of -zr- {vid. Art, yj.) 



PROB. 



hy refohtng them into monfiniple ones. 371 



PR OB. V, 



329. To find the Fluent of ^ ; m and n being ai 

r — X 

in the preceding Problem. 

If i, f, dy bfc. be taken to denote the Co- fines of 

o 360*^ 2X360° 

the Arcs -^ , ' , • — &c. to n Terms, it will 

n ' n ^ n ' 

appear (from Carol, i. to Lem. 3.) that r* — x* is = 

rr — ibrx-^-xxV X rr — 2crx-{-x^ X rr—24rx^xx\ 
{n). From wl?encc, by following the Method of the 

laft Problem, we alfo have 



X 



r — * 



— ^*"ir+r.v**~ X 1^ — csc^xArrJ'^^x ^ . 

T— r +" ^ J ^^* 

XX. — 2brx-\'^r xx — icrx-^-rr 

Which Fluxion having cxafily the fame Form with that 
in the preceding Problem, its Fluent will alfo be cx- 
preffed in the very fame Manner ; that is, by 
Sin. m^X N— Co-f m^X M 

^^ JSin. mJ^X k— Co-f m^X M 

\in. m^X V— Co'f m^X Jk 
\^c. to n Lines,) 

Only ^ 4j •€ ^^* "^"^ ^^^^ ^^^ f^^ T» ^^» 

aX36oo 3X360° ,^ r a A c '^^"^ 3X180^ 

^c^ (mftead of , , 

5X180° 



n 



•) 

Bb 2 There- 



2j2 tiftbe Fluents of Rational TraSiionty 

Therefore, fince the multiple Arcs m^ m^ m^ iffd 



are, in this Cafe, equal to o, ffiX 
360O 



360^ 



n 



, 2mX 



360ft 



n 



3«X 



n 



^Cm (whereof the Sine of the firft is :=o. 



and its Co-fine = Unity^ we fhall, by putting R=njX 

360** . . „_j 

— , and dividing the forefaid Fluent by nr , have 

r* — M^ 

Sin. RXN—Co-J. RXM 
X<; Sin,2RXN-Co^f.2RXMy-^^^ 
Sw.^RX^—Co'f.^RXM 

l^ {^c. to n Lines.) 



=Flu X* 



r'— A* 



^E'l. 



CoROLtART. 



330. Since,^ in the Fluent here given, the fecond 
Line and the laft, the third and the laft but one, ^c. 
are rcfpe6^ively equal {vid, Jrt, ^ij .) the fame may alfo 
be exhibited, thu$ ; 



• • • t 



M 



.m-^n 



n 



y^ JSin. R X 2N— Cc-f. RX2M 
Sin. 2RX 2J>/— Co/. 2R X 2M 



{{ffr, to -r- Lined,) 



Scholium. 

331. If the Semi -Periphery ABCH of the Circle 
wbofe Diameter AH is zr^ be divided into as many 

equal 



> 

t 
i' 



■ . 



i" 

I 

r 

!: 



!! 



I 




Q P O 
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equal Parts AB, BC, 

C6, b6 &fr. as there ^i ^-\ -i 

are Units in » (fo that J} 

AB = = ^ , 

I 180^ . A" 

AB=3X-^ =^ 

fcjfr. vld, Jrt. 2^T * and 327.) and in the Radius OA 
(produced, if neceflary) there be taken 0?=:^, and 
PB, OB Csf^r. be drawn, it will appear (from the faid 
Articles, and from Prop, i.) that the Quantities 

V^r* — zbrx-^-xx^ \/^r^—-icrx-\'x'^ ^c. in the former 
of the two preceding Problems, will here be expounded 

by PB, PB ^c. refpeflively : From whence it is al- 

fo plain, that the Meafurcs iS/, N ^c, of the Angles 

xXSin.^ xXSin.^ 



xXSin.^ xXSm.S^ 

whofe Sines are 



bfc* will here be expounded by OBP, O^P, fcfr. £ffr. •^^'*- 3"' 



3^3 

Therefore the Fluent of . , given in the Co- 



r +x • 

rollary to the forefaid Propofition, may be thus exhibited. 



r 



ShTRx 2 {OBP) —C^JTk X 2 {OA: PB) 
— X <^5z«. 3/2: X 2 (Oi?P) — cT/Tfe xi{OJ:Ph) 

i8oO\ 
Where the Arch iJ is (= jk X -^ ) =mXAB^ and 

where {OA:PB) is put (after the Manner of C^//i) 
to exprcfs the hyperbolical Logarithm of "qj^ It is 

^fo to be obferved, that^ when the laft of the Points B% 

Bb 3 
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J?, B &c. falls upon H (which will always happen 
when n is an odd Number) the Angle, in the lad Line 
of the Fluent, will vaniih, and the correfponding 

Pff\ 

Logarithm (which is that of jT^j muft then be 

taken, inftead of twice, only once. 
In the very fame Manner it will appear, that, the 

Arcs J^, 4L ^^- '^ ^^ fecond Cafe, where the Fluent 



*" 'x 



of is fought, will be, refpeftively, expounded 



r* — A* 



r 

by AC9 AC ^c. alfo the correfponding Angles iV, N 

l^c. by OCPj OUP &c. and the Fluent itfelf by 

• . ^ (OJ : PC) 



^•»-" jSin. RXiiOCP) —Cd'f. RX2iOA\ PC) 



« ^Sin.^RX^{pCP)—Co-f.^RX^{OA\PC) 

' ^6o^\ 
Where the Arch R {=mX^-^ J —tnX AC', and 

where, as well as in the preceding Cafe, all the Arcs, 
Sines and Co-fines are fuppofed to have Unity for their 
{ladius. 



332. From the Fluents of ^ and , 

thus given, thcfe of . , , 

r"+;t" r« + ;r" 

, and ■ .. , where v denotes any 

whole Number, may be very eafily deduced ; either from 
Art. 283. and 291. or (more readily) by dividing the 
Numerator by the Denominator, and continuing the 

Vjuo- 



■i 
I 



i^refoiving tbefn into morejimple ones. 37 J 

Quotient to as many Terms as there are Units in ^^ *. By * Art. 150, 
which means, if/> l?e put zif v« + »/, qr=>vn — m^ and 



w— 1 • 

the Fluents of -1— and !L 1. be denoted by V 

r +^ ^ — ^ 

aod /iT refpeftively, the Fluents, in the four Cafes fpe- 
cified above, will be exprefled by 

M ±r Ky 

p — n p-^2n * p—Z^ 

• ■ ■ + ■ ■■■ (v) ± ^ 

•—qr n—q.r^'' 2n—q.r^ r 

p — n p — zn ' p—S^ ^^^ "^ ^** ^^' 

and, — — + ■ : '+ ■ M+ — y 

refpeftively* 1 



.tm 



m 

z 2; 



Moreover, from the lame Fluents, thofe of , 



z 2 



and • — " will likewife become Jcnown : 

For (having transformed the Fluxions here pro* 



2" i . . /*' 



pofcd to 7- X , i^c.) let i— - be put =*" 






m 



= /L-l ; then will tT = 4 r X ;r", and 



e 






confequently ^X a* '^~"71 ^""^ ** 

Bb 4 
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m 



Whence a" i = — X y f Xx"'\ and i 



A'_ 



T«-' 



'— =i±%^; and therefore ^ ^ fz:z-X^ 

' e±fJ \ ' * 



xi- 



/ 



X , ) =-x4 X • 



Whofc Fluent is given, by Prok 4. or 5. But, r being 



here = i, the general Multiplicator , there gt- 

n 

T tt 

vcn, will be barely = -- : Which, drawn into — X 

« qe 

m m 

y I , gives — X y I , for the general Multiplicator 

in this Cafe. 

One thing more, though well known to Mathemati- 
cians, it may be proper here to take notice of; and that 
relates to the Sines and Co-fines of the fore-mention'd 
Arcs, i?, 2iJ, 3iJ, ^c. iffc. (multiplying the feveral 
Angles and Ratios) fome of which Arcs do frequently 
exceed the whole Periphery : When this happens to be 
the Cafe, the Periphery, or 36o«>, muft be fubftraSed 
as often as poffible, and the Sine and Co fine of the 
Remainder be taken. If the Remainder be greater 
than 180% the Sine, falling in the lower Semi- Circle, 
will be negative ; if, between 90^ and 270% the Co- 
fine, falling beyond the Center, will be negative. 



PROS. VI. 



X . X 



333. To find the Fluent of ■ ^a»_^^^y ^^^«^ ^^^^ 

n and m.. denote any whole pofitive Number 5 y and where 
the given ExpreJJiion cannot be refohed into two Binor 
mials (k being lefi than Unity. Art. 308, and 3 10 J 

Z Let 






by refolving them into more pmple on^sJ 377^ 

Let R be the Arch whofe Cofine is k and Radius 

Unity, and let k be the Sine of the fame Arch ; more- 

R J?+36o^ iJ + 2X-3^o^ 
over, let the Arcs — , , ~ 9 

I ■ 

JJ 4- "^ X '260^ ' u tu uu 

-^^-~- — - i^c. be denoted by ^, i^, ^, i^. ^ 

^c. and let ^, r , d &c. and *, f , d ^c, expreft the 
Sines, and the Co-fmes of the lame Arcs refpcdivcly. 

Then will ''^''•"^" *'■' 



r"— airV+Ar'" r^-^-ibrx+x- 



i 

crx , drx 



~ —I — i+-^ T-'-l — r ^^. («) hy Lemma \,) 

From whence, multiplying the whole Equatioit by 



. . we have , Z = — —^ mto 



/ 



r»"— 2irV+**" / .-I 



nkr' ' ^"^ ' T' „^V 



I tn • ffi • J tfi * 

tX X t ex X , flX AT 



J + -—^m. + -r-^_^-^ «^^. 



r* — 2^/.v+'«^'' ^* — ^crx'\•x^ r^ — ^drx'^x 



b:^x 



Now, the Flueiit of the fir fl Term hereof — 

(if M be put for the hyp. Log. of V^'^"— 2^r^+^*^ 

r 

and iV for the Arch whofe Radius is Unity, and Sine 

— — r^==== j will appear (from Prop. 2.) to be =^ 
^/r^'—lbrx+x'-y ^^ ^J r j 



Sin. ^X t +Smn^X "l + Sin. 3^ X 

m — 1 m — % 



rV"^^ 



Ftpta 



37 8 Pf the Fiuents of Rational Praeiiom; 

/ 

From whence, if the Arcs whofe Sines are 



xXSln, ^ 



xXSin. ^ 



£s*r. be rcprc- 



\/r* — 2€rx'\'X* y/r*" — ^drx'\^' x^ 
fented by Mj M i^c. and the Logarithms whofe Num- 
bers are 



' — , I — C9^. by 



2/, -?/ iic. refpe£lively, the Fluent of the whole Ex- 
preffion, omitting the general Multiplicator / — \ 



'will be 
Sin. ^ 

Sin.k. 



Sin. 2^"1 
Sin. ai 



(Sin. sC 
Sin. 3^ 



&«• ^>xfLl!+< Sin. 24>x!:f +< Sin. 3^> 



&•«. ^ 



/W— -I 



X 



&fr. J 



/»— 3, 



5//I. 2^ 

(Csff. 'to m — I Terms) 



istc. J 



Sin. m^M+CoJ, mJ^N 



Sin. m^jk+Co-f. m^lsf 



+ '*^' ^ ^ Sin. m^Jkr+Co'f. m^N ^ 



HI 



m M 



Sin. m^XM+Co'f. rn^N 



But) the Sines of the firft Column beingthofe of an 
arithmetical ProgreiSon (whofe common Difference is 



hy r^Jblving them into morejimple oneu 379* 

1 which arifes by dividing the whole Periphery int© 

n equal Parts, their Sum willj therefore, be equal to 
Nothing. 

Moreover, the Sines of the fecond Column, having 

2X360^ 

• fof th^ common DifFerencc of their rerpefliv* 

Arcs do, alfo, divide the whole Periphery (twice taken) 
into n equal Parts, and therefore deflroy each other. 

The fame is Jikewife true, with regard to the Sintfs 
of every other Column (except the lafl: of all) whca 
m — I is lefs than n. But, if /« be greater than », the 
Arcs, in the Column, whofe Place from the firft, in- 

clufivc, is denoted by //, being exprefled hy n^ n^ 

n^ ^c. (or R, K+36o^ ^+2X360° &c.) whereof 
the common Difference is the whole Periphery ; the 
l^nes of that Column do not deilroy one another, bat 
each is equal to that of the firft Art R {rid. Art, 3T4« 
and 3 1 8.) and confequently theii Sum equal to nXSin.R^ 
In like Manner, if m be greater than 2«, the Series, 
continued to m^^i Terms, will take in the Column, 

where the Arcs are 2n^^ 2«i5j, 2kj^ &c. for 2^, 
2^^+2X360% 2*4-4X360^ ^c.) whereof the Sine 
of each is, alfo, equal to the Sin^of the firft (2^) and 
therefore their Sum tunXSin, 2R. 

Thus, alfo, it will appear that the Sines of the Columii. 
whofe Diftapce from the firft, inglufive, is r^n (when m 
is greater than 3^2) will be each equal to Sin, 3 iS > &r« 
£ffr. 

Therefore, feeing all the Columns do aftually vaniih, 
except thofe above fpecified ; whole Places from the 
Beginning are denoted by jj, 2», 3^ ^c, and whofe 
correfponding Terms, or Multiplicators are, tjierefore, 

reprefented by , , . 

m — n m — 2« m — yt 

l^c. it is evident that the whole £KprefiioQ will b^ tq« 
Sliced tQ 



• 
• 
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Sin. R X 



nr X 



m—n 



+ Sin. 2R X 






+ Sin. ^R X 



3« — 1 ■»— 1« 



t^c. 



•J- r"*^' into < 



m—yi 
^Sin. m^XM+Cof.m^N 

Sin. mS^Ai+Co'f.m^k 

Sin. w4x /lk+Co^f.m^2sr 

Sin. m^M+Go:f.m'^hr 



Which, multiply M by 



nkr 



-, the forefaiJ, general. 



Multiplicator, gives Sin. R X 



-; + Sin. 2R X 



r X 



•tn 



m — 2« . k 



m — n. k 

iw — 3« .k 
^Sin. m^M-\'Co'f. m^XN 

Sin. m^jk+Co'f. »i^Xi^ 

X ^ Sin. m^Al+Co'f.m£D<Jf>f 

Sin. m^X^+Co'f. ot^XAT 



for the true Fluent of 



: Where 



r**— 2ir%*+ 



.2» 



the former Part of thd^xpreffion muft be continued to 



m 



as many Terms as there arc Units in — (the Re- 



n 



mainder, if any, b<ing negle£ted.] 



j^. E. /• 
Co- 



by refohing them into morejimple ones. 381 



Corollary. 

334. If the Quotient arifmg from the DIvifion of m 
by n (when the former exceeds^ be denoted by Vy and 
the Remainder by / ; or, which is the fame, if vtt'\'tz:z 

i U M 

niy it is evident the Arcs m^ m^ m^ £sfr. which 

360® 
are refpeflively equal to m^-^mX > w^-|- 2mX 

'^, m^^mX^y i^c. (by Conftr«aion) wlU 
alfo be equal to »7^+vX36o*^ +/X ^— -, m^+zv X 

360** 

360^-1- 2/X ^c* whereof the Sines and -Co-fines 



(omitting t;X36o% 2^X360^ ffTr. the Multiples of the' 
whole Periphery) are the fame with thofc of /w^+ 'X 

360® 360^ 

> /w^+2/X -— - £s^f. refpe£lively. 

Therefore, if the Arcs of the Progreffion, whereof 
the firft Term is m^ and the common Difference tX 

,360^. I u 

— , be reprefentcd by 7*, % T (^c. rcfpedively ; it 

^ii+»— I . ^ 

follows that the Fluent of > I or, 



r»»-,2^r"A"+;r*'' 



C 



X X 



r»''_2/fr%"+ 



1— . J will, al/iy be truly cxprefled by 

x^^'y 



j^W— ^ . ^«j^«— i-2» 



SwTR X - ^ + Sin. 2R X ; + Sin.^RX 

m — n . k mr^xn , k 






•(=?) 



;»— t3« . ^ 



I* 



. 1 



^ 

* 
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Sin. TX M-^ Co-f.TXN 
Sin. rXM+Co-/. '/XAT 



// 



/' Jf_ 



nk 



^ Sin. 'JXM+Co-f. TXN^ 
Sin.'iXM+Co'f,'lXiyf 



bfc. 



Gfr. 



In the very fame Manner the Fluent of 

(^here the Sign of the fecond Terto 



is pofitive) will be exhibited ; if iS be taken to denote 
f he Arch whofe Co-fine is — k ; which will, in this 
Cafe, be greater than a Quadrant. 



PROPOSITION VIL 



335' 5^ f'^^ tbi^ Fluent of 



•1 . 

X 



r»»— 2ir«;r»+*^ 



under 



the ReJlriHions mentioned in the laji Problem. 
Let every thing remain ^ before : Then we (hal] 



have 



—I 



n ^n I _*« 



r^—ikr'x'+x 



nkr—^ 



into 



bx 



'in 



r* — ibrx^x^ 



+ 



ex 



appears to be into 



nkr 



rsin. ^ 

)S!n. 4^ 



Sin. i9 



i-'-m 



I 



II 



X 



Sin. J5j^' 



m— i . r 



'Sin, 2^0. «— 2Xr» 
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■Sin. 3« 

. &'. J 

r—Sm. 111SXM+&-/. m^N 

' . . 1 —Sin. mixii+Ci-r. mSlxA 

i at. lie. 

Which, by Realbning as above, will be reduced to 

— Sin. Ji X — Sin. 2« X — 

m — n . kr m — M . h'^ 

— Siti. -iti X — (M^Terois) 

jn — yt.kr 
r— s;«. TXM+Ci-f. TX.N 

- Sin. txk+Ct-f. h(.N 



-X 

L 



i — Sin. •h(lii+C<-f. I'Xft 



336. If, from the K C K 

Center O, of the -^=^ ^"^ 

Circle ABCD,whofe 
RadiiisOA, orOV, „ , 
n r, there be taken **A 
OL equal to i and (^ 
OP=* 1 and if the Af- 
Arch AB be to the 
Arch AK, whofe 
Co-ftne is ± £, as 
1 to ff i and each Q\ 
of 
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of the Arcs BC, CD, DE ifff. be taken equal to 
~ f^c. i^c. Then the Angles iJ, ^4^ ^c. fpe- 

cified (in the two preceding Problems) being here ex- 
pounded by AK^ AB^ AC bfc. refpc£lively, we have 

PB= x/r^—ihrx+x^, PC= \/r^—2crx+x'' isTe. 
{Fid. Art. 317. and 323.) Whence, alfo, the Angles 

xXSin. ^ 



Nj Ny N i^c. whofe Sines are 



xXS in. ^ xXSin. ^ 

'y ^ -T-T ^ • ^' , -T-T fsfc. will here be 

equal to 5, C, D 6rV. Therefore the Fluents of 

- (there 



r^zf2kr''x'''].x 



28 ' 



and 



r^''zf2if^x''+x 



given) will, alfo, be truly defined by 

„ + Sm. ii ^ ^_2« + "S^lir ^ ;;i-3« 



/« 



( 



to Terms 



.^ 



+ 



nxSin. R 



:^< 



Sin. TX (OB : PB) +C»/ TX (5) 

5««. TX {OC : PC) +Ctf-/ h< (C) 

S/«. 'y'X (Oi> : PD) +Co-/. f X (£>) 

Sin. TX (OE : PE) -^-Co-f.Txir-E) 

Sin. 'i X (O/*: Pi^; +c*-/ r (— P) 



Aod 



*v. 



* c 



^ re/bhing them into morejm^ ones. % 85 



And by — = 



Sin. R m — 2« . 



sm.R ^■;;^n.r^\«J 



»r*+"v.S, 



rcTpeitivcly. 



— S;ff.rx(f?5:i'S)+C<i-/7V( SJ 
—Sin/r%{pC\PC) +&-/'/x{C) 
—Sitt.'h{OD:PD)+Ci>/. hi(D) 
-~Simfx{OE:PE) +Cf/.fx(^E} 
~SinXx(OF:PF)+ai-/.f)i [— /} 



KClC 




Where the Arc AK (or R) will be greater ihan a' 
Quadrant when the Sign of i is pofitive ; but Icfs, when 

negative ; and where the Arcs T, T, T fSe. denote ait 
arithmetical Progreflion, whofe firft Term (T) is equal 
to mXAB, and whereof the common Diffiirence is 

equal to - — (or BC) multiply'd by m, when m is left 

than n ; but othcrwife by the Remainder, of ffi divided 
by ff. 

C c 3.- 7- 
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337. Hence the Fluent of — --~ — -;• , where j 

is any Number, either whole or broken, may be very 
eafily deduced : For, having transformed the Denomi- 
nator to fX -f T-^+ a*'* put7-=r*", - = 
aV, apd %f = *^; and then it will become = ^ X 
r^z^tkr*^'^^*^ ' Moreover, ^ • being = 



?] = x«-", and q± - y Xz'- n^ X — 

ji±otXa'*"""^'j«^> the Numerator will be reduced to 

X If 

— y v'i"—'^; And fo, we have = 

— X— —^rr- In which xzz z" , r = 

_\ , and * (= ; I = —7= . But, it may be 

g\ • i^- y \^^i 

obferv'd, that the Fluent hereof is, only, given when 

X /• 
~=i (or its Equal i) is lefi than Unity ♦. Therefore, 

if f / hQ greater than X^eg 5 or if the Values of e and g 
sore unlike, with regard to pofitive and negative, fo that 

\/eg is impoffible, the above Solution fails. But^here, 
the given Trinomial may be refolved into two Bino- 
mials (iy. -^r/. 310.) and, from thence, the Fluent 
may be found at two Operations {hy Prob. 4. and 5.) 

For, 



by refbhtng them into morejimple ones. 3 87 

For, by feigning ^qi/y+^;'*=:o, in order to fuch a 
Refolution, we get — ^/ t"^ 4/ ^^^ j^^d 

— 2/ ^47 . .i> for the Roots of that Equation, 

or the two firft Terms of the required Binomials : 
Which therefore are always poflible when J/* — eg is 
pofiiive, or when the foregoing Solution fails. 

By denoting the faid Roots by H and A", the Trino- 
mial e^fz^-^-gT?^ isrefolved into gXH-^zfXK—z^, 

m 

from whence „ ^ is reduced to 

n "^ • » whofc 



gXK—HXH—%^ gXH—KXK^9? 
Fluent is given by Jtrt. 332. 

338. By proceeding the fame Way the Fluent of 



-y— I 

may likewife be found : For, 



z" « 



eJ^f:J ^gz^^ +hz^ 

fmce one, at leaft, of the three Roots of the Equation 

^+/'+^J'* + ^j'^=o» n^^ft ^® poffible, the propofe^ 
Fluxion, if it cannot be refolvcd into three Binomials, 
nwy, however, be reduced to one Binomial and one 
Trinomial ; and fo, be brought under the foregoing 
Forms: But this being a Speculation too much out of the 
Way of common life to be farther purfued, I fliall 
here conclude this Sedl ion, with obferving, that, when k^ 
in the original Trinomial, above fpecified, is neither 
lefs, nor greater than Unity, the Fluent cannot then be 
had dircftiy, from either of the preceding Methods ; but 
muft be found by Comparifon from the Fluent of 

a±« — X . 

. Vid, Art. 289. 
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SECTION VI. 

^be Manner of inveftigating Fluents^ when 
^antities, and their Logarithms -, Arcs 
and their Sines^ &c. are involved together : 
With other Cafes of the like Nature. 

ip R o a I. 

339. Q^XJP POSING ^ and n to denote given 
1^ ^antities 5 Uis propofed to find the Fluent of 



x'^x^. 



Let ^ X A^r + fiA-"""' + C;t"""* tfr. be affumed 
for the Fluent required : Then the Fluxion thereof, 
which is 



• Art. *5«. ^ xXhyp. Log.^* XAx"" + 5;^"-'+ Or"""* fefr. + 



muft confequently be = x^x^ : And therefore, by 
putting m for the hyp. Log, of ^ we have 



—x''+nj1x'^^^J^i.Bx'"^+ii^.Cx'^^i^c,l ^ 

Whence, comparing the Coefficients of the homologous 

I nA n 

Terms, wc get >*=: — , jB = — — = — --r, C= 
° tn m tn 



n—i.B_n.n-i_^^ and confequently ^ X 



tn CT- 






n , n — I . xn^% n . n-^i . n — 2 .a" 3 

-» ; . i^c. Which 



m^ m' 



Series^ 



involving the Fluents of other given Fluxions. 3 89 

Series, it is plain, will always terminate when » isa 
whole pofitive Number. ^. E. L 

340. In the preceding Problem the Coefficients Aj 
By C9 bfc. of the aiTumed Series^ were taken, in the 
common Way, as conllant Quantities ; which, becaufe 

of the general Multiplicator ^«, was fufficient. 

But, in other Cafes, where a proper Multiplicator^ 
to exprefs the mechanical, or logarithmic, l^c. Part of 
the required Fluent, cannot readily be known, it will be 
convenient to aflume a Series for the Whole (independent 
of any general Multiplicator) wherein the Quantities 
Ay By Cy Dy ^c. ttivA \}Q coofidered as variable. 

PROB. 11. 

341. To find the Fluent of J^x^'^^x ; % being the 

Hyperbolic'Logarithm of x\ and m and n any given 

Numbers, 



Let there be affumed Az + 5z'"""'+ C» + 
jD2."""3 ^c. = the Fluent of tTx^^^x : Then, in 
Fluxions, we ifaall have 




+m^a"-'i +/n— 1 . 52"~*8+ m—2.C%^^ziic 



But « = — ; whence, by ordering the Equation, there 

arifes 

A ^ .Bl , c 7^-. 

■"■*" '^j *^ J * 3 ~~° 

Now, by making the Coefficients of the like Powen 
of %, equal to Nothing, we have Az=Lx*^^Xy A:=z 

n ^ J « * «* * 

Cc3 
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m, m — I . X* 



n^ 



X ^ H 

^c. and confcqucndy the Fluent fought 



= ff into*-- ^£r +-'"—• ^'"~* 



n n ' n 



% 



m . fH — I . m — 2 . z"~^ 



I m,m — I . m — z . m — 3 . z ^ 

ifc. Which, when m is a whole pofitive Number, 
will terminate in w+ 1 Terms. ^ £. /. 

PR OB. III. 

342. To find the Fluent of z^y\ z being the Arch of m 
given Circle i and y the Sine correfponding. 

Let there be affumed Az"" + 5a""^' + Cz*^ 4, 

D%^^ = Fluent of %'y ; then, by taking the Fluxion, 
we (hall have 

?* = 

Whence, putting^ — j=o, i+nJzz=:Oy C + 

• ' ■- 

n — -I . Sx=o, D+n — 2 , Cxz=;:Oy ^V. we get y/==yi 

But, if tf and x be taken to denote the Radius and 
Co-fine of the Arch z, it will appear, from Art, 142, 

^hat j^z == — r tf ;e and A-a = /7j? ; Therefore B z=: nax^ 

and 5 = nax ; alfo 6' ( =: — n — i . i?«) = — 

n.a — I. i?x« =;: — «.« — i.<2*)j and C= — «.« — i .fl*;^; 

likewife i3 (= — «— 2.Cz) zmn.n — 1.« — 7. .a^yk 

z= — ^w . n — 1 . n — 2 . a^x^ and Dz^ —if . « — 1 . « — z , a'^x 

3 £5*^* 



involving the Fluents of otber given Fluxions. 39 1 



£ffc. y^. and confequently Jz + 5a + Cz &c. 



«•—» 



z=:yz +naxz ^ — n,n — I . tf*ya "**—».»-— I . 



H—2.a^;cz'"'^+ i^c. 




II 

!l 



1^ 



». 



I 



+ 

St 

T 

tl 

10 1 






l\ 



•-a 



l<. 



i 

+ 

ii 
II 

i 



^. E. r. 



In the very fame Manner the Fluent of z'wy or 
a" X — X (w being the Verfitd-Sine of the Arch s) 



will be found = — xz' +»y<»» +« • « — i • *flV 
' —« . n^i . n — 2 .ya^i^"^ — a.a — i .» — 2.» — 3.*fl*»"'~* 



+ £jf<:. 



Cc 4 
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PR OB. IV. 

343. Tie ^antities^ jr, y and z being the fame as in the 
preceding Problem ; to fold the Fluent of z^x^y^y. 

By affuming A* + Bz^^ + Cz'"^+Dz'^^ bfc. 

and proceeding as above^ we have /t = :r j>*j?, J5 = — . 

• V I . I I . 

nJz, C =: — H — I . 5*, D = -.- n — 2 . Ci ^t. or 
(becaufc * = — ) ° = — -j-, C ^ — , :£, 

X) = — "~^ ' ^^-y t^e. Therefore, if the Fluent 

of /j'*^ (found from Art. 142. and 2gi.) be denoted 

^y Ry 

by ^; that of — , by -R ; /*tf/ of — , by 5 j that of 

^, by T bfc. it follows that the Fluent of z^x^'y^J 

will be truly reprefented by ^z" — naRz"^^ + «.«^i , 
a^Sz^'^'^n.n^.n^.a^Tz'^^ (^c. 

Corollary 

XX- XX 

344* Since > = — -—=■-- {nd. Art, 142.) it foU 
lows that »»-•>*> is = — sV+V""'^ = ''''^' ^^"'^ : 

a 
Therefore the Fluents of thefe two laft Expreffions are, 
alfoy exhibited in the foreeoing Series. 

345. As the Values of ^, R^ S fcfr. in the preceding 
Articles, are top complex to be purfucd in a general 
Manner, it may not be amifs to illuftrate the Method 
of proceeding by an Example or two. 

Let 



involving the Fluents of other given Fluxions. 393 

Let, then the Fluxion propofed be — — : Where n 
being =11, /«=2, and r = — i, we have ^= — == 



fy 



;— . (becaufe \/tf* —/=;^.) Whence ^= — 

i.y\/a''^y''+^az=i—lyx+laz *, and therefore -R»(= * Art.■»7^ 

^ 1 = — f;:y + -^ =— f jy + !«« (becaufe— = 
«) and confequently -R = — i J'* + J «* 5 and fo, 

— — Xz + aX — , or , is 

2 4 4 

zy^ y^zx \ 

the true Fluent of -^ (== — zyx =: -y-. ♦ 1 #^^ 3^^ 



• yy 

Where, we therefore, have ^=; — =: — x; whence 



Again, let the Fluent of — pxX «+^* (exprefEng 

the Content of the Solid generated by the Revolution 
of the Cycloid) be required. 

Here, the given Expreffion, in fimple Terms, will 
become — />z^x — 2pzyx — py^x : Whereof the Fluent 
of the firtt Term — pz^x, will be had, by making «=2, 
m — 1 = 0, and r + i = o {Fid, Form, 2. in Coroh) 

X 

likewife o (= —) = r" = *'» 5 = jr; and 

confequently the Fluent of — z'x (^z* — naRs?^^ 

— ^-* — —) of the 

fecond 
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fecond Term — %%yx (found in the preceding Exam* 
pie) and alfo that of — f-x (or — a^x + ***, found 

the common Way) we get, in the Whole, \a — x X a;* 

+ %ay — -yx X z + | ^j'* + d^x + 3 J>f ' ; which, multi- 
ply 'd by />, and correfted, gives, p into \a — itX z* 

+ 2ay^yx X z + 2 <s[y* + <»*•*• + t-*' — T<»*f ^ox the 
true Fluent that was to be determined. 



PROB. V. 



r 

346. Suppoftng H to denote the Fluent of k-\-lz ' X 

%^ ^^x ; to find the whole Fluent of H Ka—bz^ X 
z^""'«, {when a — ^z" becomes eqitj! *: Nothing,) 

By refolvingi+iz'^'xz'^^i into ::-ple Terms, 
and taking the Fluent, the ordinary Wav» >ve get ii= 

^ X ^ + =£_ + l:r=!^tr.. Which 

Value being fubftituted above, and p wrote inftead of 

n 



y+v, we {ball have //X^— &l*'''xz^~V='— X 



s-rbz I X 2/^ « tnto — + :=::= + — 



2.3- 'Z'+S • ^^ 



Let, now, the Fluent of <? — bz^"^ Xz^^^^z (in the 
propofed Circumftance) be denoted by jf, and put /=: 
^-f-^+i 5 then it follows, from ^r/. 286. (by writing 

I rl / I 

-7 for ^, •==*T f*»^/> ^^0 that ^ X A into — + 



X fi) + tt'f . wHl be 
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^j^-f-l . p-\-2 : r . r — I . r — 2 

the true Value of the Fluent. ^ E. L 

Note J p and m-f-i muft here be pofitive Quantities • 5 • Art. %%%, 

and it is alfo requiflte that -t- (houM be greater dian — » 

b 

' — 5 otherwife the Fluent will faih 
a 

Ex. I. Let tiz=:T^^ ^Xy; andUt thi wh$k ' 

I 

/y«^/ of \HX 1 — j'*^ *^, i^ demanded. 



Then, ^ being =1, /= — i, « = jf, » == 2, r=: 
^i;^v:=zii alfofl=i, *=i, m — — f, ^=f; 
^ (=±^4-^) =1, / {=zp+tn+i) =h and ^(= the 



I 

1 » .:.A _ 



whole Fluent of i— 3'* J*}) = *'» wefhall, byfub- 
ftituting t'(?fe feveral Values above, get 1 4" — - + 

— + — + -^ + — ^ (^c. = Fluent of HK 
5-5 7-7 9-9 ^11." 

I 
2 



7-7^ X j- (or i///) when j^=i. Which Fluent 

IP i? I , 

being alfo expreued by — , it follows that — =: — \- 

/ 

^+ — + — + sTT ^^- Where Hh i of the Pc- 
riphery of the Circle wbofe Radius is Uoi^. 



Ex. 
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Ex. 2. Lei H ^ ? + z*"! "^ X i ; tofindibe Fluetxt 
Here, itz::^*, /=I, «=:2, r = — |, v = fi alfo 



k- 



(V>+^+ 1 ) = i, and i^ (= «;*«& Fluent o£ A* — z*^ 
X zjs) = A : Whence, by Subftitution, we have c"*5 

A* M h^ 

AXi — |X^+tX^— fX^ «5fc. which, 

multiply'd by c* (the Coefficient of «) gives — X 



/?3 h^ /,? 

& — :7T + TT — rr ^^. for the true Fluent in this 
3c^ 5c* 7(:^ 

Cafe : Where the Series is that expreffing the Arch of 

• Alt. X4a. the Circle whofe Tangent is h and Radius c* ; and is 

therefore equal to ^ X Arch, whofe Radius is Unity and 

h 
Tangent = — : Whence this laft Arch (taken without 

the Multiplicator c) is the true Value of the Fluent. 



SECTION vir. 

Shewing bow F/ue fits, found by Means of Infinite 
Seriefs, are made to converge. 

347. TT is found, in Art. 85. that the Fluent of 

JL . — ji» _ 

a-^-CT? Xd-J^ '«, in an Infinite Series, 

(making «4-?=0 ^s exprcflcd by ^^ L- X 

(ina 



Tbe Manner of making Fluents converge. 397 




,- '+LS^ + ^+1:^+!:^'^ - (^c. Whence 

it follows (and is evident by bare Inrpedtion) that the 

Thient of a — cy* ' X;' y (where the fecond Term 
under the Vinculum is negative) will be truly defined by 

1 — into I + == ^ ==: — == — 

qna q+i , a q+i . q+2 . a* 

-j- i^c» fuppofing j=r+^. 

But, befides the Series here given, and Thofe, in 
Art, 83. 84. exprciling the fame Value, the Fluent of 

a — cy^^ X>^''~Vwill, yet, admit of another Form, 
different from all of them ; by means whereof and that 
above, we ihall be enabled to draw out fome very ufeful 
Condufions. 

348. Put %^ = -flL-, i then / = .f£L,and 
therefore »v"^*j = — \^\ alfo a — ty =: -- — -- 

and;r > (=>'^ X>»-V) = .^ » and 

confequently a—cf^' X >?^V = a*^**' X 
«+«"' Xa*"^'*: Which Fluxion, fotranf- 



form'd, being compared with q-^-ctI'' X d^^^k ; we 

havew = — r — j — i, d-zz-a^^^^^^ and x (^+'w) 
= — r — I i whence, by fubftituting thcfe Values 
in the firft Series, above given, the Fluent fought will 





had = 






— 


-^Xo 


ir-ff y 


f .yi4- 


M 


be 


. «+. 


c£V 


rrz" 












qn 




'/\ J 1 


^+1 .a 


+ 


r. r— 


^. e 


7.^ 


+ 


r .r^ 


-I . r— 


T. f3j2.3'« 


isfc. 


• 


* 

V 


,y+i 


.a-- 




q+^ 


.^+2. 


f+3-«' 
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Which, by reftoring y (or writing suid — ± — 

a—cy a—cf 

for their Equab a -f- ra*, anS z") becomes 



■ »c. the true Fluent, of a—c/^ X ;r^^ j. 

a — o' * 

* 

349. This Fluent may be otherwife found, inde- 
pendent of that above, in the following Manner : 

l^\y^ 

It is evident, by taking the Fluxion of ' ^ 

qn 

(which Quantity would be the Fluent fought^ if 

y a — tf Xy 
a — €y^ was conftant) that ^— ^^^ '- is = the 

Fluent of ^-^/Tx^^^'i — Fluent of — X 



a — cy^* X>^ "^i- This Equation, by tranfpofing 
the laft Term, and writing x in the room jof a — cy^ 

(for the Sake of Brevity) will become Flu. x-y^^^y = 

ifL + — y^Flu. *'^V^^**" J?. From the very fame 
qn 9 

Argument (if, inftead of r, we fubftitute r — i, r — 2 
fsTf. fucceffivcly 5 and, for q. write f+i, ^+2, ^+3, 
tff. refpeSively) we (hall, alfo, have 

Flu.x / J' = ■ + ■ X 



. Flu. a'^3^^+S"^V » 
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Whence, by fubftctuting thefe Values, one by one, in 
that of. Flu. />^*~ jf, we get 

/W. Ay J' = — ^^ + — X ^ f .. -j ■■■■ 

X Flu. X f' J' = — :^ + JZ ^ + 



t 



r , r — I . c A 



^^?»+x« ;:zi . ;ri^ . ^j 



X -^—^ — +~ 



Flu. X X > ^^ — ^ n ^ 

r . r — I . c^x y^ i r . r — i . r — 2 . f ^;r y» ^ 

fer^. Where the Law of Continuation is manifeft ; and 

^r an 

where, by making — i- a general Multiplkrator, wc 
{hall have the very Series above exhibited- 

350. From the Equality of the two foregoing Ex- 

preiEons, for the Fluent ^1 a — cy Xy i, (or 

« 

;t'^f»— »jf) the Bufiflcfs of finding Fluents^ by infinite 
Seriefes, will, in many Cafes, be very much facilitated. 

For, in the firft Place, it follows (by dividing both by 

"Zlfl '^LfL.,ox—fL\ that the Seriefes I + 

qna qna J 

,;gV_ ^ ^ ^ '^-r &v. and ^ ^ 



• -. ^ » -x.2« 



fcff . muft alfo be equal to each other,, let the feveral 

Quan- 



4^o 72^ Manner of maldngVhenu cottoefgi. 

Quantities^ therein concerned^ be what thejr will (wfaidi 
may be otherwife proved, independent of FluMons.) 
Therefore, if in the room of q and s we write any other 
Quantities ^ and /, the Equation will, Jtill^ hold, and 

willthenbecomei + S;i^ + ±l'l^ 



p+i.X p+J'p+2.X* 

(/ being = p^r.) 

Moreover, if as many Terms of the firft Series i + 

" — r — = + _, ■ 

&f . be taken as are denoted by any given Number v, 
and the laft of them be reprefented by ^, it is evident, 
from the Law of the Series, that the firft of the re*^ 

maining Terms will be exprefled by ^ X rr^ ^la^ 



the fecond, of tbem^ by ^X '^ X i±!±I x 

f+v ?+«' + ! 



liL. i^c. and therefore the Sum of all of them (putting 
a* 

q+v=p and i+v (=r+y+t;) = /) will be =^X 
pa p+i.a p+i .p+2.a* 



(by writing the Series found above in the room of its 
Equal) and confequently the whole Series (including 

the V firft Terms) =31 + ^+y'/y\ + 



^tf Mimner of making Fluents cmoerge: '^oi 

^^;^^ („) + f^L X 1+=^ 



.».M ^ «< r •- o yS-jS* 



r , r— J , Q- ^ r.y— i.r— 2.f-r ^ {^^^ 
p+i.p+z.x"- J+T^.p+i.p+S.x^ 

Which, drawn Into the general Multiplicator iL. 

qna 

{vid. Art. 347.) will give the Fluent of ^ — r/* x/*^^ 

(or *0''**"!y) according to a new Form, compounded 
out of the two preceding ones ; where the fecond Series 
(the Value of p being large in refped of r) will al- 
ways converge much fafter than the remaining Part 
of the firft, for which it is Tubftituted : But this will, 
more fully^ appear from what follows hereafter. It will 
be proper to take notice here that the Fluent of 



a+cz Xz^*~*« (the Fluxion firft propofed, where 
the ftcond Term under the Vinculum is pofitive) will 
aUb be had from hence (by writing z for jr, m for r, 

and — c for c) and is therefore equal to ■ « 

qna 

drawn into the Sum of the two following Seriefes^ 
^-{-i.a f-{'i.q+%,a* q+i 'q+2.q+^.a^ 





p" 


Xi 


— 




+ 

> 


m • m- 


-I . *»2" 




p+i 


.^+2 . ** 



tn . m — I . m — 2 • ''2'* 



— + f^c. 



Where, j=ot+^> ^==v+?) /=x+t;, x:=za-\'Cz^ 
and ^= the bft Term of the firft Series continm^ 
. to V l>rms, V being any whole Number, at pleafure. 
A few Examples will ihew the Ufe of what is above 
delivered. 

D d Ex, 



(v) 
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351. Ex. I. Let ■■ , ■ , or i+«i i, he propounded. 



Which being compared with a-^cz*^ Xz ss^y 



s^y we 

have tf=i,r::^i,«=i, x^zzi-^-z^ m= — r, qn — 1=0^ 
or ^=1 ; whence alfo s (w+y) =0, p (v-l^g) =:v+ij 
i (f+v) =^> ^^^ confequently the Fluent itfelf (by 
fubftituting thefe feveral Values m the laft general Thc- 

orem) = z into i — — + — — — (v) — -==— 

* 3 4 v+i.x 

z 2 . z* I 2 . -2 . z^ 
X X + -= — ' + =— + i — 

tf f . Where (^ the laft Term of the firfl Scries 



z •" /" vz^ 

, the Multiplicator I 

V V 



being ± , the Multiplicator I == — j to the 



v+i.xj 



Second, will be = ip — ^ — ; and fo the Fluent itfelf 

v+i.x 



z* z^ z* . ^'^i'l 



will be reduced to z — — + T" — T M ^f- 



3 4 v+'"^ 



2-z* 



1+ -r- + -r- -r- — ; + ^^- I« which 

V+2,X V+2.V+S •^ 

the Signs — and +, before z"*', obtain alternately, 
according as t; is an odd or even Number. But, to 
ihew the Advantage of expreffing the Fluent in this 
Manner, by two different Seriefes, let z=:i, and let 
V be taken = 8 3 then the Value of the firft Series (con- 
tinued to 8 Terms) being = 0,6345238 (^c. and That 

of the fecond Series = "i> + — + "'^ 4- ^' 4- ^7- 

lo ' 20 ' 22 '24 * 26 

+ -^ i^c. (where Jy By C, D &c. denote the Terms 

preceding ihofe where they ftand) = 0,0555555 -j- 
0,0027778 + 0,0002525 + 010000316 + 0,0000048 
4-0,0000009+0,0000002=0,0586233 } it is evident 

that 
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that the Fluent of TTT? when z becomes = i, will 

be = 0,6345238+0,0586233 = 0,6931471 : Which 
is true to the very lad Decimal Place ; and would have 
required, at leaft, 1 00000 Terms of the iirft, or com* 
mon, Series, 

352. Ex. 2. LH th Fluent tf > z {exprejjing the Arch 

whofe Radius is i and Tangent z) be required. 

In this Cafe we have /?=i, r=i, «=:2, a-zzii +zz, 
w=— I, ^— 1=0, or y = f, j = — f, />=v+|, 

z' z^ z^ 
and the Fluent itfelf = z — — + — ' — ~ (v) ± 

3 5 7 



^2V+x ^ ^ 2 . Z* , 2 . 4 . Z* 



■«■ 



2 • 4 . 6 . z^ 

&rc. Where, if z be taken 



=:i, and «;=6, we (hall have i — — + — — ., — 4- 

357 

III I I 2 I 2 

— {^c. = 0,785398 = the Fluent of JT^^z whenst 

z=zi (= i of the Periphery of the forefaid Circle) 

. Which Number, brought out by taking, only, 8 Terms 

of the fecond Series, is more exa6l than if looooo 

Terms of the common Series i — 1- — £5V» 

3 5 7 

had been ufed. And, if z be taken s=; / -L (:;=: 

3 
Tangent of 30°) and «;=6, as before, the feme Num- 

-hex of Terms will be fufficient to give the Anfwer, true 
to twice thcPecin^al Places above exhibited. 

Pd 2 353' E^- 
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353- Ex. 3. Let ibe Fluxion frop^fed be e^+y^ ^>(y** 

Here we have, az^ie^^ r=:i, z=jr, nzzz^^ Af=r*4->% 
w= f , j= i, X (ot+^) =1, p (v 4. f)' = 1;+ f ; r 
(j4'^) = V 4' J 5 smd therefore the Fluent fought (by 

I- 

,6ubftitution) is = -^ into ^ — ^ + 5 ^^s "7 






■Mlta 



4^+ 
2 . 2)'' 2.6. 2y' 



4^+5 • 4^+9 • **■* 4't'+5«4v4'9«4v4'' 3 • •'*^* * 

tfc. In which (as in all other Cafes) J^ denotes the laft 
^Term of the firft Series. This Fluent ajpproximates 
equally faft with thofe in the foregoing Examples : And 
it may be obferved farther, that the Fluent will always 
.converge, however great the Value of z is taken, if 



both a and r, in the general Fluxion a^cz"^ xz i, 

are pofitive Quantities. But, if the fecond Term und6r 

. the Vinculum be negative,, the Cafe will be otherwife^ 

when that Term becomes greater than half the Firft ; 

*■ 

fince the Powers of — , in the latter Part of the 

Fluent, will then form art increafing Geometrical Pro- 
greffion. It may, therefore, be of ufe to fhew how the 
Theorem may be yaried fo as to anfwer in this Cafe. 
In order thereto, if in the E^ations ^=r4'f , and 14* 

14- -2l 4. rr—i.cy y^^ (given in Art 350.) 

X 

you write k for r, and p for q^ and multiply by -j". 
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you will have i = i+^, and i + ^ + 

p+i.x 



s±i . 7pi . rV * t^ 

Moreover, if the v firft Terms of the above Series i -f' 
v/^.^ + ^ ' ^~^ . cy* j^^^ betaken, and the laft 

^ of them be denoted by ^ it is plain the firft of the 
' I'emaining Terms WiU be = ^X — r; — ^ — 



X 

r — V ' /«*.,2'' 



the fccond = ^X "■=^ X ~;;:^ X ir:,£5f.. 
and the Sum of them all (putting ^ + «;=^, and 

r^v^k) equal to ^ ' ^^^' X i + J^L^ 

f — ^ 

. *•* ^'^y . ejff. = /^^ X - XI+ _ -^ 

• ) ■ ■ ' 

-J- I .J-h2.f > {cf^^ ^jjy the Equation above) and 
confequently the Sum of the whole Series (1+ ^^^ - 

tjf^.) = I + -=:i + ~ + 

y+^-'^V. + £E^iE:-^+&r.. Which,' 

Pd 3 TbnIv 
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multrplvM by tISL , gives the Fluent of n— gr 

qn 



• Aft. 348, x/*" jr (* or />^-v) where >f = r — v, >= v 

4-^, 5 (=r^4"^) =:r4-^ and jrzrj — cy^ . I (hall put 
down one Example of the Ufe of this laft general £x« 

preffionj where we will takej V^2y — y% or 2— y -X 

f 
^^ y (being the Fluxion of the Area of the Circle whofc 

Radius is Unity and verfed Sine y) In which Caf^s 

iar=2, r=i, «=!, r=f, qn — 1 = {, or f=5|, k::^ 

---i»+2f ^=^+lf ^=25 jr=2— ^ J and therefore the 

Fluent fought = — -^L^ into i + — — — j^ 



3 5^ 5 • 7^ 

3;^' _ 3y^ . 3y^ . _ 

5. 7* 9*' 7.9.II*'* "** 9 . 1 1 . 1 3;e5 l^/ ^" 

2^^.^^ V , J. 3y , 3-4 / 



2V+3.2 ^v + 5 2v4-5«2i' + 7 



3 . 4 . 5;' 
s==z — ==r-==±=r- fcff. Which, ify be taken 

11 . 2 , >f 5 C 
r=:i, and ^=<, will become =: — — 4-*^ 

3^57^3 

(where -/f, 5, C iffc. denote the feveral Terms, rc- 
fpeSively, without their Signs.) In bringing out which 
Conclufpn, fix Terms of the fecpnd Series are required : 
But if y be taken. =| the Radius of the forefaid Circle, 
then four Ternis of each Series will be more than fufB- 
cient to give the fame Number of Decimal Places. And 
it may likewife be obfcrved, that, although no general 
Rule can be laid down for affigning the Value of %•, ib 
as to anfwer the beft in all Cafes, y^t the Conclufion 

wills 
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V'illj for the, general Part, require the feweflr Terms, 
^hen the Number of thofe, taken in each Series, is 
nearly the fame. ' 

354. But, after all, another Theorem or Series, ftill, 
feems wanting, to exprefs the Value of the whole Flu- 
ent, when the Quantity under the Vinculum becomes 
equal to Nothing (which, in the Refolution of Problems, 
isy commonly, what is required.) For, it is plain the 
laft, above given, anfwers no better, bere^ than that 
preceding it ; beca^ufe (the Divifor {x) being Nothing) 
the former Part of it fails. 

In order, therefore, to determine a proper Form^ to 
obtain in this Circumftance, it will be requifiite to ob- 
serve, firft of all, from JrticU 286. that the whole 



'^m 



Fluent of a—bz"^ Xz^'^'""^% fuppoGng that of 
a—bz"^ X z^'^^i to be denoted by A will be truly 
exprefled by T X 7ZT X St (^) ^ — ' ^ 

'^ ^ t+l t+2 ^ ' b'" . 

.which /=:»i-|-#-j-i ; and where it is rcquifite that the 
Values of m^ i and p fliould be pofitive, ptherwife, A 
being infinite, the Fluent (or Comparifon) fails. Hence, 



becaufe the whole Fluent of a—bz^^ Xz^ », (when 

a — bz =: 0) is found = ^ — , by the common 

m-^-iXnb 

. Way ♦, it follows, by writing this Value yn the Room of^^^j77. 
jf, and expounding i> by i , that the ivhole Fluent of 

i^-ia"' X%" + **-"*« is rightly exprefled by ^^^^^ X 

m+l ^+4 ^ ^ m^iXnb-"^^ "" + ' 

-Vx-4- (t+i) X ^ r/- Whence 

Dd i, That 



l< 
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Tbatof fl— A?^ XaT^'i, by fubftitutiilg r inftead of 

I 2 

f^|-J^ will confcquendy be equal to — r7 X ^ , ^ 

X " ^" (r) X— . Let this Quantity be denoted 

by 2 i then, ^ the fame Jrtickj the Fluents of the 

feveral Terms of the Scries i, — , — -- , csr^. 

a or a^ 



drawn into the general Multiplicator a — h? X z'**'**, 
will be, refpedively, expounded by thofe of the Series i% 

^ : jH^ . ll^J^er,. drawn into 5; ^bc^ 

ing 5=w-f^i- 

If now the Differences of the Quantities i, r*, 

t 

ST 1*1 I I 

^ ' ■ , ■ &rr. be, Continually, taken f ; and for r — / it| 

Equal — ai — i be fubfiituted, the Value of any Term 
of the Series, whofe Diftance from the firft, exclufive, 
is denoted by j, or whofe correiponding Term, in the 

preceding Series, is ^ will be univerfalJy ex- 



preffed by i *- ^^^ + ' ^^-^-i.^^+i-H-a 

1 . 2 • 3 X / . /+! . /+2 

if / be interpreted by o, i, 2, 3 fcfc. fucceffivejy, you 
will have the Values i , — , ^'^l! - (^c above exhi- 

bited : But, if s be taken as a Fraflion, then the Value 
of fuch an intermediate Term will be found as will give 

(h^ 

'\ See my Mathematical E£eysy p, Qfi 
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<hc Flucnt^of *i- X a—bz'l Xz'^% many pro- 

if 

pofed Circumftance of x > which Fluent, it is evident» 

will therefore le cxprefled by J5 X i — -^ ZL 4. 

1.4 *^ 

*— 1— — 1— ^— — ij^— — ^— i— »i» 
1.2. /j. / ^ I 



I 

^^. or its Equal — ; — 



_-— X .3 (r) X i— into i — il^+I — 
^4-2 m + 3 ^„^r 1./ 

X — I . m+2 ^£ J — 2 . W4-3 v> j7 J— ;^. ^+4 \> 

2•^fT 3'H-^ 4.H-3 

G fs^c". (where E^ F, G ^f. denote the Terms im- 
mediately preceding thofe where they ftand, under their 

« 

proper Sign$.) Whence, dividing by — , we have 



■ I X "— T": (n X T-- X I — '^ -T^ 



J 1 . w4-2 



p— ^"^ 



X£, ^^. for the true Fluent oi a—bz'' X 



2./ + I 

From the laft Fluent that of tf— te«' X z^^i 
(in which ^ denotes any pofitive Fradlion, proper 
or improper) is very readily obtained: For, if the 

fame (when a — bJ^zz,6) be denoted by -^5 then the 

Fluent of a—bJ^ X a'*'^""*"'i will (according to the 

p 
Article above quoted) be exprefled by ^^ . ^ 1 ^ X 

pofitiv^ 
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pofitive Integer. Therefore, by making a — te** >i 

^m\m^i^ = .1— te"^" Xa^"'"*^'i, or r + J =/> +v, 
the correfponding Fluents muft, alfo, be equal ; that is, 

confequciitly J (the whole Fluent of a-^h^ X 

3^ «) = — ;: — X ^j,. X— niT-Wx — 



X -ir X -4— (r) X ^ X into the Series i~ 



5.IW+I J 1.»2+2 « J 2,W+3 « 

i— 3 - ^+4 g jjf^, ^h^jrc /=r+;w+i and /=^ + 

. 4-^+3 

t^— r ; V and r being any whole pofitive Numbers, at 

pleafure. 

255. An Example, or two, of the Ufe of this Con- 
tluuon, may be proper. 






1^, Let the whle Fluent of i — x^ x (expreffing 

the Length of J of the Periphery of the Circle whofe 
^Radius is Unity) be demanded. In which Cafe, a be- 
ing =i, i=i, » = — f, w=:2» />;;=|:, /=;;:r+f = 

2r+i - , ^ 2v — ir-f-i 

*- , and sz:yu — r+f = • the Fluent 

2 • 2 

fought will, therefore,. (by fubftituting thefe Values) be 

% £ f> 2 4. 6 
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i- into I _ ' - ^^ar+i _ 3 • ^v-^r —'i ^ _ 



% . 2r+l 4 . 2r4-3 



by expounding v by 5 and ^ by 3, will become =: 
«,i67i9 £SV. into 1 -^-^£-.^i^+ 
In the bringing out of which Value, all the Terms ahpve 
exhibited* are requifite : But, of the common Series, 1 4* 

^+—4-77 + 2. 4. 6. 7+^'-"^^*^ " 

times^ that Number of Terms would be neceilary to an* 
fwer with the fame Degree of £xa£biefs« 

Ex. 7.^. Let the Fluxion propofed he — 



x^K/d' — x'^ 



(whofe whole Fluent, when jr=:rf, exprefles the Time 
of Defcent of a heavy Body in half the Arch of a Semi- 
circle, whofe Radius hd*.) •Ait soji 

Here, by comparing d^ — x"^^ Xx '^k with 

a^h%^ X 2.^"~*«, we have tf=^/S ^=1, »=:2, pn — i 
= — I, or#=:f ; alfo s (^ + v— r) =t; — r + J, 
/ (r-f-w-f-i) =:fj|+|;: Whence, by takmg^ r and v, 
each, equal to 4, the Fluent, itfelf, cpmes out =; 

3 7 II 15 . 2*4 6 8 

I. 

£into,r-JLlI + ^ £-i.J^F+li^ 
8 4.9 8. II 12* 13 16. 15 



13.5. J 



"Aii^ 0r iMMMr of moBi^ Fluents CMnerg^, 

= 2,6215/: Which btd ts/td^ the Time of Dc- 
fcent along the vertical Diameter of the forefaid Circle^ 
as 2,6215 to 2,8284, or as 100 to 108, nearly. 

Aictr the fiime Manner die Fluent will be found in 
other Cafes : But, with regard to the affigning of the 
Values of r and v, it may be obferved, that the An- 
fwer will, commonly, be brought out with the leafl: 
Trouble when v is taken greater by an Unit or two than 
r; which laft Quantity muft be greater or lefs, ac- 
cording as a greater or lefs Degree of £xa£inefs is ne- 
ceffary.— From the foregoing Expreffions, by varying 
the Values of v and r, a ^reat Number of Theorems, 
for the Summation of Senefes, may be deduced. But 
this being foreign to my prefent Purpofe, I am not at 
Leifure to purfue it here. 

356. Hitherto Regard has been had to Fluxions of 
the Binomial-Kind : But, from thence, the Fluents of 
Trinomials may alfo be fpund i when thefe laft- can be 
reduced to Binomials {by Art. 307.) without introducing 
new Radical Quantities.-— Bdides which Method, I 
fliall, here, give another, which will anfwer where that 
fails, and is alfo api^cable to MuUinomiab. 



m 



In order thereto, let the Fluent of a+^^ X 

J^^iy be denoted by J; and let it be required to 
find, from thence, the Fluent of the Radical MidtinO' 

awiV/, or Infinite Series, ^+r;r*+rfA'*«+^A3"+/;t4'' fsfr) 

Make c^ =r;f*'+ dx^+ ex^"" + ISc. and y=:^ J 

I 

then, ;if" being ^^^ , if this Value be fubftituted for 
9c^y in the firft Equation, it will become f z*=: ry ^ + 
4y^ +ey^ i^c. Whence, by reverting the Series, (*y 



f 
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drt. 27s.) y (*'•) is found =s »^ + !?»'• + • ^ 
Sz^^ + Tz^^' + i^fc. 

"" Moreover, by taking the Fluxion of the Equation 
thus brought out, and dividing by /», we have *^"~'ir 

P P 

j^P±lx rr^'^'i + fie. 

p 

Now let this Vahic, with that of <x^ -f- dx^ -f. ex^ 
4" ^c. (given above) be fubftituted in the propo&d 

Fluxion, and it will become tf+^a* X % « •[- 

, Alfo, let V denote the Place, or Difiance, of aiqr 
Term of thb Series from the firft, exclufive ; then the 
Term itfelf, drawn into the general Multiplicator, will 

VexpreffedbyH^*X^ Az^'"''^^'* (A 
being the correfponding Coefficient jR, S, T, i^c.) and 
the Fluent thereof by ^--^ A X a+c%^ ^Xz^ X 



* 



i^-" ^fl2*"~*" . tf.tf— T .^»2:«»^3« 



.. ■ - T • ■ ■ — » (*J ±: 

a Where, 



kr4 SZif Jiiamer ofmaldng Fbden/s cwoergei 

S^n dT the uift l^crm is + o^ "^, according as v is stn 
even or odd Number. Now, if in the Fluent thus gi- 
ven, V be expounded by i, 2^ 3, 4 6rf. fuccefEvely, it 
is evident the Fluent of the whole Expreffion wUU ii^ 
all Circumftances of z, be obtained. But, if the Co- 

effident c be negative, fo that a^csf may (by increafmg 
x) become equal to Nothing s then, in that Circum-^ 

fiance, Uie Fluent of the forefaid general Term ^ +^'' ^ 

y «i— 1^^ making— r = i) being, iiir^^', =— X 

.A.t..S6.^5^^ („)x^x:^£if •> it follows that 
the whole Fluent of the given Expreffion, or its Equals 
«— fe»''xa.'^*«+ ^iej/"**"'* &ff. wiU be truly 



reprefented by ^X i + -""TJ V < . fXJ, ^» 

s=:P'P+3 xg+^, r=t:i±I'iSx 

^ + tlHlf X J + J, tff. and ^ = thcFlucnt 

r— iaf'Xa i, when tf — fe =0. 

357, Hence, if the Fluxion given be of the Trino- 
mial Kind (then, e^f^ i^a. vanUbing) the whole Fluent 
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of a—b^ + dx^^Xx^^^x (when ^-4/ + ii^T 
= o) wiU, by fubftituting for iJ, 5, T^iic. be =1^ ' 



'•^ W 1.2 * / ./+I 

358. If »24"' *^d ^ a^^c the Halves of any odd Affir- 
mative-Numbers, the Fluent of a — ^a"^ X^f^^^i, 
when fl — bz^ z:2 o, will be equal to 

I-3-5.7 ("+f)XI.3.5'7(^-f) „«"**<?♦. .Art. ^v 
2.4.6.8. 10.12 (m+/) * ».n*»9J. ^ 

Cz being the Periphery of the Circle whofe Diameter is 



Unity. Therefore theFluent ofa—b^-^-dx^+ex^* csTc. 




X x^^^xy or its Equal, tf— te"'x a^^'i + ^«±J[ 



X iia^" *^'i fsfr. is found, in thb Cafe,bymultiplying 
the Expreffion here given, into the foregoing Series, i-^ 

tb ^ 

359. An Example or two will help to fhew the UTe 
of what is above delivered. 



Firft, let the Fluent of 



J a^^x* • 

^^ raa 

(when the Divifor becomes equal to Nothing) be re«* 
quired. 



i 

X 



taa 

the 



Then, by comparing «* — ^* '~ —\ with* 



'426 ^Vbe Mamet &f maH^ FbiefUi cMwrge. 

like general Trirumial a—bx* + d^') Xx^^^x, it 

9pp€Mx$ that a* muft be, here, wrote in, the room ofa^ 
\mii that n^m^p^imAd^ will be Interpreted by 2, 

— —J — f I, and — rr: refpcflivcly : Whence wc 



J 



•'"^ 2, 2r"*" 2.2.4.4r* 2.2,4.4.6.6r3 •" ^' 

360. The Tecond Example ihall be, to find the Fluent 
cxpreffing the Apfide^Angk in an Orbit defcribed by 
means of a centripetal Force varying according to any 
'Power of the Diftance. 

In which Cafe the ^ven Fluidon being 



•• 



±pjc 



7 



p»+ — !_ X X* — p* + " 



n 



tj 



{Vld. Art. 242* 



n+i n^-i 

where A b fuppofed the hi^er Apfe, and CA (and 
confequently Cb) equal to Unity)- wc (hall, by putting 

n+3 
.1 — p* = i?, -J- = V, and X — X* :^y^ reduce it to 



— r 




t .x,^^X 



^^yX>l $}■{• j-^^j 



a 2.3 .a-3.4 



-i 



i 3 



i. 



X y "^ + ;^*i +y J? + y i + &fr. Where the Quan- 

tity 
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tity under the Radical Sign (now anfwering to the. 
Form above prcfcribed) being compared with 

a—bx'^dx^+ex^ &c.^ , we have m = — |, 

l^c. Alfo the Value of p with regard to the firft 

— i 
Term (y ^y) will be = f (bccaufe pn — i = — f) 

f 3 

likewife its Value in the fecond Term (y y) is=: ~ j in 

the third = — i^c. In the firft of thefe Cafes we, 

d\ 

therefore, have / (w4-p+ = i> -^ (? X y } = 

■ I ■ ■ 1 1 ■ I ■ ■ 1 ' ' * 

^ — ^ o V — 2.4v-^5<r '^ — 2.i6t;* — 37^+22 

' . 72 '6X4S 

Whence it follows, that the Fluent of the firft Term 

l3_ -^ + ' • ./ esfr. X^~V/ when the 

Quantity under the Radical Sign becomes equal to No"- 
thing (or the Body arrives at its lower Apfe) will be 

G V — 2 

truly expreffed by ~j==r into i + —7 . ^ + 

481;* ' ^ 6X48£;5 

In the fame Manner it will appear, that the Fluent 
of the fecond Term, in that Circumftance, is =: 

-i=X — .0 + L^ Q- JL ll^El:!^ ot 
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G 1 

(ffc. that of the Third = —?== X -^» . jS* + 



HlUmi. g3 i2fc. that of the Fourth = -L . ga 

Whence, the Fluent of the whole Series, by col- 
leding thefe feveral Values together, will come out = 

-^.x. + f^ + ^^^.^M^ 

7-1 ; Q , .g'+ esfr. Which, drawninto 

I X 1 — i^ — il3^— -r^^'— fsfr. (the Value of 
the general Multiplicator f V^i — ^g) gives —7=- X 

V^2V 



r ♦ J- ^ 2.21/ 1 ^* , V 2. 7.V 1 . zv 1 

I -J- . _- -f- ■■ — . 

48 v 72 

X — f^V. for the true Meafure of the Angle required, 

in Parts of the Radius, or Unity : From whence, by 
writing 180 inftead of G, we fliall have the fame in 
Degrees : Which, laft of all, by reftoring », becomes 

18 H^' ^* ^ 

Where n is the Exponent of the Law of the Force, 
whereby the Orbit is defcribed ; and i?, the Defeft of 
the Square of the Meafure of the Celerity, at the higher 
Apfe^ below That which the Body ought to have to re- 
volve in a Circle, this laft being denoted by Unity. 

Th^ 
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The fame Conclufion may be other wife derived, by 
bringing i — y^ in the transformed Fluxion, under the 
Vinculum \ but this Way of going to work^ though 
we have but one Series to manage, will prove rather 
more troublefome than the foregoing. 

It will appear from the two preceding Examples, es- 
pecially the firft of them, that this laft Method of find- 
ing Fluents is, chiefly, ufeful when all the Terms of 
the given Expreffion, after the two firft, in refpcft of 
thcfc, are but fmall. Which is a Circumftance that 
frequently occurs in the Rcfolution of phyfical Pro- 
blems \ fuch as determining ,the Effeft of the Atmo- 
fphere's Refiftance upon the Vibration of Pendulums; 
and the Inequalities of the Planets arifing from their 
A£lion on each other, ■ » In fhort, wherever the Fluent, 
or the Quantity it exprefles, would belong to the Circle, 
or fome other of the Conic-Sedions, were it not for 
the Interpofition of fome fmall perturbating Force 
f whereby new Terms, fmall in C^mparifon of the two 
firft, are introduced) the faid Method will b^ found of 
very great Service. 
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SECTION VIII. 

, T'be life of Fluxions in determining the Motion 
of Bodies in rejifting Mediums. 

P R O B. I. 

361. Suppojing that a Body^ let go from a given Point 
A, with a given Celerity^ in a Right-line AQ_, is 
refilled by a Medium (or any Force) aSiing according 
to a given Power of the velocity : To determine the 
Velocity^ and alfo the Space run over^ at the End of a 
given Time. 

LET the given Celerity at A (meafur'd by the 
Space which would be uniformly defcribed in any 
propofcd Time r) be put = Cy and that at any other 
Point Bj = v ; moreover put AB = x^ and the Time 

Al ^ 4 



C I ijy 

of itsDefcription = % 5 and let theRefiftance, or Force, 
a£ting upon the Body at A, be fuch, that, if the fame 
was to be uniformly continued^ the Body would have 
all its Motion deftroyed thereby, in the Time wherein 
it might move, uniformly^ over a given Diftance d 
(CD) with its firft Velocity c: Which Time, let be de- 
noted, by /• 

Then, fmce the whole Celerity e would be deftroy'd in 
the Time /, that Part of it which would be uniformly ta- 
ken away in the Time r, above propofcd, will be truly re- 

r cc 

prefented by ^ X c ; or by -j 5 which is equal to it, 

becaufe the Spaces (c and d) defcribed with the fame 

Ce- 
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Celerity are always as the Times {r and t) of their 

r c 
Defcription ; and therefore — = -^-t 

Hence, the Refiftance at B being to that it A (hj 

Hypothejis) as v^ to c* , it follows that the Velocity 
which might be deftroyed in the given Time r, by a 
Force equal to the Refiftance at B, will be exprefled by 

~- X — ., or its Equal : Which Expreffion is, 

therefore, the true Meafure of the Force of the faid 
Refiftance. 

Now, it appears, from Art, 218. that, if the Force 
with which the Body is a£led on (or the Velocity it 
would generate in the given Time r) be reprefented by 
-F, the Relation of the Meafurcs of the Velocity and 
Space gone over, will be exprefled by the Equation ±zw 

= Fx : From whence, by writing inftead of 

nTx 
F^ we have — vi = . (the Sign of v<v be- 

ing negative^ becaufe v decreafcs while x increafes * ) •An^s, 
From this Equation, we get ;^ = — dc v n/ 1 

whofe Fluent is j? = — . + ; which, 

2— « 

correfled (by taking a- = o, and vz=,e) becomes x =: 

^ 1 • 



n 



n — 2 v\ 



Moreover, fince the Time («) is to the Time r, as 
the Diftance x to the Diftance v, we alfo have « (=; 



^)=- 



rdc ^ v^ 'u i arid confcquently z = 

Ee 3 
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rd\ 

writing / for its Equal — J : From which Equation 



wc get i- = 1+ «_ix— : Likcwifc, 

«; t 



from the preceding Equation, we get — ?= 



V 

t 1 



\»— » 

X + » — ^ ^ zl • ^'^'c'' two equal Values le- 

Jng compared together, there, at length, refults *• =? 



x|| -I. 



. into I + n — I X 7 I — I, for the required Re- 
n — 2 * ' 

lation of at and z. ^. £. /• 

Corollary. 

362. If ^ = 2, or, the Refiftance be in the Duplicate 
Ratio of the Velocity, the Equation exhibiting the Re- 

e z 

lation of ? and v, will be — =^i + — , orv=5 

•^^ ^ : But the other Equation (the Fluent failing) 

becomes impraSicable. Here ;ir, the Fluent of — 
• Art.M6. ^, will be explicable by dXfyp. Leg. ^*,orby 4fX 



f>yp. Log. I + "y 5 bccaufc v =^ 



'+7 



In 



in rejifting Mediums. 423 

In the like Manner, when «=i, or the Refiftance is 
as the Velocity, the Relation of v, x and z, will be 

exhibited by the Equations i; = ^ X , and z = / X 

d 

hyp. Log. — zztX hyp. Log. j;^. Which Cafe, and 

that above, are the only two wherein the general So- 
lution fails, 

PROB. 11. 

T Q 363. If a Body y let go from a given Point 

A with a given Celerity ^ in a vertical Line 
•n CAQ, ii aSfed on by an uniform Gravity ^ 

"^ and alfo by a Medium^ refifting according to 

any given Power of the Velocity \ ^tis prO" 
. pofed to determine the Relation of the Times^ 

-^^ ' the Velocities y and the Spaces gone over. 



B .. 



Let the Notation in the preceding Pro- - 
blem be retained ; and let the Force of Gra- 
vity, in the given Medium (meafured by the 
Velocity it might generate in the propofed 
Time r *) be reprefented by b. Then, * Art. 361, 
this Value being added to, or fubfira£i:ed 

from ( — — I the Meafure of the Re- 
C Kdc^'-^J 

fiftance t> according as the Body is in its Afcent, or f Art. 3(1^ 

ft 
Defccnt, we thence get — *!L ± b for the whole 

Force (F) whereby the Motion, at B, is affefted : 



■) 






£ e 4 may 
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may be had, by the Means of circular Arcs, and Loga- 
rithms, from Art. 331. «^ ^» '• 

Corollary I. ^ 

364, It appears that the Force r ■ ^^ J of the Re- 

fiftance is to (h) that of Gravity, in the given Me- 
dium, as V to W/""* : Therefore, if this Ratio be 



expounded by that of z; to a^ ^ ox a be put ziz bdc ^ , 

it follows that a will expreis the Celerity with which the 
ReTiftance would be equal to the Gravity (fince, when ' 
v=uiy the faid Ratio becomes that of Equality. ) Hence, 



^2* .. .. T- f 7«— » 



silfo, by fubftituting — for its Equal dc , we get 



n » n ' 

a v*u — ra *v 



, and X = 



bXv''±a'' bXv ±d 



Corollary II, 



36$. If the Refiftance be in the Duplicate Ratio of 
the Celerity, our two laft Equations will become x =: 



a^vv — ra^'v 



, and K =± •; — •==. : From' the for- 

bXw ^^ aa bXw ±: aa 

• Art. xa6. , - ^ ^*N^i^ r «^±^«* 

mer whereof we get ^ = — oA ^ ^^' ^^^' — ^^ — ' 

tf* _ cc ±Laa d cc±:bd 

= rZ X hyp. Log. — =: — X hyp. Log. — -7—7-, 

%b -^^ ^ vv ±.aa 2 -^^ ^ vv ± bd 

(becaufe, here, a'^zzibd.) From whence, when «;=o, 
(fuppofing the Body to afcend) there comes out x =: 

d cc ^ 

•-^ X hyp. Log. 1 + --, for the Height (A^) of the 

2 (id 

whole Afcent. But, if f be taken :?: o, or the Body 

be 



I 
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be fuppofed to dcfcend from .Reft, we ihall then have 

1^ — > ' . ■ 

*— ' — X hyp. Log, I — — =:theDiftance-^5defcend- 

cd. Whence, if iV be put for the Number whofe Hy per- 

bolicaj Logarithqi is -j^ it follows, (becaufe. Log. I -»?• 
w 2X zw I 

^ = — y = — Log. AO that! ^ -= jr^y an4 

— • — . From which, the Di- 

ftance JB being given, the Velocity acquired in the Fall 
will be determined. But, if the Body, firft, afcends 
from a given Point yfy with a ^iven Cclenty f , and the 
Celerity, acquired in falling, when it arrives, again, at 
that Point, be required ; the fame may b^ exhibited in 
a more commodious Form, independent of Logarithms, 

c 
and will be equal to — . ; becaufe N^ in this 



aa 

ad 



Cafe, is found above to be =: i -] . Furthermore, 

aa . 

lyith regard to the Time (z), we have already found 

— ra'^v — ra^*b 

that i is =: , =» or = =r (= 

hy^W-f-aa bXw ^^ aa 

=== ) according as the Motion of the Body 

i X <?« — w/ 

is from, or towards the Center of Force. There.forQ 

ra 
the Time itfelf, in the former Cafe, will be = -r 

drawn into the Difference of the two circular Arcs 

whofe Tangents are — and — , and whereof the com- 
° a a 

mpn Radius is Unity*: Whence it follows ^hatthe^Art n^u 

Time 
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ra 
Time of the whole Afccnt will be denoted by -r- mul- 

tiply'd into the former of the faid Arcs. 

But, in the other Cafe, the Fluent, exhibiting the 
Time of Defcent, is not explicable by the Arcs of a 
Circle, but by the Difference of the hyperbolical Lo« 

tf+v ^-f-r ra 

Alt. i»e. mrithms of and drawn into -7 *. Therc- 

o a — V a — c 2b 

fore, when r =: o, or the Body fialls from Reft, the 

r^ fl+v ra 

Time z will be barely == -^ X hyp. Log. - ^—^ = -r- 

X hyp. Log. N'' + JS^^ (by fubftituting the Value 

of V found above, and ordering the Logarithm as in 
Jrt. 303.) This Equation, in the foremention'd Cir- 

ce c 

cumftance, where ^=: i + ~> and v = 



aa' 

J 1 + 

aa 



JiV^ 



ra I * cc c 

becomes z = -r X hyp. Log. I i + l — , 

" ^ aa ^ a 

Scholium. 

366. If, according to Sir Ijaac Newton^ we fuppofe 
the Redftance of the Air, to Bodies moving in it, to 
be in the Duplicate Ratio of the Celerities * \ and that 

* That the Rcftjlance is as the Square of the Celerity ^ th€ 
Learner may^ in fome meafure^ conceive^ by cgnjidering that 
the fame Btdy^ nvith a double Velocity^ not only puts tixice the 
Number of reftfing Particles in Motion^ in the fame time^ but 
alfo aSls upon each fwith a double Force \ and therefore mufifuffer 
a four 'fold Refijlance^ or a Refiftance proportional to the Square 
of the Velocity. This ijuould be ftriSlly true, *were it not that 
the Particles fo put in Motion impel others lying before them, 
and thereby prenjenty as it nvere, the j^Bion of the Body, What 
Deviation from the foregoing Laav may hence arife^ is not eafy 
to determine. ThiSy honue^very feems plain^jhat the Re f fiance 
at the Beginning of any 'veryf<wift Motion (till the Air in the 
Way of the Body comes duly to participate of that Motion) nxjill 
he greater than That fujtained by another equal Body, moving 
'with the fame Celerity, that has been in Mctionfme time. 
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a Ball, in the Time it might move, uniformly, over a 
Space (d) which is to f- of its Diameter as the DenGty 
of the Ball to that of the Medium, would have all its 
Motion taken away by a Force equal to that of the Re- 
fiftance, uniformly continued : Then, from thcfe Data^ 
apply*d to the Theorems in the preceding Article, we 
flijall be able to determine the Velocities, and the Times 
of the perpendicular Afcent and Defcent of Bodies near 
the Earth's Surface j allowing for the Refiftance of the 
Atmofphere. 

Thus, for Inftance, let a Canon Ball, of four Inches 
Diameter (whereof the Denfity, or fpecific Gravity, is 
to that of Air as 6000 to i, nearly) be fuppofed to be 
projefted, perpendicular to the Horizon, with a Velocity 
fufficient to caufe it to afcend to the Height of half a 
Mile, or 2640 Feet, in vacuo 5 which Velocity (by Art. 
203.) will be found to anfwcr to the Rate of about 412 
Feet per Sec$nd : Then, according to the Proportion juft 
now mention'd, it will be as i : 6000 :: | X 4 : 64000 
Inches, or 5333 Feet; which is the Value of d in this 
Cafe. Therefore, if the Time r, in the preceding Ar- 
ticle (which may be affumed at pleafure) be here inter- 
preted by one Second^ the correfpohding Values of rf, c 
an4 h will bg expounded by 5333 F. 412 F. and 32^% 
F. * refpedively. Which Values being fubftituted in*-^***^ 
the feveral Equations in the lad Article, we (hall get 

l^. a {pi \/bd) == 414 F. the Velocity, pir Se- 

tondy wherewith the Refiftance would be equal to the 
Gravity, or Weight, of the Ball. 

d ^^ r* 

2°. — X hyp. Log. I -f- — = 1835 Feet, the whole 

Peight of the Afcent. 

ra e 

3°. -7 X Arch, whole Tang, is -^ = 10,08 Seconds^ 

^he whole Time of the Afcent (which is lefs than the 
Time, in vacuo y by 2,73.) 

4*' 
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:) 



F 



Stc^ndj acquired in the Defcent. 



50. Laftly, ^Xhyp.Log. J i+'l + ^ = 

b ^ aa ^ 

11,30 Seconds, the Time of the Defcent. 

Notiy In this Example the Meafure bf the abfolute 
Gravity of the Body, in vacuo^ is taken, inftead of its 
Gravity in Air (the Difference, therej being too incon- 
fiderabl^ to be regarded.) But, in Cales where the fpe- 
cific Gravity of the Medium bears a fenfible Proportion 
to that of the Body, the Force of Gravity (b) muft 

be expounded by 32 A X — d — (inflead of 32 tz) 

where BistoM as the fpecific Gravity of the Body to 
that of the Medium. 

PROB. ni. 

J67. To determine the Reftjiance^ by means whereof a 
Body^ gravitating uniformly in the DireSfion of parallel 
Lines, may defer ibe a given Curve^ 

Let ABC be the given Curve, and let BQ, parallel 
to the Axis (or any given Line) AH, be the Diredion 
of Gravitation at any Point B : Make PBR perpendi- 
cular to AH and BQ ; and let A?=x^ PB=yi AB=2;, 
BM (N^) =x, MN (BA) =i, BN = «, and the 
Vcloci-y of the' Body at B in the Diredion PBR=: v. 
Then, the Decreafe of Velocity in the faid Diredion> 
• Art. 209. vvhich is wholly owing to the Refiftance*, being rc- 
piefented by — 6, it follows that the correfponding De- 
creafe of Motion in the Direction BN, arifmg from the 

fame Caufe, will be exprefled by-^X — 'i'= — "^j 

*vx 

and, that in the Direfiion BM, by — -^. But, the 

of 
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Celerity in this laft Direflion being, every where, re- 

• •• ■ • • 

X VX -f- 'VX 

prefented by v X -r, its Fluxion • will be the 




whole Alteration of Motion in the faid Direction, arifing 
from the Refiftance and the Force of Gravity, con- 
junctly': From which deducting the Part owing to the 

' n)x vx 

Refiftance, found above to be -r , the Remainder -r 

will be the Efieft of the Gravity. Which being to 
( — -r J the EfFc<a of the abfcJute Refiftance in the 






Pireilion BN, as i to — — 7. , the Force of Gravity, 



Vx 



muft therefore be to that of the required Refiftance, in 



the fame Ratio of i to r. . 

Vx 



Moreover, the Force of Gravity, meafur'd by the 
Velocity it would generate in a given Part of Time (i), 
being denoted by Unity, the Velocity generated ^hereby, 

in the Time ( — J of defcribing Bi, with the Celerity », 

y 

will like wife be truly cxprefled by, — , the Meafureof 

the 
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-^j thc\''a- 

lac of the fame Quantity, given above, wc thence havo* 

< • 

v» = ^ : From whence, not only the Velocity, but 

the Rcfidance will be found. But, if you would have 
the Refiftance exprefTed independent of v 3 then let the 

Fluxion {ivif =z — -tt: J of the laft Equation be di- 



*U \ X 



vided by the Fluent, which will give ~ = — "^ • 

* • 
And then, by fubftituting this Value in :., you will 

zx 

gc^ T^^* ^^^ ^^^ ^''"^ Force of the Refinance, that of 

Gravity (or the Weight of the Body) being expounded 
by Unity. 

The fame otherwije. 

Let BO be the Radius of Curvature at B, and let 
OQ^be parallel to PB, meeting BM, produced, in Q^: 
Then, if the abfolute Gravity, ading in the Direction 
BQ, be denoted by Unity, its Force in the Direftion 
BO> whereby tiie Body is retained in the Curve, will 

BCL 

be reprefcntcd by gQ. Therefore, Cnce the Veloci- 
ties in Circles are known to be in the Subduplicate Ratio 
•Alt. 111. of die Radii and of the Forces conjundUy ♦, the Ve- 
locity at B will be rightly cxprefled 6y ^ BOX -->, 

or its Equal v/BQ. (For the Curve at, and inde* 

iinitcly near, B mav be taken as an Arch of a Circle 
whofc Radius is BO : And it is evident that the Re- 
fiiloAce has nothing to do in forcing the Body Irom the 

1 angent. 
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Tangent, but only ferves to retard its Motion fo, that . 
it may, every where, bear a due Proportion to the 
given Force of Gravity afting in the Direftion BO.) 
Hence, putting B(^=: Sy the Increafe of the Celerity 

in the Time \~^ ) of defcribing BN, will be ex- 

prefled by the Fluxion of V^x, or — -T='. Moreover, 
the Celerity that might be generated by Gravity in the 
faid Time — 7=: being meafured thereby, the Increafe, 

in BN, arifing from the fame Caufe, will therefore be 

• . • 

85 V X 

= — 7^ X -:- = ""7= • Which, being taken from 

— 7- ) the whole Increafe, found above, the Rc- 

2v/7/ 

• • 

S 2X 

mainder, — 7^-, will be the Effeft of the Refiftance : 

2V^ 

Which is to the Effeft, —^ , of the abfolute Gravity 

s — T.x 

as r- to I. Therefore the Refiftance is to the 

2s 

7.x — s 
Gravity (or Weight of the Body) as -— : — to U- 

nity : Where the Signs are changed, becaufe the two 
Forces ad in contrary Diredions. 

Becaufe BO = ^ ♦, therefore s (BO X -j) =«Art.6S, 

i» i* + i-* 

-^ :;^ — :: — ^ (= the Square of the Celerity) whence 



J =: -^ ^ ■ ' , and confequcntly the Rc- 

ix 



fifiance 



43 2 Of the Motion of Bodies 

fiftance -—-3 — = '. = T-rz. , the very /ami 

as before. 

Corollary. 

368. If the Refiftance be fuppofed as any given 
Power of the Velocity drawn into (D) the Denfity of 
the Medium ; then, from hence, the Denfity of the 
Medium, at every Point of the Curve, may be deter- 
^ mined : For, the abfolute Celerity at B being repre- 
ss 
fented by -r, the Refiftance at that Point will, according 



vx 



to the ikid Hypothefis, be as — XD; and therefore 

y I 
the Velocity that would be deftroyed thereby , in the 

Time (^J of defcribing jBiV, as 5) X^: Which 
being put =: f — . ) the EfFcft of the fame Re- 

fiftance, found above, we thence get D :=z ^ ^ ■ : 

Which, by fubfiitutlng for v and o^, becomes D =s 



In this Corollary, and what, elfewhere, relates to un- 
equal Denfities, the Gravity of the Body in the Me- 
dium is fuppofed to continue, every where, the fame, 
or, that the Attradlion increafes with the Denfity, fa 
that the DifFerenee between the fpecific Gravities of 
the Body and Medium may, at every Point, be a con- 
ftant Quantity. 



E X. 
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m 



EXAMPLE L 

Z^9* ^^^ ^^^ propofed Curve ABC be the common 

Parabola : 



y 

Then, x being here = — , we have x == 



2yy 



^ and i = J and therefore -~r* is alfo = o : •'^'- 3«« 

Whence it appears that a Body, to defcribe this Curve, 
mu& move in Spaces intirely void of Reiiflance. 

EXAMPLE II. 

370. Let the Curve J^ 
ABC be taken as a ^a- 
drant of a Circle^ whoje 
Radius BO is =: a. 

In this Cafe we have s 
(BQ) • = a—x (=AO 
— AP) whence i = — x^ 

7.x — s 

and therefore 



ox 




•Art. 367^ 



35 — 

2« 



3PB 



I 

Velocity is, every where, as v/BQj, and the Refiftance 

, to the Gravity (or Weight of the Body) as 3PB to 
2OB. 

PR OB. IV. 

37 T . The Centripetal Force (F) being given ; to find 
the Refinance and Velocity whereby a Body may defi^ ite a 
given Spiral [or any other ^ pofiible^ Curve) ^about the 
Center of Force. 

Let P be the Center of Force, and BO the Radius 
of Curvature at any Point B in the propofed Curve, 

Ff and 
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•Art.f. 




and let OQ^be per- 
pendicular to BPQ^; 
alfo let BP=)f, BQ^ 
= J, AB = 2;, BM 
= — jl*, and BN 
= X. Tben, it is 
evident from Art, 367. 
that the Velocity at B 
will be exprefTed by 



J 



BOX 



BO 



XFi 



or, its Equal, \/7f\ And therefore its Increafe in the 
Time (-7=\ of dcfcribing BN will be '^^.II : 

= X=i^)theEf- 



From which, deducing (/^ X - — 

feft of the centripetal Force, in the feme Time and 

Direaion, the Remainder, *£±ZL^2II^ is the Ef- 

fcft of the Refiftance. Therefore the Refifiance is to 

the centripetal Force as 'P+^'+J-^y ^ J^ , or 

%\^sF \/sF 



as 



sF+ Fi + 2Fy ^^ Unity. 

2fz, 



^E.l. 



EXAMPLE. 



372. Let the Meafure {F) of the centripetal Force 

be expounded by any Power y^ x)f the Diflance ; and 

let the Cyrve be the logarithmic Spiral ; putting the 
t Art. 6x. Co- fine of the given Angle PBN f (to the Radius r) 

t Art. 74. = c. Then, s being here i= ;' Ji and F = ny^'^^y^ 

wc 
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wc have -r^ = = -7- 

i «+3 c 
« 2 r 

Hence it appears that the Velocity muft be, every 

v^here, as ;^ * ; and the Refiftance, to the centripetal 
Force, as —r^ X — to Unity. But, when » = — 3, 

X — becomes = o ; therefore the Body, in this 

2 r "^ ' 

Cafe, muft move in Spaces intirely void of Refiftance ; 
agreeable to Art. 233. And, if »-}-3 be negative, an 
accelerating, inftead of a refifting Force, will be required. 

ScHOtlUM. 

373. If the Denfity of a Medium, wherein a Body 
moves, be either uniform, or varies according to a 
given Law, the Nature of the Curve, or Trajeftory, 
may be determined from what is delivered in the pre* 
ceding Pages. * 

Thus, for Example, let the Denfity be fuppofed every 
where the fame, and the Refiftance as the Square of the 

X 

Celerity j then, from Art. 368. we have -rr. ziz D i 
which, in order to exterminate «, may be transformed 



to x'x •=.yy -\- xky, D^xx : Where, D being a conftant 
Q^iantity (depending upon the given Denfity of the 
Medium) the Value of x will be found, as is taught in 

Se^, 2. Art. 268. 271. and comes out = -r H 

P 3P 

4- — -- ^c. In which p is put to denote the Para- 

F f 2 meter 
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meter of the Curve at the Vertex, or higheft Point A, 
(to be determin'd from the Force of Gravity and the 
given Velocity of the Body at that Point.) This So- 
lution anfwers near enough when the Refiftance is but 
fmall in Proportion to the Gravity ; in other Circum- 
fiances, the Series not converging, it becomes ufelefs : 
For which Reafon, and becaufe the Cafe above fpe- 
cified is That fuppofed to obtain, in refpeft to the Air 
near the Earth's Surface, and its Refiftance to Bodies 
moving therein, I (hall (hew, by a different Method, 
how the Nature of the Curve may be inveftigatcd. 

In order thereto, let the Celerity at the higheft Point, 
A, above the Plane of the Horizon EC, be denoted by 
c i and let ^ be the Celerity with which the Refiftance 
is equal to the Gravity (vid. Art. 365, and 366.) 




Moreover, let d be put for the Diftance over which the 
Ball might uniformly move in the Time that the Me- 
dium would deftroy all its Motion, was the Refiftance 
to continue the fame, all along, as at the firft Inftant 
(Which Diftance, according to Sir Ifaat Newton^ is, al- 
ways, in Proportion to | of the Ball's Diameter, as 
the Denfity of the Ball to that of the Medium.) 

Then it will be, zsdl^ (BN) :: t-, the abfolute 

•^ j the Part thereof that would 

be uniformly deftrcved by the Refiftance in the Time 
pf defcribing BN, with the Velocity at B : Which 

(vid.Jrt.^Sj,) we 
there- 



Value being alfo exprefled by 



'VZ 
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-.'% • • • » » 



therefore have -77- = — — 5 whence -7- = — 3 and 



% 



' confequently, by taking the Fluent, -j = — hyp. 

Log. v; which correfled (by putting z=:Oj and v=:c) 

z c 

gives -J (=hyp.Log. r— hyp. Log.v) = hyp. Log. —^ 

Furthsrmore, fince (by Hypothecs) the Refiftance 

with the Celerity -r (at B) is to the Force of Gravity, 

or the Refiftance with the Celerity a. as — ^^r^ to «* 5 
and it appears, from the aforefaid Article, that the fame 

Ratio b alfo univerfally expreffed by that of .. - to 

I, it follows, from the Equality of thefe Ratios, that 

But, in order to the Refolution of 



• •• 








a v 


yj 


IS 


— 


■^ 


v^ ' 



the Equation thus given, let the Tangent of the Angle 
PBA (orN) which the Ordinate, PB, makes with 
the Curve (fuppofing Radius Unity) be, every where, 

reprefented by w : Then, becaufe x^zwj^ %, (v^^+-=^*) 
=:^\/i+if% zxiixzzi^j)) (y being conftant) we 
Ihall, by fubftituting thefe Values in the forefaid Equa- 

a <v 



ion, get — -^ = w vi -j- w* J whereof the' 



tion 



^a- 



Fluent will be given, — ==: | w \/i +^*+ihyp. 

Log. w + \/i +«*'"' X ' Which correflcd (by taking! Art. 126, 

vz=ic and w=zo) becomes --r- — --r" = J ivx/'i +w^ 

' V c 

A I 111 y 

-f- \ hyp. Log. w + V^^ + ^*« Bjt, to fhorten the 

' F f 3 re- 
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remaining Part of the Procefs, let die latter Part of 

the Equation, or the Fluent of «wv/i-|-w* be dc- 

aa aa 

noted by ^; then - — being = — + '^^wcl^vei;= 

= hyp. Log. v5l±ifS= I hyp. Log.i+H^. 

a aa 

From which two Equations, the Velocity of the Ball, 
and the Difiance it has moved, when its Dire&ion 
makes any given Angle with the Horizon, may be com- 
puted, let the Medium be as denfe as it will : Alfo, 
from hence, if the Celerity anfwering to any one given 
Angle of Diredion be known, the Celerity correfpondr 
ing to any other given DireSion may be found, together 
with the Diftance defcribed between the two Pohtions. 
For V (in the Dcfcent of the Body) being, univerfally^ 

ac 
equal to — t^- -. ', the Value of r, expreffing 
^ \/aa + 2c''^ ^ ^ 

the Celerity at the Vertex ^, will be had from that 



av 



Equation, and comes out = . =r; whence 

\/^aa — 2v^^ 

alfo z (zzrfXhyp. Log. — j =z d X hyp. Log. 

-;===L==- = - I ^ X hyp. Log. TT^^ , 
\/aa--2v^^ aa 

From which, the Celerity at A being known, the reft 
is obvious. 

But, in the fifcending Part of the Curve EA, both 
z and Q^muft be confider'd as negative, or wrote with 
contrary Signs : And then, from the foregoing Equation?, 

ac av 

we (hall alfo get vzn , ==, czn — . 

S/aa — 2cc!^ \/ua-^2.-jv^ 

and 
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and — z = I rf X hyp. Log. i— ?ff^=: — f rfX 



hyp. Log. i-f- — ^; arid, confequently, 2=— :f rf 

aa ^ 



X hyp. Log. I— ^if^= f ^ X hyp. Log. i + ^i!!^ 



^a ^;a 



V 



= ^/ X hyp. Log. — : Anfwering in this Cafe. 

It ftill remains to take (bmc notice of the Values of 
X and y (in order to have the Form, as well as the 
Length, of the Curve.) Thtfe, indeed, are not fo 
eafy to bring out as That of z, given above ; nor 
can they be exhibited in a general Manner, cither by 
circular Arcs, or Logarithms (that I have been able to 
difcover) but may, however, be approximated to any 
required Degree of Exadtnefs, as will appear from what 
follows. 

Since z ( = AB) is found = f ^ X hyp. Log. 

aa + 2r*^ 

, by taking the Fluxion thereof, we get «= 



ccd^ c^d^u^i + w^ (becaufe ^=:^T+;^^) 

Therefore y (= ■^^p=^) = J^+J^' ^d - 

{=wj) = - ^^ ^ ^^,^ : Which Equations, by taking 

r to I, as ^1* to f* (or as the Square of the Force of 
Gravity to the Square of the Refiftance at A) are re* 

dzv dww 

duced to y = r+29 » ^"^ ^ = 7+2^* "^^^"^^ 

1 

we get y:=d into ____ + ^====r^ h 

Ff + 



i 



r.-i 
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+ 



fV 



X I + wuS" — i ^ 



r+2^ 



^Xi+ wv) ^ ^ — ^^ ^^^ ^j^^j.^ Exprcffions 

A B 

(brought out by affuming 7qp^+ .^ + f^c. 

for the Fluent fought, and proceeding as in Jrt. 340.) 
converge very faft when r is large in comparifon to ^; 
but in other Cafes the required Values will be had, with 
lefs Trouble, from the following Method. 




Let PKTK and AMTM be two Curves, whereof 
the Ordinates SK and SM, to the common Ahjc'ijfa w 

I w 

(=AS) are exprcffed by ^ip^and pqr^refpec- 

tively : Then it is plain, from the foregoing Equations, 
that the Meafures of the Areas of the faid Curves, mul- 
tiply 'd by dy will truly exhibit the Values of ;^ and x ; 

an- 
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anfwering to any given Value of w (or AS) the Tangent 
of the Angle of Direftion j or, to fpeak more geo- 
metrically, a Square upon AC (fuppofing AC = Radius 
= Unity) will be to either of the faid Areas ASKP, 
or ASM as the given DIftance d^ to the Value of y or 
* required— —But now as to a Way for computing 
thefe Areas (without which what has been faid about 
them would be to very little Purpofe) the Method of 
Equi'difiant Ordinates may here be apply 'd to very good 
Advantage (when the foregoing Seriefes do not converge) 
By means whereof the required Quantities may, with a 
little Trouble, be brought out to a fufficient Degree of 
Exactnefs, let the Refiftance be as great as it will. 

According to the fame Way of proceeding, the Va- 
lues of X and y^ in the Afcent of the Ball, will alfo be 
found, if the Ordinates sk and sniy generating the re- 
quired Areas, be taken, every where, equal to ^ 

«; I w \ 

and pi:^ (infiead of ^qr^and qz^j. 

From what has been thus far delivered, it will not 
be very diflScult to calculate (according to the foregoing 
Hypothefis) all the principal Requifites concerning the 
Motion and Track of a Ball in the Air, projefted with 
a given Velocity, at a given Elevation ; as will be more 
clearly feen by the Example fubjoin'd. 

Suppofe a Cannon Ball of 4 Inches Diameter (where- 
of the Weight is nearly 9 Pounds) to be difcharged at 
an Elevation of 45 Degrees, with a Velocity fufficient to 
carry it to the Diftance of one Mile, on the Plane of the 

Horizon, were it not for the Refiftance of the Air. 

Then that Velocity, being the fame as might be freely 
acquir'd in a perpendicular Defcent of half a Mile*, * ^^" 3^" 
will be found to anfwer to the Rate of 412 Feet, per 
Second^ according to Art. 202. and 366. From whence 
it is alfo plain, that the Diftance d (fo often mentioned 
above) will here be expounded by 5333 Feet ; and that 
the Celerity (a) with which the Reiiftance woula be 
equal to the Gravity (or Weight of the Ball J anfwers 
to the Rate of about 414 Feet per Sccoi^d. 

More- 
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Moreover, fuice the Tangent of the Angle of Ele- 
vation, or die firfl: Value of «/, is given equal to Unity 

(or Radius) we have ^ (f w\/«J*+i + f hyp. Log. 



w + v^a;*^+ 1) = 1. 1478 : From which, and v (= 
41a \/\ ), we get « (= f rfX hyp. Log. i+^i!!!:s-) 
= 2025 Feet = the Arch defcribed in the whole Af- 
cent. Alfo c (= — 7 1 1 = 199 i Feet, for 

^ ^ aa ^ 
the Rate of the Velocity, fer Secondj at the higheft 

aa\ 
Point: Whence r (= — ) =4,314; by Means 

whereof the greateft Altitude of the Ball, and the ho- 
rizontal Difiance correfponding thereto will likewife be 
found : For let AF, in the preceding Figure^ be taken 
= I (the given Value of w) and let the fame be di- 
vided into three Parts by equi diftant Ordinates (which 
Number will anfwer fufEciently exad) then the fucceffive 
Values of w, for the Ordinates AP, ^J, ^^ and TF, 
being O, f , ^ and i , ihofe of ^ will be o, o. 3 394, 0.7 1 3, 
and 1. 1478, and the Ordinates themfelves (or the cor- 
refponding Values of ^ j = to 0.2318,0.2751, 

0.3463 and 0.4953, refpeftively. From whence, by 
adding the two Extremes to three times the Sum of 
the two middle Terms, and dividing the whole by 8, 
we get 0.3239 for the Value of a mean Ordinate f : 
Which, as AF is here equal to Unity, is alfo the Mea- 
fure of the required Area AFTP : Which, therefore, 
being multiply'd by 5333 (d) gives 1727 Feet, for the 
horizontal Diftance made good in the whole Afcent. In 



'j- See ^. 117. of my M.ithem::tical DiJJertatiom, 

the 
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the fame Way the Area fiFm is found =o.i828« 
Whence the greateft Height of the Ball appears to be 
(= 0.1828 X 5333) = 975 Feet. 

By taking AC=i , and repeating the Operation (only 
changing r — 2^ tor +2^) the Area ACTP wUl 
come out = 0.1883, and ATC = 0.0875 ; which 
multiply'd by 5333 (as above) give 1004 F. and 467 
F. for the Amplitude, and the Diftance defcended, from 
the higheft Point, when the Dire£lion of the Ball makes 
an Angle with the Horizon equal to that in which it 
was projeded* 

But, to have the Direflion when the Ball ftrikes the 
Ground, and the whole Amplkude of the Projedtion, 
we muft find the Value of the Tangent AB, when the 
Area ABL is equal to (0.1828) the Area A¥m (fo that 
the Defccnt, from the higheft Point, may become equal 
to the whole Afcent.) In order thereto, let 0.0875 
(ATC) be dedufted from 0.1828 (AF;w) and the Re- 
mainder 0.O953 will be = CTBL; this, divided by 
TC (0.1513) quotes 0.63 ; which would be the Value 
of CB, if all the Ordinates CT, SM, ^'c. were equal : 
But, as it is obvious from the Nature of the Problem^ 
and from the Law of the Ordinates already computed, 
that BL will be fomething greater than C T, and con-* 

fequently CB kfs than 0.63 1 therefore fuppofe the 

Value of CB may be about 0.56 ; and, accordingly^ 
procted to compute the Area of CBLT anfwering to tim 
Number ; by means of CT (0.15 13) and BL (o 1852) 
and one intermediate Ordinate SM (0.17 15) and diA 

CT+BL+4SM 
it (from the Approximation 7 X CB) 

to come out = 0.0955 : Which is fo near the required 
Value 0.0953, that it will be altogether needlefs to re- 
peat the Operation. It is evident from hence, that the 
Tangent (AB) of the Angle of Direction, when the 
Ball Itrikes the Ground, is 1.56 ; anfwering to 57° : 20': 
From whence, CBKT being found = o 0752, the 
whole Area ABKl' will be had = 0.2635, and confe- 
quently o.2635X5333:=i405 F. = the Amplitude in 
tne whole Ddcc:nt, 

3 Fur- 
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Furthermore, from the faid Value of w and that of 
If (= 1993) given above, we get z (=f i/X hyp. 

Log. I + 3f^) = 1788 Feet, for the Arch dcfcribed 
aa ' 

in the Defcent ; and alfo v = 142 f F. which multi* 
ply*d by 1.8527, the Secant of 57° : 20', gives 264 F. 
for the Celerity of the Ball, per Second^ at the End of 
its Flight. 

Kow, by colle£tIng the principal of the foregoing 
Conduiions, it appears. 




Feet, 



I**. That the Velocity at the higheft Point A of the 
Trajedory will be at the Rate of 1994 Feet, per Se^ 
icnd : Which is to the Velocity at the higheft Point a 
of the Parabola (Eac) that would be defcribed, were it 
not for the Refiftance, as 2 to 3, nearly. 

EA=2025 and £^=3030 
EF=:i727 and E/=264o 
AF= 975 and afzzii^io 
AC=:i788 and ^^=3030 
F 0=1 405 and fc =2640 
Angle C=57°: 20' and c (=£) =45®. 
Velocity at C to that at E, as 264 
to 41 2, or as 2 to 3, nearly. 

Thefe Proportions, between the Diftances, in 
Air and in vacuo ^ hold at an Elevation of 45°, when 
the Refittance, at going off, is nearly equal to the Gra- 
vity, or Weiglit, of the Ball. If the Velocity be greater 
than that above fpecified, or the Body, prpjedcd, be, 

cither,' 



2^ 

3" 
5" 

r 

8°. 
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either, lefs, or leis denfe, the Curve will difFer, Jlilly 
more from a Parabola. 

Hence it evidently appears, that the Effed of the 
Air's Refiftance upon very fwift Motions, is too con- 
fiderable to be intirely difregarded in the Art of Gun- 
nery.— '—*Tis true the Method given above is, by 
much, too intricate for common Pradice; but when 
the Law of the Refiftance to very fwift Motions is once 
fufEciently eftablifhed (which, according to fome late 
Experiments, feems to be in a Ratio greater than that 
of the Square of the Celerity) it will be no very difficult 
Matter to find out proper Approximations to correS: 
the Proportions in common Ufe. 
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SECTION IX. 

^e TJfe of Fiuxtom in determining the At- 
traSiion of Bodies under different Forms* 



P R O B. I. 

fl 

374' Q^^PP^fi^i AC perpendicular to AB, and that a 
1^ Corpufcle at C is attraSied towards every Point 
or Particle of the Line AB, by Forces in the reciprocal 
duplicate Ratio of the Dijiances ; to determine the Ratio 
of the whole Force whereby the Corpufcle is urged in the 
Direction CA. 

Put ACzzifl-, and 
let AD (confide red 
as variable by the 
Motion of D to- 
wards B) be de- 
noted by X : Then, 
the Force of a Par- 
ticle at D being as 

jQjjl (byHypothe- 
fis) its Efficacy in C 




446 ^^ VJ^ ^f Fluxions 

the propofed Dire£tion AC (will by the Refolutlon of 

AC I AC € 






: There- 



AD 



Forces) be as QjXQgi = ^^ = - 

ait 
fore , is the Fluxion of the whole Force ; 

whofe Fluent, which {hy ArU 85.) is = — — ^^ 

= cXSTCD' ^^ ^^®" AD=AB, be as the Force 
itfelf. ^ E. I. 

PROS. IL 

375* Suppdfing BCDE f^ reprefent a circular Plane^ 
end that a Corpufcle H, in the Axis thereof AH, is at^ 
ira£fed by every Point or Particle of the Plane by Forces 
in the reciprocal duplicate Ratio of the Dijiances \ to find 
the whole Force by which the Corpufcle is urged towards 
the Plane. 

Let AH=tf, and 
Hi=;r ; then A^* 
•=ix^ — fl*; which 
multiply 'd by (p=: 
3>i4i59 ^c.) the 
Area of the Circle 
whofe Radius is U- 











AH 



nity,gives^xjf*- 

for the Area of the 
Circle Acdbe : whofe 
nuxion is = 2pxx, 
But the Force of a 
fmgle Particle at ^, 
a 



in the Direflion HA, is as -^^ , or — (fee the laft 

Problem) therefore the Fluxion of the whole Force is 

truly 
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a 2px 

truly defined by 2pxi X ^ or ite Equal — r> and the 

7,fuix 

Force itfelf by the Fluent of — ^ ; which (properly 



correfled) is — -^4. -^^ = 2^ X i— Jl = zp X 

I — —y when X— HB. ^. E. I. 

BH ^ 

376. In the preceding Problems, we have fujppofed 
the Attraftion of each Particle, to be as the Square of 
the Diftance inverfely ; that being the Law which is 
found to obtain in Nature : But if the Force, according 
to any other Law of AttraSion, be required, the Pro- 
cefs will be very little different. 

Thus, let the Attraftion be as any Power (n) of the 

Diftance : Then (in the laft Prob,) the Force of a 

• 
Particle at b (upon H) being as **i its Force in the 

Dire£lion HA will be as — Xx ox ax 5 which 

X 

multiply 'd by ipxx (as before) gives 2pax^x : whereof 
the Fluent ^^^HlZ^i^ ( = ^"^ X 

«4-i » + I 



AH X BH"^' — ah" *) will be as the Force required. 



PROB. m. 

377,. To determine the AttraSfion of a Cone DHF at 
its Vertex ; the AttraHion of each Particle being as the 
Square of the Dijlance inverfely. 

Put the Axis EH=:^, the Length of the Slant-Side 
HD (or HF) = ^, and AH (confidered as variable) 
= x: Then' (by ftm. Triangles) a (HE) : b (HF) 

:: X 
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bx 



:: X (HA) : HB = ~. But, by the lafl: Problem^ 




the Attrafilon of all the Particles in the Circle 



ah 

BC wm be meafured by 2/^X1 — ^=2/>C 



i — t (becaufeHB=-^Y: Which therefore being 
multiply'd by x, and the Fluent taken, we thence have 



ax 



-J for the Attraaion of ACHB : And this, when 



x=aj will be, 2p X EH— riL , the Force of the 

' ^ DH 

whole Cone DEHF : Which, if HK be made = HE, 
and KG perpendicular to HE, will likewife be truly de- 

EH*\ 
fined by 2/»XEG (becaufe HG = j^J. ^ E. I. 

Corollary. 

378. Seeing the Attrafiion of ACHB is, every 

ax b^^a 

where, as * — -t" , or — r— X x^ it follows that the 

Forces of fimilar Cones, at their Vcrtexes, are direflly 
at) their Ahitudes. 

PROB, 
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PRO B. IV. 

379. To find the Force of a Cylinder CBRF, at any 
Pdtnt A in the produced Axis \ the Law of Attra^ion being 
flill as in the preceding Problems. 

Put BG ( = CG = 
RH) =4; and let AS 
(taken as variable) z=i x: 

ThereforeAT==v/F+A^ 
and2>)Xi— ^ = 4^X 



I — 



7===: Which 

X/b"- + x^ 

(by Prob. 2.) expreflcs the 
Force of all the Particles 
in the circular Surface 1ST. 




Therefore 2p X x — 



XX 



\/b^ + x' 



Id the Fluxion of the 



required Force : Whofe Fluent (2pXx — x/b^-^x*) 

when X = AG, will be i=: 2^ X AG — AB 5 but when 

X = AH, it will .be == 2p X AH— AF : Hence, by 
taking the former of thefe Values from the latter, we 

have 2p X AB+BF— AF for the Meafure of the true 

Force by which a Corpufcle at A is urged towards the 
Cylinder. 



Og 



PROB. 



A5^ 



T'be life of Fluxions 
PR OB. V. 

380. Th£ Law of the Force being hill fuppofid the fame ; 
to determine the /titration of a Sphere OAdGS, at any 
given Point H above its Surface. 




Let BS be perpendicular to HG» and let HB be 
drawn ; alfo put the Radius AO=^, OH=:i, AH {b — a) 
zzzcj Hnzny, andHB = tf+;r; then A»=;p — r, G» 



zzzza — y-^-Cj and confequently y — c Xza — y^c (= 

AnXGn = B«* = BH' — H«*) = rf3?>*— y* : From 

2ac + 2c^ + 2cx + x^ 
which Lquation we get v rr r-""— — = 

7,bC'\- ZCX-^X^ 

-^ (becaufe a+czizb.) Whence alfo 2pX 



., H« 2bc '\' 2CX -^^ x'- 2pX2ax — x* 
•Art. 375. I — rjR * =2^X I— , , -— = ==- : 

"^ ■ _ 2bXc + x 2bXc+x 

Which multiply'd by -^—^ =j gives £2i2ffill£f 
fur the Fluxion of the required Force ; whereof the Fluent 
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K, 2 — will be the AttraSion of the Segment 

ABS : Which therefore, when B coincides with G and 
* is = 2<7, becomes — -rr^ for the Meafure of the 
Attradion of the whole Sphere. ^E.I. 

Corollary I. 

— 77 ) at the Surface 

of the Sphere, where i , is =: e?, will be — - j and 

«? 

therefore is dire£ily as the Radius of the Sphere. 

Corollary II. 

382, Since — ^ is known to exprefs the Content of 

Sphere whofe Radius is a ♦, it is evident that the At- • Art. i^f , 

(4^3 \ 
— 71" ) of any Sphere is, univerfally, as its 

Quantity of Matter direSIy, and the Square of the Di- 
fiance from its Center inverfely ; and is, moreover, the 
very fame as it would be, was all the Matter in the 
Sphere to be united in a Poiiit at the Center. 

Corollary III. 

383. If inftead of a Corpufcle, or a fingle Particle 
of Matter, at H, we fuppofe another Sphere, having its 
Center at H : Then, fince the two Spheres, at O and 
H, zA upon each other with the very fan^e Forces, as 
if each Mafs was contracted into its Center, it follows 
that the abfolute Force, with which two fpherical Bo- 
dies tend towards each other, is as the Product of their 
Mafles diredly, and the Square of the Diftance of their 

G g . 2 Centers 
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Centers inverfcly : And therefore, if the Mafles arc 
• given, will be barely as the Square of the Difiance. 

P R O B. VI. 

384. To deUrmtne the fame as in the lafi Problem^ the 
Force of each Particle being as any Power (n) of the 
Diflance. 

Let HB = x, and let every thing elfe remain as 

above ; then we ihall have y = -^ =1 J + 

** c^'Yiac\ XX 

-T (by putting i= — ^7 — ) and confequently ^ ^^Ib ' 

Now the Attradion of all the Particles in the circular 
Surface BS, is as ;^ XH«XHB"^'—H«"** (by 

Jrt. 376.) = ^ X >**^'— /*•: Which, multi- 

plyM by j?, gives --j-- X x yy — / j? for the Flux- 
ion of the required Force : Which, becaufe j^ is = 

'^ XX dxx x^x 
^ + -7 X -7- = — + ^, will likewife be cxpreffed 



by -^ X t-± + ""-JL -/-^^^ : Whereof the 

Fluent IS -77- X = + — 1 : 

"^ n+3Xb «+5X23* «+3 

Which, when B coincides with A, or A'==y=f , will be= 

rZT ^ '^"^ + — — — — : — : But, when 

"*" n+'iXb «-f-sX2i* «+3 

B CO- 
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B coincides with G, ox x'=.yz=iia'\'C (=/) it will 

become = —^ X .^^ + =4 — ' — : 

Therefore the Difference of thcfe two, which is = 

» + 5 X 2W — 2** — »T3 X c* 



I +;g X g^— ff X 2j>/"'*'3 -f 54^X g^ + cc X 2pc'^^ 
iT+Tx n + Tx «"+5 X ^* 

(becaufe /= fl + ^> and 2^ft=c* + 2jr) will be the 
Attradion of the whole Sphere, ^ E. h 

CoRot^^ARy. 
385. Hence, the Attradion at the Surface of 

the Sphere ( where r = o ) will be rjT" X 
•I+.Xjg^-^M^«-+5_Xo"V Which, if'« + 3 be 

2* X 2?"^^ 
pofitive, will be = J— — ; but, otherwife, in-r 

»+3X«+5 
finite. 

P R O B. VII. 

386. Suppojing ADBiA to be a Cuneus of uniformly 
denfe Matter^ comprized by two equal and fimilar eliptic 
Planes ADBEA and AdbeA^ inclMd to each other j at 
the common Vertex A, of either their fir ft or fecond Axes^ 
in an indefinitely fmall Angle BA* i To determine the At' 
tra£lion thereof at the Point A, fuppofing the Force of 
each Particle of Afatfer to be as the Square of thf Dijiance 
inyerfely. 

G g 3 I.ct 



454 ^^ Ufi of Fluxions 

Let DE be aHjr Ordinate to the Axis AB, and let 
AD be drawn ; alfo put AB=tf, BC=a', CD=;^, and 
the Sine of the Angle BA*, formed by the two Planes 




(to the Radius i) =^; and let the Equation. of either 
Curve be >* =/v — x^-^gx*: Which will anfwcr, 
to the Conjugate, or Tranfvcrfe Axis thereof, according 
as the Value of ^ is pofitive or negative. 

Now it will be, i (Radius) : d :: a— ^ (AC) : C^ 



z:: dXa — x, the Thicknefs of the Cuneus at the Or- 
dinate (or Seftion) DE i Moreover, becaufe AD* = 

AC*+CD% we have AD = V^^II?»+/a— ;t'*— ^;t* ; 

DE ^ Cc 
Whence, ^Q^^ ' j^j iexpreffihg [by Art. 374.) the Attrac- 
tion of the Particles in the indefinitely narrow Rectangle 

^ 2d\/fx — ;^*— /x* 

DExCf, will be defined by — ii_/ • 

y/d—x^'' •^fx^x'^^gx^ 

Which therefore, multiply'd by x^ will give the Fluxion 
of the Force to be found. But when ySr*— ;ir*-— ^x* 

be- 
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becomes :zzOy x will be = r r" (=AB) z=La\ there- 
fore, by fubftituting for /, our Fluxion will be tranf- 

^di \/i + ^-X ax— 7^g X X - _ 
formed to ' ■ — 

V^J^^NTi +^ Xax — i -{-iXx^- 
2^^ \/TT^g X oT^^"- _ 2dx V^H^ Xx _ 



^d X rPI)^ X x^'x ^ l+?'X2e/^"x 



tf + ^''^ tf 



1. 



I— €f .i.i£!- ^ilii!^! e^fc. whereof the 

I 
Fluent, when x = tf , will be i + g? X 2ad X 

X-7+--X7^— -X^-T^ i^c. 

3 5 2*7 2.4 9 2.4.0 

Which, becaufe I+P X « is =/X T+P *=/'X 

■I I 1 1 I ^ Ill I III 

I— £ . JL_ Ll5£1 {cf^, ^511 (by multiplying 

2 * 2.4 2.4.6 ^ ' r/ o 

the two Seriefes together ^c.) be reduced to2i3j/'X 

^_ 2» 4^ ■ 2.4.6^^ ^ 2.4.6. 8p j^^^ 
3 3-5 "^ 3-5-7 3-5-7-9 

It may be obfervcd, that the Fluent given above 
may be brought out without an Infinite Series (by Art^ 
126. and 278.) But the Solution here exhibited is beft 
adapted to what follows hereafter ; to which the Pro- 
pofition itfelf is premifed as a Lemma. 

Qg4 PRQB- 
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p R O B. yiij. 

387. 7i determine the AttraSm at any Point Q_ia tbf 
Surface ef a given Spberaid OAPES. 

Let QRL be perpendicular to the Axis PS of the Sphe- 
roid, and QT perpendicular to the Tsngent F/ of the 
generating Ellipfis at Qi meeting PS in T : Moreover, 
let QaRh be a Seflion of the Spheroid by a Plane per- 
pendicular to that of the Ellipfis APES, and thro' any 
Poiot r, in the Axis thereof, draw CBf and rL parallol 
to AE and PS : And make the Abfciflii Qr—x, its cor- 
refponding Semi-Ordina^ ra [ax rb) z=y, QR = <7, 




and RT = 4 i alfo let the Sine {NG ) of the Angle 
HOP (to the Radius N(i=i) = p, its Co-fine QG 
^ J, and the Ratio of OA* to OP*, as any given 
Qiiantity h to Unity. Now, by reafon of the fimilar 
Triangles QrL and QNC5, we have rt (BR) ^px, 
and QL=ijjr, and therefore Br (RL) =:jjr — a: 
Alfo, from the l^ature of the pllipfis, A0':F6* 

ji : 1) :: RT (b) : OR = ~: Likewife AO»:PO* 
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(hU) :: QR* : OP* — OR^ j and PO* : AO* {ilh) 



:: OP* —OB* : BC* = A X OP* — OB" =hX 



OP*— OR+RB^ =AxOr*— OR*— 2ORXRB— RB* 



=QR*+i&x— zORxRB— RB*5 becaufe (by the former 



Proportion) QR*=:AxOP*— OR* ; Whence, by the Pro- 
perty of the Circle, C^f^,weget y* (BC*— Br*)=QR*— 



Br*--AX 20RXRB + RB*=fl*— ^J?— 3*— iX 



h 
.Which Equation, by making i +5 = A, becomes jf*=: 

^7— ^X2Jf— ?*+/>*+ £>*X;r*z= aq—bpX^x-^x^— 

Bp'-x^ (becaufe ^*+/^* =1= QN* : Which being only 
of two Dimenfions, the Curve QjH^, whereto it be- 
longs, is an EUipfis. 

The Equation of the Curve Q^H^ being now ob- 
tained, let its Axis QFJ be fuppofed to revolve about Q, 
as a Center (the Plane of the Curve being always perpen- 
dicular to that of th^ EUipfis APES) and let the Fluxion 
of the Arch MN (expreffing the Angle defcribed from 
the time the faid Axis begins its Motion at the iPofition 

ALD) be denoted by A : Then, it is evident from 

the preceding Problem, that, 2aq — 2^^ X 2A X 

3._llJtM + ll±^Epr^,, ^iU be the Fluxion 

3 3-5 ^ 3-5-7 

of the Attraftion of the correfponding Part DQH of 
the Solid, upon a Corpufcle at Q, confidcred as afting 
in the Direftion HQ.( which Exprcffion is found, by, 

• 
barely, writing 2aq — 2bpy A^ and 5p% in the faid 

Problem, fpr /, </, and g refpc^ively.) 

- Hence, 
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Hence, by the Rcfolurion of Forces, the Fluxion of 
the Attradlion, in the Direftions QR and Qw (per- 
pendicular to QR) will be truly exhibited by laq — %bp 

XUqx3L-L:J& + ^'^^^'P' ^c. and 
3 3-5 3-5-7 



3 3-5 3-5-7 

Let now another Plane Qh be fuppofed to revolve 
about the Point Q, the contrary Way to the former, from 
op towards Q/"; and let (ng) the Sine of the Angle 
RQ/j be denoted by P, and its Co-fine (Q^J by ^.• 
Then the Fluxion of the Attraflion of the Part D^, 
in the forefaid Direftions QR and Qa; (by writing — P 
inftead of p and ^ inftead of q) will appear to be 

3 3-5 3-57 

and za9 + ibP X — 2JPX — — ?-l±^ + 
^ 3 35 ^ 

\' ^ ' (^c. Which being added to thofe of 

■ 3.5-7 

P 

the former Part, in the fame Dircdlions, and — and 



2. 48 



♦ Art 142. "ZST refpeftively fubftituted inftead of A *, we have 



4^ into- X qP+^P — ~rXqp^P+^P^P ^c. 
S 3*5 



2 .4B 



-I- 4* into -- X PP—pp—f—XP^P—p^p Wf. 
And 

, 2 r 2,45 ' 

4« into — Xpp—PP — -r-T- X p^p—P^P bfc. 



^4* into h-+^ _I^^P:p P^ 
3f^^ 3.5 f^^ 

for 
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for the Fluxion of the Attraftion of both Parts together 
in the forefaid Dire£iions : Whereof the Fluents, when 
N coincides with F, and n with /, will be the Attrac- 
tion of the whole Spheroid in thofe Diredions. But 
now, in order to determine thefe Fluents with as little 
Trouble as poSible, let m be aflumed to denote any 



v2l« 



whole pofitive Number; then the Fluent of t — L , or 



P P «,:n K- ..«:„^..r,ii,. 1 



\/i—p^ 



, will be univerfally = -r — X p 






2 . 4 1 6 . . . zm 

P**P p*»p 

is p*: And that of ~__ , ar ( in the«Art.t9l. 



fame Manner) = -— p* X i»^^ + 

2IB 2a, — 2 



lie. + ' • ^ ♦ 3 • ' • ♦ *"— ' X Arch (Mn) whofe Sinft 
2 . 4 • 6 • • • 2fn 

is P. But when N coincides with F, and n with f^ 
the Sines p and P, of the Arches MF and M/, be- 
coming equal, and {the Co-finc) ^=: — (Co-fine) f, 

it is evident that the Sum of the Flulents of X— £ and 

flUL, will, in that Cafe, be truly exhibited by 

-s. ^ 

J , 3 . g 2;w— I V ^yfp I I . 3 . ^ 2m— I ^ 

2.4.6... 2« «.4.t)... 2>w 

M/, or its3Equal ^ , :3; V ' V """"' X FM/ j be- 
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caufe, then all the reft of the Terms (by reafon of the 
equal Quantities P, p and ^ — q) deftroy one another. 
After the fame Manner the Sum of the Fluents of 

q^p and ^P P, in the forcfaid Circumftancc, will 

•Art. w, appear to be = 1 > 3 - 5 >7 - * ^^»— ^ vFlwy* 

2 ,4* 6*8 • • • im'\-z 

Now, to apply this to th^^atter in hand, let the 
Exponent of fi, in any Term of cither of the above 
found Fluxions be, univerfally, expreffed by n ; then 
the numeral CoefEcient (anoexed to B) will be defined 

by =^-46..- 2«+a ^ ^j ^j^^ y„iab!e Quantities 

1.3.5... 2a+3 
multiplied thereby, in the firft Line of the former 

Fluxion, wiU be ?/>*"> + ^"P : Therefore 

1.3.5,.. 2»+3 

neral Term, (from whence, if « be expounded by r, 
2, 3 fcfr. fucceffively, that whole Line will be pro- 
duced.) But, the Fluent of qp^^^p + ^P**P, in the 
Circumftancc above fpecificd, (putting »2=» andFM/ 

= if, appears to be = i>3' ?>7 " 2«— i ^ ^^^ 

2 • 4 • 6 • 8 • . • 2^4*^ 

Which, therefore, multipl/d by ^'4>6... i^+7 

3'S'- 2«4-3 

X £% gives i'3'5'7'-^-;^ v ^'4-6...2g2 
2 . 4 . 6 • 8 . . • 2«+2 3 . 5 . . • 2«-j-3 

X5"i = J^"^ — . for the true Fluent of the 

2«+^ X 2« + 3 

fti^ General Term : Which, if » be expounded by 
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k 

o> ij 2t, 3 £yf. fucceffivcly, wUl become equal to — •, 

Bk B^k S^i , ^. , , . . ,. 

, — , fefr. refpeccively ; and therefore the 

3.5 5-7 7-9 ^ ^ 

Fluent of the whole Line (drawn into the general 

Multiplicator 40) is = /^k X — 1 <.^— J 

'•3 3.5 5-7 

Cffr. But noW| for the Fluent of the fecond 



7-9 

Line : This, it is plain, will be := 4A into — X 

iTZI-ldtB X PlZl if,. Which, in the 
2 2 3*5 4 4 

forefaid Circumftance, when P = ^, intirely vaniflies. 
Therefore it appears, that the Attraction of the whole 
Spheroid, in the Diredion QR, is truly exprefied by 

j^ai X -i— — 1- — , or its Equal 

'3 3'S S' 7 7-9 

4i X J ^ + E^(stc.X^R. 

«-3 3-S 5-7 

After the fame Manner the Fluent of the firft Line, 
in the latter of our two Fluxions, will be found to 

vanifh : And ^'^'^"'^"^ X B" X^SZ. 

1.3.5... 2«+3 q 

will be a General Term to the fecond Line. 

Whereof the Fluent (by expounding im by 2» + 2) 

appears, from above, to be = — l-l-I — " " ^ ""' - X 

3 . S • 7 • • • • 2«+3 



.n 



^ ^^ -: ==== = —-r- : Wh^cb, when 

2.4.6... 2n+2 2n+s 



n IS 
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R is interpreted hj Ot i> >* 3 i^c. fucceffivcly, camei 
out equal to — , — , — ff. rel^edtrely : There- 
fore the Attraction of the Spheroid, in the I^re&ion 

Qw, bexhibieedby — 4WX-L™£ + ^_^ 
3 5^7 fi 
iic. and confequently. That in the oppotite Diredioo 



B 



Q?» by 4ii X J — + 

3 5 7 



B^ B' 



" £ + ^ &f(. X RT = 4^ X 1+5 X - — — J. 

E. i^c. X OR (becaufc C+BX OR = RTJ 

From which and the Force in the Dice^on (^ 
(found abovej not oo)y the Direfiion of the ablblute 




Attraflion, but that AttrafllMi Itfelf wiJl be known: 
Fori let Ri be taken to QR, as the Force in the Di- 
rciSion Qy to that in the Direflion QR ', and then, by 
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the Compofition of Forces, QJ will be the Diredion of 
the AttradioDy or the Line in which a Corpufcle at Q^ 
tends to defcend : And the Attradlion itfelf, in that Di- 
redion, (being to that in QR, as QI to QR) will be 

defined by 4;^ X ~ £- 4. J?l i^c. X QI ; 

1-3 3-5^5-7 ^ 

wbicb^ fince 4^^ is conftant^ will alfo be as -JL. .^ 

' • 3 

m o I III 

^ ^ —^c. XQI. ^E.I. 



3-5 5-7 

CoROLtARY. 



388. Since, by Conftruftion, RI : QR :: i+5X 



B .. 5* 55 C-. .. ^r. . I B 



i._£ 4lf.~£: i!fr. XOR:-JL_ 

3 5 7 9 '-3 3-S 

+ :^ tfr. X QR, it follows that 7^ — — + 
S .7 ' • 3 3 • 5 

{fff. :i+5 X — — — 4. ^ STr. :: RO : RI J 



5-7 • 3 S 7 

whence (by Divifion) •— — -— + — {ffr . : — 

— 7~ + r— ^^— • OR I • »- ) • 01 ; and 
5-7 7-9 V -^ -^ 

I J? B^ — — 

confequently^ 7^— ^T + 7^ ^^- • 3 ^ --^^ 

* • 3 30 J • 7 3.5 

^ 4. -?1 JsTc. :: OT : OI. 

5.7 7-9 

Hence It appears that the Dire£tion QJ, of ths 
abfolute Attra^ion, divides the Part of the Axis 
OT, intercepted by the Center and Normal, in a 
given Ratio : And that the Attraction itfclf (being de- 

I fined 
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fined by -i ^ + -^ £ffr. X Qi; is ever* 

1-3 3-5 5-7 

where as the faid Line of Dire£tion QJ. 

Scholium. 

389. Although the foregoing Conclufions are ex- 
hibited by Infinite Seriefes, yet the Sums of thofe Sc" 
ricfcs are explicable by means of the Arch of a Circle. 

I 5 5* 

Thus, let the Series + ~ ^c. (which is 

3 5 7 

one of the two original t)nes above found] be put =5, 
• and let B znt^ i then by Subftitution, and multiplying 

the whole Equation by t^y we fhall have T" "^ 

r ^ /3 r f 

— i^c. = VSy and confequently / — 1- •- - 

7 '357 

l^c. :=zt — t^S : Where, the former Part of the Equa- 
tion is known to exprefs the Arch of a Circle, whof^ 

Aft. 14a, Tangent is / (5*j and Radius Unity*: Wherefore, 
putting that Arch = jf, we have J=t — t^Sj and con- 

t—J t B B^ 
fequently S = -^ = J— J + - ^^^ 

Moreover, fince it appears that 

3 5 7 * I , 2B 2i?* 2S* 

> IS = ' — + 

B B* B^ I 3.5 5.7 ^7-9 

(where the Sum of T + T ^^- ^ already 

^ 357 

found = -~- X 5 =: —f^ * and where That 

of 
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of — T^T ^^^' ^y *^ ^^^"^ Method will come 

out = ' • ■ • ' ' ' ' 1 It IS evident that — ' . 

^ / 3*5 5.7 

7.9 t ^ o 



' -r^ 5 and coniequently — 

3-5^5.7 ^-"' i?5 ; 

= X : Which is the Value of the other 

2/3 

/■ 
original Series found above: From whence that of 

■ — + * will alfo be had =s 

3-5 5-7 7-9 



^.i I " '■■ '■ • 

Hence, if 



t-A f I B B^ B^\ 

— - — { = — 4 — j be pyt =/; 

/^.V 3 5^7 9/ ^ 



A 



2/3 \ 1.3 3.S~5-7 ' * 



And 



2/ \— 3.5 57 7-9 

it is evident that OT will be to OI, in the conftantRa- 
fia of ^ to A ; and that the Forces in the Diredions 
QI, QR, and Qy, will be as^XQI, jXQR, and/X 

— AO* 

I 4- //XOR refpeaively : Where i +S is = ^^^ . 

Hh PROB. 



466 
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PROB. IX. 

390. To determine the Attra^ion at any Point D within 

a given Spheroid OAPES. 




A 



Let Oapes be another Spheroid, concentric with, and 
fimihr to, the given ones whofe Surface D^M (sTr. 
paffes thro' the given Point D ; alfo let ¥Df and HDA 
be taken as two oppofite, indefinitely flender. Cones 
(or Pyramids) conceived to be formed by drawing innu-' 
merable Lines HDF, hDf ^c. through the common 
Vertex D) which Cones (or Pyramids) having the* 
fame Angle, may be confidered as flmilar ; and fo their 
• Art. 378. Forces, at D, will be as the Altitudes DF and DH ♦ : 
And, therefore, the Excefs of the former, above the 
latter, or the Force whereby a Corpufcle at D, tends 
towards F, through the, contrary, A£tion of the two op-' 
pofite Cones, will be as DF — DH, or as DM ; becaufe 
(ly the Property of the Ellipfts) MF is, in all PoHtions, 
equal to DH. 

Hence it appears that the Parts of Matter FMmf 
and HD^, without thi: Spheroid apes (ading equally, 
in contrary Directions) can have no EfFe£t at D; 
And this, being every where the Cafe, the whole, effi- 
cacious. Force at D muft therefore be that of the 
Spheroid Oapes, 

Hence, if the Ratio of Otf* to Op* (or of OA* to OP*) 
be denoted by that of 1+^ to i, as in the lad Problem, 

2 it 
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it follows, from thence, that the Attraflion at D, in the 
Direftions DM and DN (perpendicular to PS and AE ; 



B 



B 



Ike the next Fig.) will be expounded by Jl. 4- 

1-3 35 5*7 

&c. X DM, and i + 5 x" i- ^ ^ + ?1 — ^ 

3-579 
fffr. X DN refpeftively, or by their Equals g X DM 



and /X i+fi X DN ; Where the Values of /and g 
are the fame as given in the preceding Article. 

Corollary* 

391. Hence the Force wherewith a Corpufcle, any 
where within a given Spheroid, is attraded, either, 
towards the Axis, or the Plane of its Equator, is di* 
reSly as the Diftance therefrom* 

PROB. X. 

3g2. Suppojing every Particle of Matter in a Spheroid 
io have a Tendency to recede^ hoth^ from the Axis PS, and 
from the Plane of the greatefl Circle^ by Means of Forces 
tl>j,t are as the Dijlances from the faid Axis^ and Plane^ 
refpeSfively j to find the Direction DI wherein a Corpufcle^ 
at any Point D, tends to move through the AStion of the 
faid Forces and the Attraction conjunctly ; and Ukewtje the 
whole compound Force in that DireCfion, 

Let DM and DN 
be perpendicular to 
PS and A£, and let 
the given Forces, in 
the Direction of thofe 
Lines (independent of 
the Attraflion) Ijc ex- 
prefled by /»xDM and 
»XDN refpefitively. 




Hh 2 



There- 
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Thcrerore, fince (by the laft Problem) the Force 
I of Attradlon in the faid Directions is defined by ^xD^f 

and/X i+fiXDN, the whole refuhing Forces 

will be truly denoted by g — 7/»XDM, and/X i+i^— « 
X DN : Whence (by the Compoiition of Forces) it 

will be, g-^m :/X T+B — n :: DN (OMJ : MI ; 
whence the Point I is mven : 

Alfo DM : DI :: 'g^m X DM (the Force in the 

DireaionDM) : g—m%Dl, theForccinDI. ^.£./r 

P R O B. XL 

393. Every thing being fuppofed as in the preceding 
Problems^ 'tis required to determine the Force of all the 
Particles in the Line (or Column) QDO tending to the 
Center O of the Spheroid. 

Let IH be perpendicular to QO produced (fee the 
laji fig.) then the abfolute Force, in the Direftion DI, 

being g — mX E{I, that in the Dire6lion DH, whereby 
a Corpufcle at D is urged towards the Center, will be 

g — mX DH. Let now OD (confidered as variable) 
be denoted by x ; then becaufe the Rado of OM to MI 

is given (being every where as g — m to fX i-f-fi — », 
by the Precedent) and the Triangles ODM and lOHare 
finiilar, it follows that the Ratio of OD to OH will be 
given, or conftant ; and confequently that of DH to 
OH, likewife : Let therefore this Ratio of DH to OH 
be expreffed by that of r to i, and we fliall have DH= 

rx f 

— , and confequently \g—nt X DH) the Force at D, 

\ 

equal to g — m X — •• Which therefore being multi- 

ply'd 
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ply'd by x^ and the Fluent taken, there comes out 
g^m X rx^ _ izZJl X DO X DH, for the whole 
Force of the Line or Column OD at the Center. 

Corollary. 

394. If the given Forces ni and « be fuch that the 
Ratio of OM to MI, (which li found to be univerfally 

as^ — m to fX 1 + B — n) may become as i : i-f-5 
(or as />0* : tfO*) it is evident (from the Pi'operty of 
the Ellipfis) that the Line of DireSion DI will be al- 
ways perpendicular to the Surface of the Spheroid Oapes: 
In which Cafe' OD X DH is alfo (by the Nature of 

(g — m 
-— 

X OD X DH) of OD is = ~^ X Oa\ : Which, 

g — m 
when D coincides with Q, will become — ^ — X AO*i 

and is, therefore, a conflant Quantity. 



Moreover, fihce in this Cafe, g — m \ fX i-\-B — n 

n 
:: I : i-f-5 (by Hypothefis) Nwe have m — , r, =^ 

— / : Which Equation, 'if h be taken = o, gives 

7.B 4B'' 6B^ FH'x>/— 3^* #Art .80 
mzzg^f^-—: — - — 4. £sfc.=iJ :L*i Art. 389. 

^ ^ 3-5 3-7^7-9 2/3 



But, if m be taken =o» it will then give «= — i -f- 1> 



^B ^B"- , 6fi3 



.Xg—/= — 1 +fiX-lZ- — tr- -I- r^ &c. Where, 

25' 'Sn 7-9 



.2 



^=5 , and yf = the Arch whofe Tangent is ^ and 
Radius Unity, 

Hh 3 PROB. 



A 



470 



7'be life of Fluxions 
PROB. 'XIL 

395. If an oblate Spheroid OAPES, whereof the 
Squai t of the Equnioreal Diameter AE, is to that of the 
jtxis PS, in any ^iven Ratio of i + ^ ^o i, revolves 
about its Jxisy injuch a Time^ that the centrifugal For^e^ 
at the Equator A, is to the Attraction at the Surface of 

a Sphere %vhofe Radius is OA, in the Ratia of — - — 

4B* 6B3 I 

-j- — - fcff. to — ; J foy^ in that Cafe^ every 

Particle of the Spheroid will be in Equilibrio ; fo that^ 
tho^ the Cohefkn of the Parts was to ceajiy the Figure itfelf 
would remain unchanged. 




For, the Attrafiion of the Spheroid, at A, being de- 
fined by J^ — ^-^ — bff. X AO (Jrt. 387.) 
J • 3 3*5 5*7 

. . . AO 

it is evident (by conceiving 5=0) that -" will r©« 

prcfent the Attraction at the Surface of the Sphere 
whofe Radius is AO : Whence (by Hypothefis) the 

2B 4B* 

centrifugal Force at A (putting m r= -f* 

6B3 

^7^ ^c) will be truly defined by w X AO y and con- 

fequently 
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fequently That, at any other Point D, by wXDM (be- 
caufe the centrifugal Forces of Bodies defer ii>ing unequal 
Circles, in equal Times, are known to be directly as 
the Radii *.) Hence, and from the Corollary to the laft •Art. 213, 
Problem, it appears that the Diredtion of Gravitation 
DI is always perpendicular to the Surface apes ; and 
that the Force of all the Particles in the Line (or Canal) 
OD or OQ, towards the Center O, will continue in- 
variable, take the Point Q in what Part of the Arch 
APE you will : From which laft ConfiJeration, it fol- 
lows that the Force, or Preffure of every Canal QO, 
at the Center O, (confidering the Body in a fluid State) 
will be the fame : Whence (by the Principles 6f Hy- 
droftatics) a Corpufcle at D has no Tendency to move, 
either Way, in the Line OQ/ And therefore, as it 
hath no Tendency to move in the Direflion of the Sur- 
face Y^pe (the Gravitation being perpendicular thereto) 
it is evident, from Mechanics^ that no Motion at all 
can cnfue, in any Direflion. ^. E D. 

Corollary L 

700. Since ;w is = — ^ — -I- — - fcfr. the 

^^ 3-5 5-7^7-9 

Gravitation (^ — /» X DIJ at any Point D in the 

Spheroid will therefore be as — — }- — y^. 

3 5 7 

X DI = — ^ X DI (fee Art. 389.) 

Corollary II. 

397. If the Time of Revolution be given =/>» and 
q be put to denote the Time wherein a (folid) Sphere, 
of the fame Dcnfity with the Spheroid, muft revolve ; 
fo that the centrifugal Force, at the Equator thereof, 
may be equal to the Gravity : Then, as this Uft Time 
is known to continue the fame, whatever the Magnitude 
of that Sphere is \:^ and the centrifijgal Forces, in equal t Art. 213. 

H h 4 Circles, ^""^ 38i. , 
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Circles, are alfo knowa to be inverfcly as the SqQare^ 
of the periodic Times— —it follows, that p"^ I q^ :: i AO 
(the Attraftion, or centrifugal Force, refpedling the 

Sphere OA, revolving in the Time q) : 

3-5 5-7. 

X - — tff . X AO, the centrifugil Force of the 

7-9 
. Spheroid at Ai revolving in the Time p. From which 

Proportion ^^^ S^^ ^ = ^ — fl^ + ^ ^'^^ = 

' I * ■ - 

3+^"Xyf — y ^^^^^ 2^ J Whence, by Help of the 

Trigonometrical- Canon, the Value of / (zzfif) and> 
conicquently, the Ratio of the two principal Diameters, 
will be found \ fo that all the Parts of the Spheroid 



t 



may remain in Equilibrio, But, when — j is {mall, 

Ml 

the Solution by an Infinite Series is preferable : For, then 



25 4S* ^* . 

the Series J7^"" J7^ ^'^' C = "^J converging fuf- 

ficiently fwift, wq fhall, by the Reverfion thereof, find 

5y» 2<; X 6^4. i2$Xj7^^ 

* =' ^ + 4 X 7?+ + 8X49^^ ' ^'' -^^ ^'"'^^ 

N Cafe the Ratio of the Equatoreal Diameter to the Axis 
if we take only the firit Term of the Series, will be, as 

Which, if 3: = 289, or the centrifugal Force at 

the Equator be to Ae Gravjty as i to 289 (that being 
• Art. %jj, the Proportion at the Equator of the Eartli * ) will 
^omc out as 23 1 to 230, 

Co- 
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Corollary III. 



398. Becaufe, '^'^* ^^f — ^> the latto Part of 

our foregcMng Eqaation will be equal to Nothing, both 
when / is iNotijing and Infinite, il is evideirt that the 
Value thereof ca?^*u»t, in. any intermediate Circuniitancc 
of/, exceed a certain aflignable Quantity. 

Wherefore, to determine this Limit of the Value of 

— J- (beyond which the Problem becomes impoilible) 

let the Fluxion of .l-L — ^ , or its Dbuble • 

5lII — — 71" be taken and put = o, and you will 

^i t ' ■ 

have — 9 + /* X/b + sH"^ X J+6ti = o : 
Which, becaufe ^= -^* will be reduced to 9/ • Ait. 141. 



+ 7/3— I +/^ X g + f- Xjf=o; where / is found 
=: 2,5293, from whence the correfponding Values of 



^ 



V^i + /% and — come out = 2j7'98, and 0.5805 

iffc. refpeftively. Hence it appears that it is impof- 
fible for the Paris of the Spheroid, in a fluid State, to 
continue at Reft among themfelves, when the Time of 

Revolution is fo great that — exceeds 0,5.805 &c. 

And that, of all the Spheroids which can he aflumed by 
a Fluid revolving about an Axis, That whofe Equatoreal 
Diameter is to its Axis as 2,7198 to Unity, will per- 
form its Revolutions in the fhorteft Time. 

Thus, for Example, if a (folid) Sphere of the fame 
common Denfity with the Earth- was to revolve- about 
its Axis in the Time of 84} Minutes, the centrifugal 

Force 
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Force at the Equator thereof would, it is known, be 

Art. %l^. equal to the Gravity*: Therefore, by taking — \~t) 
= 0,5805 £!fr. the Time p will come out = 

M H M 

146 or 2 26. Which Time is the leaft, peffible^ 
wherein a Fluid, of the fame common Denfity with the 
Earth, can revolve, fo as to prefefve its fpheroidal Fi- 
gure. And this holds universally, let the Magnitude of 
the Body, or Fluid, be what it will. 

I 

Corollary IV. 

. 399. Hence alfo may be determined the Spheroid, 
which a fpherical Body (of Ice or any other Matter) 
revolving in a given Time x, will converge to, when 
Teduced to a fluid State. 

For, fince the Momenta of Rotation, in equal Spheres 
9ild Spheroids, are to one another, in a Ratio com- 
pounded of the dire£i; Ratio of their Equatoreal Dia- 
meters, and the iriverfe Ratio of the Times of their 
Rotation, it follows, if </ be put =: the Diameter of 
the given Sphere, and E = the Equatoreal Diameter of 

d E 
the required Sphetoid, that — = T" (becaufe the Quan- 
tity of Motion about the Axis is not afFefied by the 
Aftion of the Particles one upon another, while the 
Figure of the Fluid is changing.) Moreover, fince 
the MafTes of the Sphere and Spheroid are alio equal to 
each other (by Hypothefis) we have d^ (=:AE*xPS) = 

: trom which two Equations, exterminating 



"+7^ 



6 



d^ there arifes ^ =1 i -j- '* » X ^, for the Time of Re- 
volution of the required Spheroid : Whence, by fub- 

fUtuting this Value of p in the general Equation —p. 

SP 
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= l±£2SAz:l. we get f. = r+P' x 



2 + rXyf—^t^ 



(torn the Solution of which the 



2/3 

Value of /, and the Spheroid itfelf, will be given. 

But, fince the Value of the latter Part of the Equa- 
tion can never exceed a certain aflignable Quantity, the 
Matter propofed can therefore be only poflible under 
certain Limitations : In order to determine thefe Limi- 

tations, let the Fluxion of T+T^ ' X 3+^"X^— 3^ 

be taken and put mo, and it will be found that 



/* + 24/* + 27 X J — 15/' — 27/ = o : Whence / 
comes out = 7.5, and the correfponding Value df 

— = 0,927, nearly. 

Hence the Parts of the Fluid cannot poflibly come 
to an Equilibrium among themfelves, when the Time 

* 

s is lefs than - — -- , but will continue to recede from 

0,927 

the Axis, in Infinitum. 

U 
If ^ be taken :;= 84I (as in the Example to th^ 

M H M - 

.preceding Corollary) s will be cquaL 91 = i : 31. 
From which it appears, that, if the Earth (or a 
fpherical Body of the fame Denfity) was to revolve 

H M 

about its Axis in leis than 1:31; and, in the mean 
time, be reduced to a State of Fluidity, the Parts thereof 
towards the Equator would afcend, and continue to re** 
cede from the Axis, in Infinitum. 

Corollary V. 

400. Seeing the Values of / and A are given when 
the Spheroid is given, it follows that the Gravi- 
tation 



i 

I 
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tation I ^3 X QI) ^t any Point in the Surface of 

a Spheroid, whereof the Parts are kept in Equillhrto^ 
by their Rotation about the Axis, will be accurately as 
a Perpendicular to the Surface at that Point, continued 
to the Axis of the Figure. Therefore the Gravitation 
at the Equator is to that at either of the Poles, as the 
Equatoreai Diameter to the Axis inverfly. 

Corollary V1\ 

401. But, if the Spheroid differs but little from, a 
Sphere, theExcefs of QI above AO will (by the Pro- 
perty of the EUipfis) be nearly as OR*. Whence it 
appears that the Increafe of Gravitation, in goii^g from 
the Equator to the Pole, is as the Square of the Sine of 
Latitude, nearly. 

Corollary VII, 

402. Moreover, fince the Ratio of the Equatoreai 
Diameter to the Axis is found, in this Cafe, to be that 

t Art. 397' of I + — t to 1 +, theExcefs of that Diameter above the 

4? 

^^* 5 

Axis will be to the Axis as -71 to Unity ; that is, as — 

4? 4 

of the centrifugal Force at the Equator to the mean 
Force of Gravity. Whence, as the centrifugal Forces, 
in unequal Circles, are univerfally as the Radii directly, 
and the Squares of the periodic Times inverfly, it fol- 
lows that the forefaid Excefs (in Figures nearly fpherioal) 
will be as the Radii directly, and as the Denfity and the 
Square of the Time of Rotation inverfly : From which 
Proportions, the Ratios of the greateft and leaft Diameters 
of the Planets may be inferred from each other \ fup- 
pofing the Times of their Rotation^ about their Axes, 
to be known. 



P R O- 
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P R O B. xin. 

403. To deUrmine the Figure which a Fluid will ac- 
quire wheuy beftdes the mutual Gravitation of the Parts 
thereof^ it is attraSied by another Body^ Jo remote^ that 
all Lines drawn from it to the Surface of the Fluid, may 
be taken as Parallels^ 

Let OAPES be the 

propofed Fluid, and let 
MPSandMQ^beRight- 
lines, drawn from the re- 
mote Body Af ; whereof 
the former MPS paflcs 
thro' the Center of Gra- 
vity O : Moreover, let 
the Plane AE be perpen- 
dicular to the Axis MOS ; 
and put NQ=:tf and OM 
(the Diftance of the re- 
mote Body) =i; ajfo 
put the Semi-diameter df 
the Body (at M) = r, 
and let its Denfity be to 
that of the Fluid APES, 
as any Quantity v to 

Unity. Then fince, according to the foreg:oing Cal- 
culations, the Attraftion at the Surface of a Sphere (of 
a given Denfity) is expreffed by f of the Radius, it fol- 
lows that the Attradion of the Body M^ at its Surface, 

vr 
will be explicable by — : And therefore, the Force 

varying according to the Square of the Diftance in- 

vr vr^ 
Verfly ♦, it will be, d^ (MN») • '^^ •• 7 • ^ » the • Act. jSi. 




Attraftion of M9 at the Diftance MN : Alfo d—a^ 

vr vr^ ' 

(^MQ*) : r* :: — : ---===r^, its Attraflion at the 

o 3 X « — a* 

Diftance 
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Diftance MQ. Whence the Difference of thefe two^ 



&c. ) will be as the Force whereby a Corpufcle at Q^ 
endeavours to recede from the Plane AE : Which be- 
caufe (by Hypothefis) d is very great in refpeft of a^ 
will (by rejeding all the Terms after the firft) be ex- 

preffcd by — ^ X a^ or its Equal -^ X NQ. 

In the very fame Manner, the Force whereby a 
Corpufcle at q^ below the Plane A£, tends to recede 

2vr^ ' 
therefrom, will be defined by —^[7- X Nf . 

Now, therefore, feeing thefe Forces are, every where, 
as the Diftances NQ, Nf , from the Plane AE, it appears 
(by Art. 393. and 394.) that the Figure OAPES will be 
a Spheroid i whereof the Equation, for the Relation of 

2vr'^\ . 
its two principal Diameters (putting n = "^j is « = 

— r+5 X — —^ + — i^c. (In which, 

3-5 5-7 7-9 

the Ratio of PS* to AE* is denoted by that of i to 
i+B.^ Hence, by reverting the Series, we have 5= 

.— T— ; — — 7^ ffff. and confequently PS : AE :: i : 



J 



i- ^ iffc, :: I : I — -—, nearly : 

2 28 4 

. Which, by reftoring the Value of w, becomes PS : AE 
:'. i: I — 7^- ^E.I. 



Co- 
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Corollary. 

404. Becaufe -j exprefles the Sine of the apparent 

Semi-diameterof the Body M^ to the Radius i) feen at 
the Diftance OM, it follows, if the faid Sin6 be de- 

noted by c, that PS : AE :: i : i — •— X c^ i and 

confequently, by Divlfion, PS : PS— AE :: i : ^XcK 

Hence it appears, that the Forces of the Planets, to 
produce Tides at the Earth's Surface, are to one an- 
other as their Denfities, and the Cubes of their apparent 
Diameters conjunAly. (For the Sines of fmali Arcs are 
nearly as the Arcs themfelves.) 

EXAMPLE. 

405. If ir be taken = the Sine of iii (expreffing the 
mean Apparent Semi-diameter of the Moon) and v =: 

— (the Ratio of her D«jfity with refpefl to that of 
4 

the Earth) our laft Proportion will become PS : PS — 

AE :: 1 : 0,000000315 : Whence, if PS be taken = 
42000000 Feet (the Meafure of the Earth's Diameter) 

F 

PS — AE will come out =: 13,23, 



SECT. 
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S E C.T ION X. 

Of the application ^Fluxions to the Re-- 

folution of fuch Kinds of Problems De 

Maximis et Minimis, as depend upon 

a particular Curvt, wbofe Nature is to be 

determined. 

I SHALL begin this Sedion with premiCng the 
following ufeful 

THEOREM. 

< 

406. If tbi Relation of two flowing ^antitles y and 
u be required; Jo tbaty when the Fluent of y^i becomes 

equal to a given Value^ that of ' may be a 

y 

Maximum or a Minimum ; / fay^ their Relatiotk 



y u y^uu '±.yy\ * 
MOtJl be fuch that ^ may be^ every 

where^ the fame^ or equal to a conjhnt ^antity. 

The Demonftration hereof depends upon the fub* 
fequent 

Lemma. 

407. If ^a + *^ = «^» wherein » and /? are inde- 

derminate, the Value of J X II±J^ + BX ft7+^' 

will be a Maximum or Minimum^ when — X 

a 

■ ■ ^g*— I , Bff ■ — Nil— 1 
OM* ±p/*i and "T" X /Si3 ±pp^ are equal to each 

other 



depen^ng upon a particular Curvel ^8 1 

other. For, by taking; the Fluxions of both Expref- 
fions we have a» +i^ =io, and 2nJ»» X m±^'^^ 

+ 2nBfi8 X e0±ppf^^ = o : From whence, « and 

yfct _ 

g being exterminated^ there refults — X »» ± fp^^ 
S8 

= T ^ ^sTT?*"""- ^ ^- ^• 

Hence, if aa + bp+Cy + di (ffc. = ^ (where 
09 ^1 7> ^ &r« are indeterminate) it follows that JK 

A X aT±^« + 5X e7^^" +0X77"^^* 

+ Z> X 3r±7?'* ^^- wiU be a Maximum or JWi- 

• * — 't jp^ ♦ 

ntmum^ when all the Quantities — • X a»±pp' , 



5iS .„^, Cy ,n^i 

-pXee^PP^ 9 — X yy ± fp^ f^c. are equal 

to each other. For that Expreffion is a Maximum (or 
Minimum) when it cannot be increafed (or decreafed) 
by altering the Values of the indeterminate Quantities 
involved therein ; but it may be increafed (or decreafed) 
by altering only two of them (as a ^nd j^) whilft the 



reft remain unchanged ; unlefs —-Xaa^fp^ and 



BP 



T- X Pfi ± pp^ are equal to each other. (This is 
proved above.) Therefore, when AXa» :±: pp^ + BX 

« ^ 

PP±ppf + CXyy±. pp^ + ^c. is a Maximum or 

A» ^li— X B^ 

Minimum^ the Quantities — Xcc»±i pp and -7-^ 



X jS^±7?'—' cannot be unequal : And, by the very 

fame Argument, no other two of the Quantities above 
fpeciiicd can be unequal. 

li If^ 



482 Of Pnikms Vc Maximis & Minimis 

If, in tbe Right-Une PRi tbeie be now afliimed 
NI^ =: >» NN = $t f^f' and upon thefe, as BaTcs, 





V 


/ 


'—^ 




r. F 


G 




T^ 


r"is 










B 








iJ/K- 


_l 


v 


• 1 


^'^ 



Reaanglcs NK, NK be foppo&d* whole Altitudes NK, 

NK £!f£. are denoted by «, ^^ r, d fiTr. it is evident that a» 
■^b&-^ev+Ji(^c. {=^ wiU be ej^refled by the 
Sum of all the £ud Re^angles, or the whole Polygoa 
HI. 
Moreover, if, in tbe Right-line PL (perpendicular 

to PR) there be taken MM, MM iic. each equal to 

Pi and, upon thefe equal fiafcs, Re£tangles MV, MV 
dfe. be conAitutcd, whofe Altitudes are denoted by 



AX- 



, BX^ 



' , i^c. it ia likewife 

t~ p~ 

+ ^ "^,^' wUI be trnl; reprefcnml by the 
wbole 



I 

iepenJ&ng upon a pdrticuhr Curved 4S3 

mrhole PoI}rgon Mh. Which Polygon (as p is con- 
fiant) will be a Maximum or MinimUmy when A X 



««±/^*+jBXi3T±7?*+ ^^* is a Maximum of 

Minimum ; that is. when all the Quantities — % 

a 






each other (as has been proved above.) 

Let now5 Ay By C, D (^c. be expounded by any , 

Powers, (MP% l^P", KiP' esff-) of the refpeaive 
Diftances from a given Point P ; and let^ at the fame 
time^ the correfponding Values of ay by c^ d &c. be. 

Interpreted by any other propofed Powers MP**, MP*, 

MP^ ^c. of the fame given Diftances : Then the 

Area of the Polygon N/ will be expf cffed by MP* x « 

+ MP*X^ + l5lP."xy Gfr. (=:^; and that of the 

Polygon MA, byMP^!?^ + ik^^^^^IML 

P P 

^ I^P' X lOL^JL + ^c. And the fote&kt equal 

Quantities ^X^S^*, ^xWE^^c, 

P P 

will become MP X " ^ — , MP'*** 



X 3 — jS: — ., G'f. refpeaively< 

Now let the Number of the Re£langles be (uppofed 
indefinitely great, and tbeir Breadths indefinitely fmallf 
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fo that the Area of each of the two Polygons N/ and 
M/; may be taken for that of its circumfcribing Curve : 
Moreover, let u and y be put to reprefent the Diftances 
of any two correfpooding Ordinates £F and GI from 
the given Point P ; and let x be every where exprefled 



*IL 



by p (=zMM=MM= iic) Then, u being a general 
Value for any of the Quantities «, j?, y, i iic. (or NN, 



.• n 



NN bTc.) it follows ; Firft, that the Fluxion of the 
Area of the Curve NEFK (the Ordinate being, every 

where, = j^* ) will be truly defined by /■« ; Second- 
ly, that the Fluxion of the Area MGIV (by fubfli- 
tuting y^ u and y inftead of their Equals) will be 

5 and, laftly, that the Value of each 




of the equal Quantities, Mp"^ X " ^ "" Z.^^^'^' 



jip--x ^ i Xm±pp^' 2, (^c. tbove fpecified, wiU 



be exprefly by -^ ;^j~ — ^ . fj^ence 

y 

the Tke^nm is manifeft. 

408. If R and 5 be aflumed to denote any Funftions 
of y (that is, any two Quantities exprefled in Terms of 
y and given Coefficients \) then, in order to have the 

Fluent of 5 X — ~— a Maximum or Minimum^ 

y 

when that of Ri becomes equal to a given Value, it is 
requifitc that — X — ^^j— fcould be a conftant 

Quan- 
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Quantity: This, alfo, is evident from the preceding 
Demonftradon ; and may be of Ufe when the above 
premifed Theorem is not fufficiently general. 



P R O B. I. 

409. To determine the Nature of the Curve ACE ; y5 
that 9 the Length of the Arch AE being given, the Area 
ABE Jhall he a Maximam. 

Calling (asufual) theAb- 
fcifla AD, A" ; the Ordinate 
DC, y \ and the Arch AC» 

z, we have k =: v^«*— ^* * 5 

and therefore j^;t f = ;f X 

««— ^j** = the Fluxion of 
the Area ADC. Now, 
fince, by the Queftion, the 




Fluent of y X «« — yy^ is to be a Maximum^ when . 
That of k becomes equal to a given Quantity (ACE) let 
thefe two Fluxions be, refj^ively, compared with ' 

^ :2L. and y" « (as given in the foregoing 

Theorem*.) By which means, »=!» r=f, « = «,*Aft4o&i 

uY^uu — yy\ 



and )!» = o ; and confequently 



rryi X »i — y^ *: Which (according to the faid 
Theorem) being, every where, equal to a conftant 
Quantity, we (ball, by putting that Quantity =: ^, 

and ordering the Equation, get »* = ^x » » and i 



(v/**-y-) = 



yy 



V^o^-y 



; and^ conf<pquentIy, (by 



lij 



taking 
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taking Ac Fluent) xzsza-^ \/a^ — >*, or tmx^^'^x 
s= jr* ; which is the common Equation of a Circle. 

^ E. /. 
Corollary. 

410. It follows from hence, that the greateft Area 
that can poffibly be contain'd by a Right-line (A£) 
joming two given Points, and any Curve-line ACE of 
^ given Lengthy terminating in (he fapie Points, wil) 
be when thp iaid Curve-line is ap Arch of a Circle. 

PR OB. II. 

411. ne Length of the Arch AE (fee the preceding 
Figure) ^ being given j to determine the Nature of the 
Curve^ fo that the Solid generated fy the Rotation there* 
rf may be a Maximum. 

•Art !«• Since the Fluent of / X S^^^ ( =y^x'^) 



is required to be a Maximnmt when that of % has a 
given Valine ACE, every thing will remain as in tbp 
laft Problem \ only^ r muft here be = 2 : And ihex^* 

fore (by the Theorem) we have jr*i X xi-^jy^ =;«, 

ay 
Whence i = . ; and confequently ;tf ( =5 

\/«*— y*) = "/-^ ; Which Values, if *» be 

put = tf (in order to have the Powers homologous) 

h*y y^y 
will become i =: . ' and i = ■ ■ . s ; 

Whence ? and ^ will be known, ^. E. /. 

PROB. III. 

412. The Superficies generated by the Arch of a Curve^ 
in its Rotation^ about its Axis ^ being given y to determine 
the Curve^fo that the Solid, itjfelf^ may be a Maximum. 

f At. 1^5. Becaufe $be Fluent of y X ^*^ ♦ is to be 2^ 
Maximum^ when that of yi becomes equal to a given 

QiJiaQ* 
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Quantity ; let the Fluxions here exhibited be ther^ore 

V X tiV "^ VI 

compared with ■ m— 1 ^^ >'"* (given in the 

Theorem.) By means whereof (r being = 2, » =: i^ 
II = f, and m = i) we havcyi X «*— ^*l = ^ (a 



conftant Quantity * which is the very Equation found • Ait. 4o6» 
in Proh. I. belonging to a Circle. 

If the Solid be fuppofed given, and the Superficies a 
Minimum^ we fhall come at the very fame Conclufion : 

-.f 

For, y*Af and y X xx^yy^ (which are refpeflively as 

their Fluxions) being compared with > « and — ^^^^ ■ 

y 

wehave;77=2, »=:x, r=:i, andff = |; and there-* 
fore . equal to a conftant Quantity : Which 

f)eing denoted by — (fo that the Terms may be ho- 



mologous) there comes out axzzy \/*» -J-ji* j whence 
2tf;r— ;ir*=/ (as before,) 

PROS. IV. 

413. To ditermm the Curve HFB, from whofe R#- 

Volution a Solid BK /&«iZ be generated i which j moving 

forward^ imaMediumy inthe DireSiionof its Axis PA, 

wiU be lefs rejifted than any other Solid of the fame given 

Length DA and Bafe BC. 

If AE=J^, EF=y, Fp=x bte. it is evident, from 
the Frindples of Mechanics, that the redding Force of 
a Particle of the Medium at F (being as the Square of 
Ibe Sine of the Angle of Inclination fYq) will be truly 

reprelented by ■ . . , }\ I f^^T J» Moreover, fincci 

li 4 thQ 
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the whole Number of Par« 
tides ading upon FHKG 
is proportional to the 
Area of the Circle FG, 
or as jr^ ; the Fluxion 

hereof (aj^j drawn uito 

• • 



... .• % 



will therefore 



give ■ : ■ -. X •'• fo' the 

^^ T'yy 

Fluxion of the Refiftance 
upon FHKG. 

Now» fince it is required (by the Queftion) to have 



the Fluent of 



• • ■ • • 



f or i21.H!5HZ! ^ 



Maximum^ when That of x becomes equ^ to a given 
Quantity (AD), let thefe two Fluxions be therefore 

' X uu+yjf 



t Art 406. compared with 



and>"« t» Whence 



(r being = i, « c= x, « =: -— i, and « = 0) we get 

=: tf (a conftant Quantity *} ; and 



*Art4o6» yx X xx +iy 

-—3 



•— » 



confequendy yy^x = ^ X i^+iyV : Whereof the Flu- 
ent will be found, by Jrt. 264, That the Curve does not 
meet its Axis in the extreme Point A, but has an Or- 
dinate AH at that Point (as reprefented in the Figure]^ ia 

evident from the foregoing Equation. For ^x^^\ 

(Fq^) being, always, greater than y^x (pq\^ X Fp)^ 

y muft therefore be greater than <7, in the fame Propor- 
tion ; and fo, can never be equal to Nothing, 

Now, as it is demonftrable that the Angle AHF muft 
be I of a Right-Angle, AH (the leaft Value of y) will 
therefore be = /^a (fipce x aqd y are, in this Circum- 

ftanee^ 
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dance, equal to each other.) But, what a^ itfelf, 
ought to be, muft be determined from the given Values 
of AD and BD, and the Refolution of the forefaid 
Equation. 

P R O B. V. 

414. 73? determine the Solid ofihe leafi Rejijlance^ fuf* 
pofing the Area of the generating Plane AHBD, and its 
greateji Ordinate DB to be given i (fee the preceding 
Figure.) 

Since (by the laft Article) the Fluxion of the Re- 

fiftance is cxpreffed by ' ■ ^ and that of the 

y ^ 

Area AEFH by yx^ it is plain (from the premifed Theo- 
rem*) that :2L^ 13 a confbnt Quantity.* Art. 4o«, 

Whence, ^'^. ^ j , or its Equal E^^It , being 

every where the fame, the Angle pYq muft alfo be in« 
variable ; and confequently HFB a Right-line. There* 
fore the Solid of the leaft Refiftance is (in this Cafe) 
either a whole G>ne, or the Fruftrum of a, greater. 
Cone. But it is eafy to (hew, thaty when the Area of 
the generating Plane AB is given fo fmall, that the 
Ande B may be taken equal to the Half of a Right- 
angle ; I fay, it is demonftrable, in this Cafe, that the 
Fruftrum fo ariiing will be lefs refifted than a whole 
Cone, or any other Fruftrum, whereof the Bafeand the 
Area of the generating Plane are the fame. 

In like manner the Solid of leafl Rejijlance, when its 
Bulk and greateft Diameter are given, may be deter- 
mined : The Equation of the generating Curve being 

— :j = — , or axy^ => X *^+^r : 

Whereof the Solution is given \x^Art. 264. 

PROB. 
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P R O B. VL 

415. To determim the Line^ along winch a BoJy^ fy 
its own Gravity^ willj defcend^ from one given Point A 
toanotbirBy in the Jhorteft Unu poffible. 




Let AD be pmllely and BC pmendicular, to the 
Horizon, interfeding each other in C ; and let QP be 
any Ordinate to the Curve parallel to BC : Then (calling 
AP> X ; PQ, y (sTc.) the Celerity at Q^will be exprefled 

hyy^ i alTo the Flimon of the Time of DeTcent thro* 
•^*^A(iwiB be truly defined by -r», or itsEqual>~» 

y 

y xx+^ *. Here, therefore, the Fluent of >~* X 

**+i^'* 18 to be a Mtmmum^ when that of i anives to 
t Aiei4e5. to a given Value (AC). Whence, by the Theorem f, 

jT^^i X xx-^yjT' * muft be = a conftant Quantity : 
Which (to have the Terms homologous) let be denoted 



hyd 



^ (or 



■ \ Then b^x = y* X i^r+i; *> 



.i 



Whence i =-^= = ^^ ? » = (\^^*+iO 



depending upon a particular Curve^ 

::: ^ ; and confequcntly z=2tf«-2Ui^ VV-j. 

Therefore, when y^Cj s: is = 2/7 ; which two cor* 
fefponding Values let be denoted by D V and AV ; and 
let QE j parallel to AD, meet DV in E ; then VE 
(VD — ED) being =a^y, and VQ, (AV ~ AQ) 
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s= 2a* V»---j!, it follows that 

VD (a) : VE r^-y; :: VA* (4^*) ! VQ^ {4^X0^) 

Which is one of the moft remarkable Properties of the 
Cycloid ', the Curve which, therefore, anfwers the Con- 
ditions of the Problem. 

If the Celerity be fuppofed as any Fundion (S) of 
the Quantity y^ the Problem will be refolved in the 
fame manner : The Equation of the Curve being 



i X >''x+Jj 






— a • 



• Art4ol. 



p R o B. va 

416. To find tht Nature of the Curve AQE, abng 
fvbUh a heavy Body rmji defcend from an horizontal Line 
RC to a vertical Line CD, Jo that the Area CAE may 
hegiveriy and the Time of the Defcent a Minimum. 

If the Ordinate PQ. t^ a 
(parallel to CD) be 7 • 
called y^ and the Velo- 
city at Q^be denoted by 

/ 1 it 18 evident that 

the Fluent of y"** X 
— -r^f « \ 

muft be a Mininrnm 

wh^ that of yk amounts to \ given ValuCi 




tAittsoi; 



Therefore 
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Therefore (by the Theorem ah^ady mention'd fo 
often) we have y^^^^x X ^^+iy* * = a"***' s and 

confequently x = -— p========— ^ 5 which, by wri- 



ting I inftead of »> becomes ;c = 



I- 



: Whence 



X will be known. But, if the Celerity was to be every 
where uniform^ then (n being =: 0) we fliould have 

X = ■ . 5 and therefore iV = « — V «*— v* : 

Which anfwers to a Circle. 

Lemma* 

417. If^ upon a Tangitit EPjfrcm ofiy Point C in 
the Circumference of b Circle FffC, a Perpendicular 
CP be let fall^ the Chord (CE) joining that Point and 
the Point of Conta£f^ will be a Mean-Proportional be* 
tween the /aid Perpendicular CP and the Diameter CF 
cf the Circle.^ 

For, die Angles P and 
CEF being both Right ; 
and alfo CEP = F, the 
Triangles CPE and CEF 
are (imilar : And there^ 
fore CP -.^CE :: CE : CF. 

« 

P R O B. VUL 

418. In the nuxt'lin*d Triangle ACB, the Lengths of 
all the Sides (whereof CA and CB are Right-lines) are 
fuppofed given ; Uis required to find the Nature of the 
Curve-Jido A£B> fi that thi Ar$a may he a Maximum* 

Put 




depending upon a particular Curve. 

Put die Arch AE = z, p 
and the Ordinate CE =7; 
then, the Fluxion of the Area 

ACE bcbg^-V^i*— J%* 
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rc--<. B 



the Fluent of ;^ X »« —yy^^ , 
generated in theTime where- 
in yy from CA, increafes to 
CB, muft be a Maximum: 
Therefore, by the Theorem *, 

we have yi X «« — yy\^ * 




• Art. ii3t 



• Art.4o6« 



r= «♦, or 



— p====,==-. But, if CP be fup. 

\r»z — yy y 

pofed perpendicular to the Tangent EP, then will 
« CE j^ 

;j;7^|^ (Aruzs.) = cp=cp ^ ^^ «>"«^- 

quently -j =-^ 5 or, CP : CE (>; :: CE 0) : a : 

Which Proportion, hy the Lemma j anfwers to a Circle ; 
whereof the Quantity a is the Diameter. 

Now, that AEB muft be an Arch of a Circle is alfo 
evident from Prob. i. bu,f, that the fame Arch, con- 
tinu'd out, will pafs thro' the Angle C, does not appear 
from thence. This is known from above ; and is re« 
quifite in finding the particular Circle anfwering to any 
propofed Data* 

P R O B. IX: 

419. To find the Path AEB which a Body muft de- 
fcribe in moving uniformly from one given Point A to 
another B; fo that^ being every where a5led on by a Force^ 
or Virtue J which varies according to the Inverfe-Duplicate^ 
Ratio of the Dijiances from a given Center C, the whole 
A^ion upon the Body Jhall be a Minimum. 



Putting 
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_ _ Putting A£ = ^ 

V fO » CE =/, A (indeSnite- 

-'« •■" ' lyrmall)=y •,&=«, 

and Ei{Vi'— y*) 




for the Meafure of the 
Force which aha upon 
the Body in dcfcribing 
the Partide £/ (i) s 
Moreover, if fiotn the 
Center C, with any gi- 
ven Radius M an Arch KT(S o( a Circle be dcfcribed, 
inter&aing CE in T, we Dull have T/ (the Meafure 

of the Angle ECf^ = —■ TberefoFei lince the 

Fluent of jT* X wi+yyl is required to be a Mi- 
nimum, and the cotemporaiy Fluent of >— >» (between 
CA and CB) a given Quantity ; it follows, from the 
Theorem premifed at the Beginning of the Se^on, 



-i» 



&vty~**'uXi»-^yyl nautt be equal toacon- 
fiant Quantity {~J and confcquently -^======- 

(= "^^^—Cj = ^: Which is the very Equa- 
tion found in the preceding Problem. Therefore, if thro' 
the three given Points A, B, and C, the Circumference 
of a Circle be defcribed, the Arch thereof terminated 
by A and B will be the Path of the Body. ^ £. /. 

Corollary. 
420. If FR be a Tangent to the Circle, at the Ex- 
tremity of the Diameter CF, and CA and C£ be pro- 
duced 
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duced to meet it in R and Q^ it follovra that die whole 
A^on upon the Body, in defcribing the Arch AE, 
Will be proportional to die correfponding Part RQ^of 
the iaid Tangent. For, if Ce be, alfo, produced to 
meet FR in ^, and EF be drawn, it is plain that the 
Triangles CEF and CFQ^ as alfo CE^ and CqQ, are 
finular : Whence it wUl be, C£ (y) : CF {a) r, CF (a) 

iCClioTCq) =ji mdCE (y):Ee{z)::Cq (j^) 

: Q; = — : Which {a being conftant) is as (iT ) 

the Force that a£b upon the Body in defcribing E^ (i)* 
And, as this every where holds, the whole Action in 
defcribing AE muft therefore be proportional to RQ. 
Which Force (it is eafy to prove) will be to that ex- 
erted on the Body in moving thro' the Chord AE, as 
the Chord to the Arch* 

P R O B. X. 

421. To determine, the Path in which a Body may move 
from one given Point A to another B, in thejhorteji Time 
pojjibk i fuppojing the Velocity to be^ ruery where^ propor-- 

tional to any Power (y^) of the Difianci from a given 
Center C. (See the laft Figure.) 

Here every thing will remain as in the preceding 
Problem ; only y^ muft be wrote inftead of >-«. 

Therefore we have y^^^ X« X uu ^j^^ = i 
conftant Quantity : Which Quantity (to have the Terms 

h 
homologous) let be denoted by —\ then, by Redu^on^ 

And confequently CP s '-r-. Hence^ if /=o, or the 
I . Ve. 
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VelociCy be conftlmt ; then CP being every where s= k^ 
the Body muft, in tbb Cafe, defcribe a Right-line. 

But, if ^= I, then CP being = — ; the Curve will 

• Alt 74. be a logarithmic Spiral, whofe Center is C * : Except 
in that particular Cafe, where CA = CB, when itde* 
generates to a Circle. 

Laftly, if ^=2, the Curve will be a Circle (ly tbi 

aa 
priciding Lemma) whofe Diameter is -r-) and whofe 

Periphery palles through the given Point C. 

After the fame manner, the Value of CP (upon 
which the Nature of the Curve depends) may be de- 
termined, when the Velocity is expounded by any given 
Fundion (S) of the Diftance (y) from the Center of 
t Alt. 407. F^j^g . y^nj jbjr writing S in the room of / f ^^.) 

bS 
will come out CP = — $ where b and c reprefcnt conr 

fiant Quantities. 

When the Velocity is That which the Body may ac- 
. quire, in defcending thro' BE, by a centripetal Force 

exprefied by >^, then the Value of S (the Meafure of 
$Ait. 21X. that Velocity) being interpreted by \rd^^^ — y^^^ t 

(where CB=:rf) we therefore haveCP= '^ — 

for the Equation of the Curve of the fwiftcft Defcent, 
according to this h&'Hypotbefis of a centripetal Force 
varying as any Power p of the Diftance. 

422; Befides the Problems already refolvcd in this 
Sedlion, there are others of the fame Nature which are 
• confined to more particular ReftridUonSj and require a 
' different Method of Solution. 

Thus, 
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Thus, if ^ R and S be fuppofed to denote any 
given Powers, or Funftions, of the Ordinate (y) of 
a Curve AN M , and the a 
Nature of the Curve be 
required, fo that, when 
the Fluent of ^ be- 
comes equal to a given 
Quantity, the Fluent 
of Rx^ may alfo b^-^ 
come equal to another 
given Quantity, and That of Sj^, a Maximum or Mf^ 
nimum : Then, becaufe there is, in this Cafe, a fecond 
Equation, or new Condition, bcyoftd what is to be met 
with in any of the foregoing Problems, the Method of So- 
lution hitherto explained, will, therefore, be infufficient. 
But^ by a Procefs fimilar to that whereby the faid Methoii 
was demonftrated (affuming, here, three Expreffions, and 
three indeterminate Quantities, inftead of two *) a ge- 
neral Anfwer to this Problem (under all its Reftriflions) 
will be obtained: And is exhibited by the Equation, •Art. 4o;r. 

« pR ± fS 

-7- = -^ — ^ ; wherein p and q denote conftar.t 

Ouantities. 

423, Though it feems uniieceffary to put iown th«i 
Invention of this Equation, after what has been hinted 
above , yet it may not be improper to obferve, by way 

of Corollary, that^ if ^=1, iJ=:i, and 5=>% the 
Equation will then become -i- z= p ±^ qy' ; exprefSng 

the Nature of the Curve, when, the whole Abfciffa (AM) 
and correfpondingArch (AN) being both given Quantities, 

the Fluent of y*z is ^' Maximum or Minimum^ accorJing 

as the Value of « is politive or negative : In both which 
Cafes, it is very eafy to perceive, that the Curve muft 

be concave 'to AM, and that the Value of -7-5 or its 



Kit 



Equal 
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Equal p±,qy^^ muft, therefore, decreafe as jf increafes 

whence we may infer that the Sign of q'f muft be ne- 
gative in the former Cafe, and pofitive in the latter. 

Ex, Let the Curve ABDE, be the Catenaria ; 
form'd by a flender Chain, or perfe6tly flexible Cord, 




D 



our 



r 

fufpended by its two Extremes in the horizontal Line 

AE : Then, fince its Center of Gravity muft be the 

loweft poffible, the Fluent oiyxy when AC=:AE, muft 

t Art. 173. jhgfefQfe be a Maximum \ : Whence (« being here =1) 

/ « \ X 

Equation I "^ = ^ ± iy" ) becomes -r = ^ 

But, in order to reduce it to a more convenient 
Form, let the Diftance (DF) of the loweft Point of the 
Curve from the horizontal-Line AE be put = ^ ; then, 
when y (BC) becomes = ^, x will be = « ; and 
therefore the Equation, in that Circumftance, is i = ^ 

, — ^^ ; whence pzz: 1 -{^ qd, and confequently t- z=: 
I + qb — qyz=ii-{'qX b^y : Which, by putting 

■ 

i — y (DH) = s and a zn — is reduced to — z=: i 
' q X 

s 
+ — : From whence rt*%^ (= a+sYxx'') zna-^?'^ 

X s;^ — s^ ; and confequently BD = \/2as + ss. 

For another Example (wherein the Exponent n will 
be negative) let the required Curve be That along 

which 
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which a Body may defcend, by its own Gravity, 

from one given Point A to another B, in lefs Time 

than thro' any other Line of the fame Length. In 

i 

which Gafcj the Fluent of xy ^ being a Minimum^ 

when X and z become equal to given Quantities, our E- 

quation (by writing — f for n) will here become 

"^ :=^ p ^ gy * : From whence exterminating x^ or 

«, by means of the Equation x^ -{-y'^ =z «*, the Fluent 
may alfo be determined. 



SECTION XI. 

The Refolution of Eroblems of various Kinds. 

P R O B. h 

424. j^ NY hyperbolical Logarithm {y) being givett^ 
JIX. ''^^ propofed to find the natural Nnmber an^^ 
fwering thereto. 

If the Number fought be denoted by i + jtj -^6 fhall . 

X 

[by Art* 1 26.) have y = . , or / + at/ — x zz, o* 

I -^ X 

Let Jy + By^ + Cy^ &c, =x\ then Ay + zByy 
4" sQyV ^^' ^= -^j ^^^ o^r Equation will become^ 

y + 47"+ -Syy + Cy^y ^^- 1 — 

— - Ay — 2%- — 3OV — 4i)>y tiff* y — ^- 
Whence, by comparing the homologous Terms^ wfii 

get ^= I, 5 = — =^— , C = — = ■= — '. Dz=2 
^ ' 2 2 ' '3 2*3* 

— = tfr. Therefore i + v + ^ + -^-- + 

4 2.3.4 *-^*2*2.3^ 

>'* y' 

+ •; — r— — : isfc. is (= i + x) the Nairt^ 



2.3.4 2.3-4-5 
ber fought, 

Kk 2 t^ROfl/ 
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PROB. II. 

445. Tbe Radius AO and any Arch AB ef a Circle 
ABD being given j ufitd the Sine BC, and Ct-Jine OC 
tf that Arch. 

Let AO (BO) = r, AB = z, AC = ;r, BC =jr. 




O 



C A 



B^ = K, B« = x, and hnz=iy : Becaufe of the fimilar 
Triangles OBC and B«*, it will be 

OB (r) : BC {y) :: Bb (i) : B« (:^) 
And OB (r) : OC (r— ;r) :: B* («) : fa (y'J 

From which we have 

yx =1 rx 
And ry' = ri — xi. 

Let ;^ = ife + Sz* + Cz' + Dz* + Ez^ fefr. 
And yzz.az + ^z* + ^^^ + ^z* + ^^^ bV. 
Then, by Subftitution and Tranfpofition, our two 
Equations will become 

— rAk — 2r5zK— 3rCz*« — /itrDz^k—irEz'^% l^c. J o 
And 

ra%-\'Zrh7^-\''iirc%^k^d^rdz^k'\'<^rez'^k ^c. 7 ^ 

^rz+Azk-^Bz^'k+Cz^k+Dz^k ^c. S~^ 

From which, by equating tbe homologous Terms,we get 
J=zOy azi^irBj b=zyCy b-=z.^rD^ d=i^rE tffc. 

' , ^ B , C 



There- 



of various Kinds. 50 1 

c . . ^ I 



Therefore %rB = i, yC = — — > ^rD = — ~ , 



irE = — — > ^^* and confequendy 5= — :, C=o, 



5 . 6r* 2 • 3 . 4 . 5 . 6 . r5 

Whence, alfo h (= srC) =0, c (= i^D) = — 
I 

2.3^ 
Hence it is evident that jf (= ^z + ^2;* + ^«' ^sT^*) 

Z^ %5 J27 

•^^"^ 2, 3r* "*"2 . 3 . 4.5r5~2.3.4.5.6.7r« 
+ ^c. And that;^ (=yfe+Sa*+Cz3 £sfc.) = — — 



3r 



z* z 



6 



+ rT-r-TTTi " ^^- :t 



a . 3 . 4r3 » 2 . 3 , 4 . 5 , 6rs 

P R O B. III. 
426. X^ find the Value of x^ when x is a Minimum^ 



X . 



The Logarithm of a* is :;= ;if X / • *• ^ whofe Fluxioa 
' xX i.x-{' X being = o, we have / : xz=: — i . But 
(byProb. i.) t;he Number whofe hyp. Log. is y will 

hei+y + -j-\r—+ ^ — ffTr. Therefore, by 

writing — i inftead of jy, we have ^=11 — i -f^ 

' ■ ' ■ J ' 1,1 

J Tife Subfiance of this Solution (being the mojl neat and 

sirtful I ha<vejeen to that u/eful Problem) I had from a Letter 

jRgn'd - Needier ; ivhich ivas put into my Hands by a 

friendy <who received it from the late A'. Halley, t^ i\^h.OfA 

if ifias uvrote* 
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I I I I 

L — — i^c. = 0,767878 

2 2.3' 2.3,4 2,3'4»5 ^ ' ■ ' 

PROB. IV. 

427. To divide a given 'Numher [fl) Jo ^hat the cofN 
tinual Produ£f of all its Parts may be a Maximum. 

It is evident {from Art. 23.) that all the Parts muft 
be equal : If, therefore, any one of them be denote<i 

a 
by Xy their Number will be — , and we fhall have 



a 



^ a Maximum : And therefore its Logarithm — X 

ax 
I0, X 2L Maximum alfo: And its Fluxion •■ — — X i . * 

ax 
•ArMi. —- --- z=zo * : Whence H-L. ;r=i, and confequently 

and 1*6. Jf » 1 / 

t Art. 424. ;^ = 1+ 1 +T+TT+ ^ ^ , Ssfr. =2.71828 
' ^ ^ ' •2*2,3'2.3.4 ' 

£fff. Therefore the next inferior, or fuperior, Num* 
ber to 2,71828 iffr, that will exaftly meafure the 
given Nuniber a, is the required Value of -each Part: 

» 10 

Thus, let tf = 10 J then becaufe o n t^ ' = 4- 

' 2 . 71828 CS^r. ^ 

nearly, the Number of Parts, in this Cafe, will bq 4 

10 
^nd the Value of each = — == 2 • c, 

4 

PROB. V. 

428. To divide a given Jngle AOB into two Parts 
AOC and BOC,yJ that the Produ5i of any given Power s^ 

AP" X EQ^, of thiir Sims AP and BQ^ may he a 

Maxip^uiPt 



of various Kinds. 

Let AP, produced, cut the Radius OB in D, and 
the Arch AB in F ; likcwife let FE and AL be perpen- 
dicular to OB, anjj join 0,F: Putting AOrrr, A?=x 

and BQz=:y. Then, becaufe **/ is to be a Maximum^ 

we have nx'^^^xXy" + x* X »2y"""V=o ; and con- 
fequently nyx =; — mxy\ 

Moreover, fince the Fluxion 



oftheArchACis = 



and that of BC = 



rx 



ry 



(Jrt» 142.) we alfo have 
ry rx 



y 



+ 



s/r"-^. 



= 0, 




or 



v/r*— -J'* \/r* — x^ * 

former Equation, ^c, gives 



\ which multiply'd by the 
ny 



mx 






ornXl 



s/r^^-x^ _ 



= mx : "V^hence, becaufe OQ^ 

(\/?~rf) : QB (y) :: OP (v/7^^"F) : PD =1 

yy_^^^ we have »XPD {=mx) z=wXAP; 

S/r'^—y'^ 

I 

and therefore PD ! AP :: m : n; whence (by Com- 
pofition and Divifion) AD : DF :: w-{-« : m — n : But 
(by/tm. Triang.) AD : DF :: AL : FE ; confequently 
m-i- n I m — w :: AL : FE ; that is, as the Sum of the 
Indices of the two propofed Powers is to their Dif- 
ference, fo the Sine of the whole given Angle to the 
Sine of the Difference of its two, required, Parts.. 
This Proportion is given in Words, at length, becaufe 
it will be found of frequent Ufe in the Solution of me- 
chanical Problems. 

Kk4 PROB. 
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The Refolution of Problems 
P R O B. VI. 

4.29. To Jhtw that iht leaft Triangle that can be dt* 

fcrlhed absut^ and the greateft Parallelogram in^ a given 

Curve ABC, concave to its Axis^ will be when the Sub* 

tan^reKt FT is equal to the Baje BF of the PardU^bgravh 

^r half the Baje BT of the Triangle, 




T A 



It appears from Jrt. 25. and is demonftrable hf 
common Geometry, that the greateft Parallelogram that 
can be infcrib*d in the Triangle BTR (fuppofing the 
Pofition of TR tp remain the fame) will be that whofe 
Bafe BF is half the Bafe BT of the Triangle : There- 
fore, as a greater Figure cannot poffibly be infcribed ii\ 
the Curve BAG than in the Triangle BTR circum- 
fcribing it, the greateft Parallelogram that can be in- 
fcribed, either, in the Triangle or the Curve, muft be 
That above fpecified. 

But now, to make it alfo appear that the Triangle 
BTR is a Minimum when F T=::BT j let B/r be any 
other circum fcribing Triangle, and let the two Tan- 
gents TER and ter interfe<St each other in P. Then, 
ER being = ET, it is plain that RP is lefs than PT, 
and Pr (lefs than PR lefs than PT) lefs than P^; There- 
fore, the Sides PR and Pr of the Triangle RPr being 
lefs than the Sides, PT and P/ of the Triangle TP/, 
and the oppofite Angles RPr and TP/ equal to each 
other, it follows that the Triangle RPr is lefs than TP/ j 
^nd confequently, by adding the Trapezium B iPr to 
j)oth, it appears that BTR is lefs than B/n 

Cc- 



tf various Kinds. 



S^S 



COROILA&Y. 

430. Hence the greateft infcribed Parallelogram is 
half the leaft circumfcribing Triangle. 

In the fame Way it may be proved, that the greateft 
infcrib'd Cylinder, and the leaft circumfcriblng Cone, 
in, and about, the Solid generated by Revolution of a given 
Curve, will be when the Sub- tangent is equal to twice 
the Altitude of the Cylinder, or f of the Altitude of 
the Cone : And that the two Figures will be to each 
either in the Ratio of 4 to 9. 

P R O B. VIL 

431, Three Points A, B, C being given, to find the 

Pojition of a fourth Point P, fo that^ if Lines he drawn 

from thence to the three former , the Sum of the ProduSfs 

^XAP, ^XBP, and rXCP {where Oy b and c denote 
given Numbers) Jhall be a Minimum. 




If CP and BP be produced to E and F, it will appear 
from Jrt. 35. and 36. that the Sine of BPE muft be to 
that of APE, as ^ to ^ ; and the Sine of CPF (BPE) 
to that of APF, as a to c. Therefore, the Sines of 
the three Angles BPE, APE^ and APF (wnich Angles, 
taken all together, make two Right-onts) being in the 
given Ratio of a^ b and Cy it loilows, that, if a Tri - 
angle RST be conftruaed, whofe Sides RS, ST and 
P.T are in the faid Ratio of a, b and f, the Ant/les 
T» R and 5 oppofite t;h?retO;j will b^ refpecftiv^ly equal 

to 
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to the fore-mention'd Angles BPE, APE and APF. 
From whence, all the Angles at the Point P being gi- 
ven, the Pofition of that Point is given by commoa 
Geometry. 

But it is obfervable, that, when one of the three- 
given Quantities a^ B^ c (fuppofe a) is equal to, or 
greater than, the Sum of the other two, a Triangle 
cannot then be formed whofe Sides are proportional to 
the faid Quantities : In that Cafe the Point P will fall 
in the Point (A) correfponding to the greateft Quan- 
tity {a). For, Jt is plain that 3XAB is lefs than ^XBP 
+ ^X AP ; and that rX AC is lefs than fXCP+r X APj 
whence, by adding the Lefs to the Lefs, and the Greater 
to the Greater, it alfo appears that ^X AB+^X AC muft 

be lefs than *XBP+rXCP-|-H^XAP lefs than 
iXBP + fXCP + ^XAP; becaufe a (by Hypothefis) 
is equal to, or greater than, b-^-c. 

P R O B. VIIL 

432. To determine in what Latitude a Right-Une per^ 
fendicular to the Surface of the Earthy and Another 
drawn^ from the fame Pointy to the Center^ make the 
greateji Angle ^ foffihle^ with each other \ the Ratio of the 
Axis and the Equatoreal Diameter being fuppofed given. 

Let AE reprefent the Equa- 
toreal Diameter, and SP the 
Axis of the Earth (taken as 
an oblate Spheroid) alfo let 
RO and RM reprefent the 
p two Lines fpecified in the 
Problem, whereof let the latter 
(perpendicular to ARS) meet 
SP in M ; and let RB be per- 
pendicular to SP. 




It is evident, from the Property of the Ellipfi.s that 
SP^ : AE^ :: BO : BM. And (by Trigonometry) BO 
: BM :: Tang. BRO : Tang. BRM \ whence, by Equa-- 

Uty» 
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lity, SP* : AE* :: Tang. BRO : Tang. BRM ; there- 
fore, by Compofition and Divifion, AE*+SP* : AE* 
— SP* :: Tang, BRM+Tang. BRO : Tang. BRM-^ 
Tang. BRO. But, the Sum of the Tangents of any two 
Angles is to their Difference^ as the Sine of the Sum of 
thofe Angles to the Sine of their Difference * ; whence it 

follows that AE* + SP* : AE*— SP* :: Sine. BRM + 

BRO : Sine. BRM— BRO (ORM). 

Now, fince the Ratio of the two firft Terms is 
conftant, or in every Part of the Ellipfis the fame, it is 
obvious that the Angle ORM, or its Sine, will . be the 
greateft poflible, when its Antecedent (the Sine of 

BRM+BRO) is the greateft poffible, that is when 
BRM+BRO = a Right-Angle and its Sine = Radius. 
Therefore, in the propofed Circumftance, when ORM 
is a Maximum, our laft Proportion will become AE*-f- . 

SP* : AE*— SP* :: Radius : Sine of ORM ; And half . 
the Angle, fo found, added 45°, will give (BRM) the 
Complement of the required Latitude ; becaufe BRM 
+ BRO (or 2BRM— ORM) being =90% it is evi- 
dent that 2BRM=:90+ORM, and confequently BRM 
;=45- + iORM. 

P R O B. IX. 

433. Of all the Semi'Cubical Parabolas^ to determine 
thai, whereof, the Length of the Curve being given, the 
Area Jlmll he a Maximum. 

The general Equation is ax*- ==5^' : Moreover, the 

5 

Area is univerfally =: -^ , and the Length of the Curve 

5" 

3 

^ 

_^^9y 8^ (fieyfrt. 137.) Let the laft of thefe 



2ja^ 



27 



be put = c, and, by ordering the Equation, you will 



get 



* yi^. p. $J. of m)' Tri^ofiomei>y, 
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get jf = — — i — : Whence, -— (and 



2. 
5«- 



confequentlv ^ ) being a Maximum^ it is evident that 

^ ^, -^> or Its Equal a^^ X ijc+Sa^ 

— 4^* muft likewife be a Maximum: Which, put into 
Fluxions and reduced, gives a =:cX — 



Whence 4r and y will alfo be found* 

P R O B, X- 



3^ 



434, To determine the Ratio of the Periphery of any given 
Ellipjis to that of its circumfcribing Circk, 

Call the Semi-lranfverfe Axis CB, a ; the Semi-con<» 
jugate C£, rs any Ordinate DK^y y and its Diftancc 




D B 



CD from the Center, x : Then (by the Nature of the 
Curve) ;; being == —:\/aa — xXy we have y = 



a 



cxx 



a\/aa — :kx 
xy/a 



; and confcquently k \s/x^ '\'y^ ) = 



,4 _ ^i 



Ny' ^"2- 



Xx 



4i\/(ia — X. 



: Which, by making J ^^ 
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?f.=i£ will .be reduced to «= ^V ^^^-^^ f - 
^^ \/aa — XX 



A — X I — — ^ ^c 

\/aa — XX 7,a^ 2 . 4i2* 2 . 4 . 6^** 

(by throwing the Numerator into a Series) whereof the 
tt^^/f Fluent, when iV becomes =<?, will be z (ERB) 

2.2 2.2.4.4 2.2.4.4.6.6 

2.2.4.4. o. o . 5.0 

denotes the Length of the Arch G«B, or J of the Pe- 
riphery of the circumfcribing Circle. 

Hence it follows that the Periphery of the EUipfis is 

d 



2.2 



to that of its circumfcribing Circle, as I — 
2.2.4-4 ^- 2.4.4.0.6 

£5fr. to Unity : Where if, J5, C, D &c. denote the 
preceding Terms, under their proper Signs. 

P R O B. XI. 

435. To determine the Difference between the Length 
ff the Arch of a Semi-hyperbola infinitely produced^ and 
its AJymptote. 

Callthe Semi tranfverfe Axis (AC) a\ the Semi- 
conjugate (or its Equal AE) h ; the Diftance (CF) of 
any Ordinate from the Center, x \ the Ordinate itfelf, 
y ; and the Arch correfponding, at : Then, from the 

hs/x"^ — d^ 

Nature of the Curve we have y = 5 whence 

a 



Sid 
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c jsr 



hxx 



4 • / aaxx + bbxx 
xj H^ a- 

^ aa 



\ and confequently «(=:v ^*+jJ*) 



u 

: Which, making i* = JTjT^ 



s/xx-^-^aa 
V ^^ CE* y ^ ^^ "jT ^^^ "^ transformed to i sa 



^« I — dduu\ , ^ , r. t 

— • . X ■ -7— ; whereof the upper burd, ex- 

1 — uw 
panded,is=i— — — g— t^c* And therefore i = 



47 —■ « //*« //*«*«* 

-r into 7 r- + '' ; ' "" + "Ti — 7=^ 



+ 



MM 



=r ^ -^ .^ . . tt'r. Now the 



S . ev^i — tta^ 8 . 6. 8 n/i — 



uu 



Fluent of the firft Term hereof, -r into -" — . 

^ tt*V 1 — uu 

(XX \ 

-— ., 1 is univerfally expreffed by 

dS/^x"- — tf^y 

K/> — a^ BFXCE 

YJL f-, or its Equal —^ — ! Which, if BN 

be parallel to the Afymptote EC, will (becaufe AE : 

CE 
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CE :: BF : BN) be alfo truly reprefentcd by BN t And 
this Line BN, when jf or z becomes infinite, will co- 
incide with- the Afymptote. Therefore the Fluent 
of the remaining Terms is the Difference fought : 
Which Fluent, when « = i, orj?=:o (pitting ydf for 
4 of the Periphery of the Circle whofe Radius is Unity) 

will \,t = aAX l+^l— + 3-3^^ ^" 

2 2.2*4 2.2.4.4.6. 

2. 2. 4. 4. 6, 6. 82. 2. 4. 4. 6. 6. 8. 8. 10 

(by Art, 286 J but = o when tt=o {or y is infinite). 
Therefore the Excefs of the Afymptote above the Curve 
IS truly exhibited by the preceding Series. ^ E, h . 

If a be taken = i, and ^=0, then i will become 
. = I : And therefore, the Curve in this Cafe falling 

into its Axis AG, we have Ay, — + 



2 2.2.4 



■ ^ ' ^ ^ 3' ^' ^ ' ^' l^c. =:CA, 

2.2.4.4.6 2.Z.4.4.6.6.8 

or Unity. Whence it appears that the Sum of the Sc- 

'"" T + riTi: + TT^—b '» '"^^ Reciprocal 

. of ;|: of the Periphery of the Circle whofe Radius is 
Unity. And, from the Problem preceding the kft, it 
will likewife appear, that the Sum of the Series i — 

I 3 • 3.3.5. 

2. 2 "2.2.474" 2 .2. 4. 4. 6. 6 ^^- Will be 

denoted by the fame Quantity 5 and confequently that 
thefe two Seriefes are equal to each other. From the 
Addition and Subtra£iion of which and their Mul- 
tiples, various other Seriefes may be produced, whofe 
Sums are explicable by means of the Periphery of a 
Circle. 



P R O B. 
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P R O B. XH. 

4.36. To ditermlne the Nature of the Curve CDH, 
tuhicli will interfeSi any Number of Jtmilar and concentric 
ElUpfes AMB, amb &c. at Right- Angles. 

Let the Tangent 
PT, which is a 
Normal to the El- 
lipfis AMB, meet 
the Axis AB in T ; 
and, fuppofing AC^ 
CM, aCy Cm f^c. 
to be the principal 
Semi-diameter^ of 




G 



A^E^ C ^^ T B 



their refpcflive EUipfes, let the given Ratio of AC* to 
CM* (or of flC* to Cm* faCf.) be that of i to « / Put- 
ting CE=;r, ED==y, T>p (E^) =x, and ^/>>=y. 

It is a known Property of the Ellipfis that AC* ! 
CM* :: CE : ET ; therefore ET = nx: Moreover ET 

[nx) : Dp {x) :: ED (y) : pd (y) by fimilar Triangles) 

- - • • 

p ny 

- = — 5 whereof the Fluent 



whence — •= — « or 
nx y ' 



•Alt 126. is L : Jf — L ttf znnL'.y — »L! a * (where tf denotes 
any conftant Quantity at Pleafure.) Hence we alfo 



have L • 



= «XL: — =L:- 



and confequently 



a a" ^ 



P R O B. XIIL 

437. To find the Equation of a Curve ERD that will 
cut any Number of Ellipfes^ or Hyperbolas ^ having the 
fame Center O and Vertex A^ at Right- Angles, 

Let RT be a Tangent to any one of the propofed 
Conic SciSions ARP\ at the Interfcflion R, meeting 

tne 



tf varims Kiftdi, 



sn 




O T A B E O 

the Axis AO in T ; and put AO= j, OB=;f, BR=y, 
»r=x, R»= — jr : Then (per Conies) BT = 



tf*— ** 



jp*— tf» 



in the Eilipfb, and = — ^j — , in the Hyperbola : 
Whence, by reafon of the fimilar Triangles TBR» 
and Rr», it wUl be -^-7^ (BT) ly (BR) :: ^} 



d^x CO x^x a^x 



(R») : ;r (r») : Therefore — yi = 

y* ^ 

CO xx^ and confequently — ~ +rf*=fl*XLr— «» 

\ x'^. Where d denotes a conftant Quantity, depending 
on the given Value of A£. 

PROB. XIV/ 

438. Let two Points n andm move^ at the fame tintif 
from two given Pofitims B and C, with equal CeleritieSy 




Let DS ind #v be parallel to BA, and Sr^ perpen- 
dicular thereto : Putting BC=tf, 00=;^, SD=y» Sr 
-zzk^ and rvs=y. Therefore {hy fm. Triangles] yZx 

LI -J 
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• J!l- 



sD/sfi, and is ly :: a-»x (Sb) : 



a — x^y ^^ 




B*P 



j'^ 



bn : Whence Cw (CD— D;w) =X'^'^\ and B« (B* 
+ i») = y + ^—^^y : Which two laft Values, be- 

X 

• 

caufe the Velocities of the Bodies are equal, muft alio 
be equal to each other, that is, x r=j^ + iCj: : 

y X 

Hence, by making x conftant, and taking the Fluxion 
of the whole Equation, we get x -^ — =^ — 

-i-! — : -^ ; or . =i -^ J from which there 

X X y 



_ y X 

2Lnksa—x^Xy*^x^9 and -7=-= — 7==- 



: Where, 



the Fluent on both Sides being taken, we have 2 \/y 
= 2 \/a — 2 \//7 — X , and confequ^ntly x=^2\/ay 

— y: Which Equation pertains to the commwi Pa- ♦ 
rabola. 

Others 
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Otherwife more univerfallyythus. 

439. Put Cmznv and Bwzzw, and let thefe Quan- 
tities (inftead of being equal) have any given Relation 
to each other. Then, fince the abfolute Celerity of m 
is expreffed by 'v, its angular Celerity, in a Direftion per- 
pendicular to Sw, by which the Line S;« tends to re- 
volve about the Point of Contaft S as a Center, will 

Sine of Bmn 
be truly defined by j, ,> X <h {Art. 35.) 

In the fame manner the angular Celerity of «, about 

Sin, Bnm 
the Point S, will be defined by » 1 ■' X ^. Now, 

as thefe Celerities muft be to each other as the Di- 
ftances Sot and S« from the Center S (or direftly as 
the Radii) we have Sm : S« (:: DS : bn) :: Sin. Bmn X 
«£r : Sin. Bnm X *w ; whence, bccaufc Sin. Bmn \ Sin. 
Bnm :: Bn (w) I Bm (a • — v) we alfo have DS * bn :: 

wX'v : a — V X w : Therefore^ by Compofition, DS • 

(DS + ^^) VJMwii \ w^ + a — V X w, and confc- 

fluently DS = — . , — : Whence bn (w — 



a — vXtvw bnxBm\ 

SD) = . , ^ -;andBDC=S^=^^^ ) 

iW'-f'a — vX'w Bn J 

a — Vi Xi^ 

^ : From whence the Curve itfelf 



«w + o — vX^ 
will be given. 

If V and w be taken equal to each other (as above) 

then SD (y) will become = — , and BD = ".Hill 



w 



= « — 2W 4" — i '«* which laft, if for w its Equal 
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y/ayht fubfHtuted, we (hall have BD = tf — ^s/ay 
-fjr; and confcquently CD [a — BD) =2V^tf7 — J^ 
the very fame as before. 

P R O B. XV. 

440. Suppofmg 0. Body T to proceed^ uniformly^ along 
a Right'lim BC, and another Body S, in purfuit of the 
fanu^ always dinSlly towards itf with a Celerity which 
is to that of T, in any given Ratio j of 1 to n; *tis pro* 
pofed to find the Equation of the Curve ASD defcribed by 
the latter. 

Let the Tangent AB, which makes Right*AngIeg 
with BC, be put = tf , BR=;r, RS=y, and AS=2 : 




yx 
Then the Subtangcnt RT being = —.^ we have BT 

= ^ + 277 • Mpreover, fince the Diftances BT and 

AS gone over m the fame time, are as the Celerities n 
and I, we alfo have BT (=»X AS) z=.nzz=.X'^ 

yx — v;r 

-—: : Whence, in Fluxions (making y conftant) — r— 



= nz i and confequently — — • f = -rj = 



X 



Th« 
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The Fluent of which Ch ^^^- I5t6.) is — » X Log. y 
=: Log. ' -^ ^ : But when y^^^a^ ir is :=: o, 

y 

and then the Equation becomes — » X Log. tf = o ; 
therefore the Fluent^ duly correded, is nXLog. a^^n 

X Log. jf = Log. ^^ : ■ — 9 or Log. — =: 

y f 

Log. ^ + V^J^'+^\ Whence it is evident that — 
y / 

= . ^ Y > and ^ - ^ = V<F+^ J 

from which, by fquaring both Sides, %x is found =: 

il'-^tL^ whofc Fluent is zjr = — ^jUl + 
/ fl« I — » ^ 

^ . But when y = i?, i» is = o, and then. 



tf a ina 

o = - Tir^ + ;;^- =- j3^ ; therefore the 

Fluent corre3ed is 2Jr =: — - *-ii -|- ^ . -h 

I — n n+ 1 

Otberwije (without ftcond Fluxions*) 

441. Put ST =P and RT = ^. Then fince the 
abfolute Velocity of the Body S is denoted by Unityt 
that with which the Ordinate SR is carry'd towards the 

Body T will be denoted by p^ X i or ^ {by Art. 35.; 
which fubtra£ted from n the Velocity of ST, leaves n — 
-p for the relative Celerity with which T recedes from 

LI 3 R; 



S 1 8 the Re/olution of Problems 

R : After the fame Manner, if from -prXn the Celerity 

of Tin the Dirc<ftion ST produced, there be taken (i) 
the Celerity of S in the fame Diredion, the Remainder, 

— — I, will be the Celerity with which T recedes 
from S: Therefore, the Fluxions of Quantities being as 
the Celerities of their Incrcafe, we have n — p- ; -0' 

*— i::^:P; and confequently n^^Px^jrinP ^xP. 

But, fmce the Quantities P and ^are concerned exadUy 
alike, the Equation thus derived will, in all probability, 
become more fimple, by fubftituting for their Sum and 
Difference : Let therefore P + J^=/, and P ^^=t;, 

or, which is the fcnie, let P = — - , and ^= ^ ^ 



ns — nV'^s — V 



2 
Then, by Subftitution, we fhall have 

X-i = r X -— - ; which con- 



traSod, ifci becon;ie8 i'^nXvsz:ii~nXs<by or i+nX 
- = I — « X — J whofe Fluent (corrfefted) is i 4-« 

X Log. s = I— «XLog. w + 2« X Log. «, or Log. j*** 
= Log. «*•«/'"'". Whence .'+•=«"«;»-% a^d 
confequently * X «^ = ^7 t^: But/z;(=:ST+RT 
X ST— RT = RS*) =/ ; therefore j'"^" X z;'**^" z= 



+1 



IITI 

*" * = tf*"v*, and V = — • J whence j 



y 

a 



(=0 



= il , ST ( i±-»)^L + £l',RT (£=?) 



of ^dritfus Kindf. 519 ^ 



== -4r,-^-ButRS6):ilT(-^-^ ) 



_« • . .• • 



ay y y ' , 
::i * i ; whence air = — ^ — . — - , and 2^ = — 

y « 



^ + — ~— » + ; — -r* the very fame as before. 
i—n n+i ^— »« ^ 

Corollary. 

442. If the Velocity of 5 be greater than that of T 
{or n be lefs than Unity) the two Bodies will concur 
when the latter has moved over a Diftance exprefied by 

na 
' X s becaufe, when y becomes =0, 2* is barely = 

t • But if the Velocity of 5 be lefi than that of 



7*9 it is plain that S can never come up with T: But its 

n — 1 \^ 
neareft Approach will be when y ^=^ n+i\ X « : Jor, 






fmce ST is imiverfally = —;^ +l—^let the Flux- 

2y 2a 

ion of this Expreflion be taken and put equal to No- 
thing } and y will be found as above exhibited. 

If the Celerities of S and T, inftead of being uni« 
form> vary according to a given Law ; then, denoting 
the former by /t and the latter by B, the Equation of 

X By 

the Curve will be ; ■ ' ■ =5 — -77 • And if the 

By 

Fluent of — -^ be explicable by a Logarithm, as L. N; 

then, the Fluent of - ^-1— , being L. -^+^-^^+^' », * Art. 116. 

LI 4 we 



rzo Tbe Refolutim cf Problems 

wc (hall have JST ss ^"^^^^"^ ""* ? which, brdcrM, 



gives 



^_ J^ . Whence X wiU be found. 
P R O B. XVI. 




443 . To determim the Prujium CDEF of a Trtan- 
gular-Pri/mj of a given Baji CF and Altitude BA 5 
wA/VA, mw/«^ in a Medium^ in the Dire£fion of its 
Length BA, /hall be rejifted the leaft pojfible. 

Draw CH parallel to BA meet« 
ing ED, produced, in H : More- 
over, let HP, PQ and PR be per- 
pendicular CO CD, CH and DH 
rel^eSively. 

Since the Number of reiifting 
Particles ading upon DC is as 
DH, and the Force of each as 

/DR*\ 

V DP* J ^^ Square of the Sine of 

the Angle of Incidence DPR^ 
the whole Refiftance fuftained by DC will therefore be 

DHXDR* 
cxprcffed by — ^pj — , or DR, which is equal to it (by 

the Similarity of the Triangles DHP and DPR) Whence 
the Reiiftance upon ADC is truly expr^ed by AR (AD 
+ DR) and is a Minimum when its Defed (PQ) be- 
low the given Quantity AH (or BC) is a Maximum : 
But PQ^is a Maximum when CQ^ and HQ^are equal $ 
becaufe, the Angle CPH being Right, a Semi-circle de* 
fcribed upon CH will always pafs thro' the Point P 5 
and it is well Jcnown that the greateft Ordinate in a 
Semi-circle is That which divides the Diameter into two 
equal Parts. 

Hence the Angle DCH, when the Refiftance upon 
ADC is a Minimum^ will be juft the Half of a Right- 
Angle, provided BC be given greater than BA i other- 
wife. 
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wife, the whole Prifm CAF will be lefs refifted than 
any Ftuftum CDEF of a greater Frifin. 

P R O B. XVII. 

• 444. To detirmine the Angle RBE which a Plane EBF 
nmft make with the Wind blowing in a given DireHim. 
RB» yi that the Plane itfelfmay begged in another givem 
Direction BA with the greatejl Force fojftble. 

It is known, from the ^ 
Refolution of Forces, that "- 
the Force whereby the Plane 
EF is urged in the ^vcn ^^ 
Direaion BA, by a Par- E fRi-....r«|- « ^-^ 

tide of Air, afling in the : f ! 

Direaion RB, is diredly as [ j ' \ 

the Reaangle of the Sines , ** jT """"* 

of the Angles (ABE, RBE) 

which the two given Direaions make with the Plane 3 
Therefore, fince the Number of Particles adrng on EF 
is as the Sine of RBE, it follows that the whole Force, 
or Effea, of the Wind, in the Direaion BA, will be 
as 5 . ABE X ^qu . S. RBE ^ which being a Maximumy 
we have (by Prob. $') 3 • i - Sine of t)^ whole given 

Angle RBA : Sine of RBE— ABE- Whence the Angles 
RBE and ABE are both given. ^ E. I. 

Corollary, 

445. If the Angle RBA be a Right one (which is 
the Cafe with regard to the Sails of a Windmill) then 

the Sine of RBE — AEB being = f = ,333 fefr. we 
ihall have RBE —AEB = i9*> : 28'i and confequently 

««r. /RBA+AEB\ 

RBE ( J ) - 54- : 44'- 

PROB. XVIII. 

446. If two Bodies A and B, joined by a Stringy be 
urged in oppojite DireSlions^ towards P and Q, by any 
given Forces F andfy uniformly continued \ Uis propofid to 
find the Tenfton of the Strings or the Force whereby the 
Bodies endeavour to ruede from each other ^ 

^ Since 
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Since F'-^f is the abfolute Force by which die two 
Bodies are, conftantly, urged towards P, the whole 
Motion, generated in Both, in any Time Tj will there- 
fore be cxpreffed by F-^fXT: Whence, becaufe both 
Bodies (by reafon of the String) acquire the fame Ve- 
locity, the Motion generated in J, alone, will be 

jf 

^TTg X P—fy-% or thatPart of the Whole defined by 

■ ^ I ^ . But the Motion of 4^ had it not been 

retarded by the String (or 5) would have been T 
X T\ therefore the Lofs of Motion, by the Adion 



■cnn«n» 



F / Q 

A B 



upon the String, is FX 7*— 7X5 ^ ■^— / X 3"* 

fA -4- P^ 
= A,^ X T: Which, divided by the Time T 

fJ+FB 
(wherein that Lofs or EfFeS is produced) gives jarD » 

for the Tenfion of the Thread, or the Force fnfficient to 
caufe the faid Lofs of Motion* 

The fame otherwife. 

447. Becaufe the Force F^ was it to aft alone, would 
communicate, by means of the String, the fame Ve- 
locity to B as to A, the Part therefore of the Force F 
employM upon 5, by which the String is ftrech'd, will 

J4-B ^ ^* °*" A-U B '' "^"^^ ^^^^ ^^^y "^® 

Argument, if the Force /was to aS alone, the Tenfion 

fA 
of the Thread would be j i' d ' Therefore, when both 

the 
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the Forces aft tojgcther, the Tenfion will be j!ijg ' • 

For it is very plain that, their aSing both at the fame 
time, no way influences their refpeftive EflFefts on the 
Thread. ^ E. J. 

Corollary. 

448. If the Forces Fzndfbe refpeftively expounded 
by the Maffes, or Weights, of the Bodies J and B ; ^thc 

2y/B 
Tenfion of the Thread will then become ^ . ^ . 

Whence it appears that the Tenfion of a Thread Aiding 
over a Pin orruUey, by means of two unequal Weights 
jf and JS, fufpended at the Ends thereof, is equal to 

2y/B 4y/B 

■^ , -g ; The Double whereof, or ^ . p , is the Weight 

which the Pin or Pulley fuftains, while the Bodies are 
in Motion ; becaufe the Thread hangs double, or on 
both Sides the Pulley. 

If feveral Bodies ^, B, C, D &r. communicating by 
means of a String or Wire AF, be urged towards a 
Point P, in the Direftionr of the String or Wire, by 
any given Forces p^ y, r, s {ffr. refpeSively, the Tenfion 
of the Part AB will be 

_ pXB+C + Diffc.—AXg+r+s ^ c..^ 

J + B + C + D ^c. • 

of the Part^BC 



•••••WMI.I 



A B 



of CD 



' J+lf 4- 6' + ZJ 45f f . 

All 
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All which eafily folbws from above ; and will an? 
fwer alfo in thofe Cafes where fome of the Forces are 
fuppofed to ^Qt in the contrary Diredion, if every iuch 
Force be confidered as a negative Quantity. 

PR OB. XIX. 

449. Let it be nquired to raife a given Weight N, t9 
a given Height BC, aUng an inclin*d Plane hC^ by means 
of another given Weight M, connected to the former by a 
flexible Rope NrM, moving over a Pulley at C; to find 
the Tenfton of the Rope \ ajfo^the Inclination and Length 
of the Planej fo that the Ttme of the whole Ajcent may be 
the leaft poffible. 

It is well known diat 
the Force by which H 
tends to defcend along 
the Plane AC, or afis 
m oppofition to At (fup- 
pofing BC=tf9 and AC 

aN 
zsix) will be — .• 




Therefore JI/— 



oN 



^ » is the efficacious Force, by which the 

X - 

Bodies are accelerated : But it is likewife demonftrable^ 
that the Time of defcribing any Line by means of a Ve- 
locity uniformly accelerated, is in the fubduplicate Ratio 
-^ of the Length thereof, direflly, and the fubduplicate 
*' Ratio of the acceleratihg Force, inverfely *; Whence 
it follows that the Time of defcribing AC will be 



reprefented by 



Whole Fluxion ( or 



\/xM—aN 
that of its Square) being made equal to Nothing, x will 

TXlN 



be found = 



M 



or M • 2jV v.a\x. Hence the 

Time 
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Time of the Afccnt will be the Icaft pofEble, when the 
Sine of the Planers Inclination is to the Radius, as the 
Power {M) is to twice the Weight [N) to be raifed. 
The Tenfion of the Rope will be determined from 

aN 
the laft Problem, (by writing iV for!//, — for F. M 

tot By and Mtotf) and comes oul= jrrjjX ""^"^ 

^ E. /. 
PR OB. XX. 

450. Lit AC reprefent a Piece of Timber 9 moveable 
about a Center C, making any Angle ACG with the 
Plane of the Horizon CG ; to detertkine the Pofition of a 
Prop or Supporter OS, of a given Lengthy which Jball 
fujiain it with the greateft Facility y in any given Poji^ 
tion I and alfo what Inclination AC will have to the Ho-' 
rizon when the leaji Force that can fujiain it^ is greater 
than the leaJi Force in any other Pofition. 

Let R be the Center of Gra- 
^ty of the Beam AC, and let 
R;f, 'Sim and CD be perpendi- 
cular to AC, CG and OS re- 
fpeaively: Putting SO=j, CR 
r=r, C;w=:jr, and the Weight 
of the Beam =: w. 

Then, by the Principles of 

Mecbamcsy we (hall have, firft^ 

fxw\ 
as Rj«:R«, or as, rlxv.w: \~) the Force, 

which a£b'ng at R, in the Dire£tion R;?, is fuflScient to 




S W T G 



fuftain the Beam AC 5 fccondjy, as CO : CR (r) :: 



xw 



xw 



Xthe Quantity laft found) : -q^ , the Force able to 

fupport it, at O, in a perpendicular Dire^ion \ and, 

laftly. 



^ 
J 
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laftljr, as GD : CO :: g^ : ^Ijg, the Foicc> or Weighs 

a£KiaIly fuftained by the given Prop SO. Which Ftirce 
will thererore be the leaft poflible when the Perpendi- 
cular CD is the greateft poiSble^ let the An^e of !»• 
. clination GCA be what it will : But of all Triangles, 
havtng-the fame Bafe (OS) and vertical Angle (SCO] 
the Ifofccles one la known to have the greateft Perpen- 
dicular : Therefore the Triangle CSO will be Ifofc^es, 
and the Angles S and O equal to each other, when the 
Weight fufiain'd by the Prop OS is a Minimum. . 

But, now, to give a Solution to the latter Part of 
the Problem, or to find (fuppoiing the Angles' S and 

O to be equal) when ^g X «^ is a Maximum^ let €D 

produced meet niR* in F ; and then,, becaufe of the find^ 
lar Triangles CDS and CwF, W£ (hall have. CD \x 

X mT 
(Cm) ::SD (ftf)* : «F, orgD"^ * '^^ ^°°^^ 

^. mT * 

quently -^ X w = t~" X w : But,, fincc CF bifefit 

the Angle /sCR, we alfo. have,, r-^rx (CR4:0«) : x 
(Cm) :: v/F^^P (R«) : Fm = •*^^*~-^* = 

x^/ — -— : Whence the Force -j- X w* aftins 
upon the Supporter, is likewife truly exprefled by 

WX j Y ^ 

T\ J -7- • Whereof the Fluxion being taken and 

put equal to Nothing £ffr. we get x = ^^ S ^ . 

2 

Therefore CR : Qm (:: i : '^^~A :: Radius : Co- 
fme of RCG=:5i° :5c', the Inclination required, 

PR OB. 



f 
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P R O B. XXI. 

451. To determine the Pofiiion of a Beam CD, move- 
able about one End C as- a Center^ and fujiained at the 
ether End D by a given Weight Q, appended to a Cord 
QAD pajjing over a Pulley at a given Point A. 

Let G be the 
Center of Gra- 
vity of the Beam; 
alfo let DF, GK 
and CH be per- 
pendicular to the 
Plane of the Ho- 
rizon» and CL 
and AH parallel 
to the fame : Put- 
ting AH=a, CH=zi, CD=r, CG=d, DLz=x, CL 
=;^, and the Weight of the Beam =«;. Then AF 

= a—y, DF=b+x^ and AD (\/AF*+DF*) = 

\/a^ — 2aj/ -f- j^* -f- ^*+ 2bx -f- A-* ; which ( becaufe y^+ ^ 

A'* = ^*) will alfo be = v/«*+^*+^*+2^;r — 2ay == 

x/f + ibx — iay (by putting /*=tf*+i*+^*) whofe 

bx — ay 

Fluxion, .^ , ' - > multiply'd by ^, is the 

S/f^-^-^bx — zay ^ 

Momentum of the Weight ^, fuppofing the Beam to 

to be in Motion. Moreover, becaufe DC : DL : : CG . 

■ 

dx dx 

GI, we have GI = — ; whofe Fluxion, — , multii- 

ply'd by w, is the Momentum of the Beam Itfelf in a 
vertical Direftion. 

Wherefore making thefe Momenta equal to each other 
(according to the Principles of Mechanics) we get 

bx — ay dx 

— =r X ^= -7 X w, and confequently 

y/f'-]^2bx—2ay ^ ^ ^ y 

bx'-^ayX c^-=z dwx Vy * "i" ^^'*' — '^^y - ^"^ ^nce 
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j>* -I- jr* =s c\ wc have 2yi + 2xx =: o, or — i = 



XX 



axx 



— : And therefore (by Subftitution) 4x + fT X r^ 

^ y 

zziiwxs/p+^bx — 2aj^ or *;^+«Jf Xc^=4f|wX 

y/p- ^lix — 2ay : From whence, and the foregoing 
Equation x'*''\'f"szc*^ both x ^xAy may be determined. 

ll)i farm otherwifi. 

A52. It is evident, from Mechanics, that the Force 
which, a£ting in the Diredion DF, would fuftain the 
End D, is to the whole Weight w, as CG to CD • 

CD 

gnd therefore is = qq Xw: It is likewife known 

that two Forces a£Kng in the dilFerent Diredions DF 
and DA, fo as to have the (ame EflFeA in fuftainmg 
DC, or cauling It to move about the Point C, muft be 
to each other, inverfely, as the Sines of the Angles of 
Incidence FDC and ADC. Therefore we have S. FDC 

CD 
: 5. ADC::^:QgXw5 from which given Ratio of 

the Sines, the Angles themfelves will be found, by an 
algebraic Proceis independent of Flusdons* 

Corollary. 

453. If the Pofition of CD be fuppofed given, and 
the Tenfion of AD (or the Weight ^ be required : 
Then, from the foregoing Proportion, we ihall have ^= 
S. FDC CG 
o ADC ^ CD ^ ^' Which will alfo exprefe the 

Tenfion of AD when the End C is fuftained by a Cord 
BC inftead of a Pin at C : Whence it follows that the 
Tenfions of two Cords AD and BC, fuftaining a Beam 
or Rod CD, at its Extremes D and C, are exprelTed by 

S. FDC CG 5. HCD DG 

SrAPC^CD^"'* and^-g^Xgjj-Xwj and 

there- 
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«crcforc are to each other as - ^ , r^p. to V jjcn * ^^ 

as 5. BCD X CG to 5. ADC X CG re^)eaively ; be- 
cftofe the Sine of FDC and that of its Supplement HCD 
are equal to each other. 

P R O B. XXII. 

454. 7i determnejhe Pofition of a Beam DC, fuf- 
fended at its Extremes by two Cords AD and BC of given 
Lengths^- from two given Points A and B in the fame 
horizontal Line AB. 

Let G be the Center of Gravity of the Beam, and 
let DF and CH be perpendicular to AB. 

A P Q H B 



It appears, from the Corel, to the laft Problem, that 

CG 

the Tenfion of AD is to that of BC, as o ADC ^ 

DG 

S BCD * w^^"^^ (^y ^^^ Refolution of Forces) the 

Force of AD, in a Dire£^ion parallel to the Horizon, 
is to the Force of BC, in the oppofite DireSion, as 

CG g. ADF DG g.BCH 
S. ADC ^ Rad. ^° S. BCD ^ Rad. * ^^^^^ 

Forces, that the Beam may remain in Equilibrio^ muft 

M m con- 
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confequentiy be equal to each other •, and therefore 

. 5. BCD 5. BCH^DG _ . 

57X00= sTADF ^ CG- But now. to determine 

the Angles thcmfelves, from this Equation and the given 
Lengths of AB, BC &c. let AD and BC be produced 
to meet each other in P, and let PQj, perpendicular to 
AB, be drawn ; putting AB = a^ AD = ^, BC = f, 
DC=d, DG—/, CG=^, A?=x and BP=:;^. 
Then, becaufe AB : AP+BP :: AP— BP : ACV-BQ. 

AP*-BP* . A o - X A p . ^P' — ^P* 

= — AB— ' ^^ haveAQ=|AB+ ^^3 - 

AB* + AP*— BP* 
= — 7T> i and confequentiy the Co -line of 

AgiJ. Ap* RP* 

A (= Sine ADF) to the Radius '= ^AB X AP ' 

Whence, from the fame Argument, it is evident that 
the Co-fine of B (=Sine BCH) will be exprefled by 

AB»+BP*-AP» AP'-j-BP*— AB* 

2ABXBP ' ^JThatof APBby ,APxBi> ' 

PD*+PC»— DC* 
and alfo by 2PDXPC * which two laft Quan- 
tities being equal to each other, we have PD X PC X 
AP*+FP^— HB*=APXBPXPD*-j-PC'— DC-; that 

is ^^X;- — t- X x'--\-y^—a^=xy Xx—^^+p^^^d\ 
Moreover, fince PC : PD :: 5. ADC (or PDC) : S. BCD 

(or P^D) we alfo have p^ = ^^j^ = ^-j^ X 

DG 

QQ (by the firft Equation); whence CGXPDX 

S. ADF = DG X PC X S. BCH ; that is CG X PD X 
AB*-^AP*- BP* _ AB--i-BP- -AP» 

CG 
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CGXPDXBPXAB*+AP*— BP*=DGXPCXAPX 

AB*+BP* — AP% which, in algebraic Terms, \%gyY. 

x — hXa"--^ x'^—f z=zfx X>^X«'^+>*— ;r*. From 
whence and the preceding Equation the Values of x and 
y will be known« 

PR OB. XXIII. 

45 5 . Suppofmg a Beam CD, meveable about one End 
C^ as a Center^ to be fujiained at the other End D by 
means of a given tVeight P, hanging at a Rope pajjing 
ever a Pulley at a given Point A, vertical to C ; *tis pro^ 
pofed to find the Curve APK along which the Weight rnujh 
ajcend^ or dejcend^ fii as to be^ every where^ a jujl Coun^ 
terpoife to the Beam, 

From the Center C, 
with the Radius CD, 
let a Semi-circle HDR 
be defcribed, and let 
DB and PF be perpen- 
dicular to the vertical 
Line AHCR; alfo let 
CD=.7, CAzz:^, AH 
— c, hY=x, PF=^, 
HB=z, and the Length 
of the Rope DAP=w; 
likewife let HQ (h) be 
the given Value of iV 
(AF) when D coincides with H. 

Bccaufe the Weight and the Beam are always in 
Equtlibrioy by Hypothefis, their Momenta, and con- 
fequently their Velocities, in a vertical Dire£tion, muft 
be every where in a conftant Ratio ; and therefore 
the Di fiance QF [h — x) afcended by the Weight P, 
will be, to the Diftance HB dcfcendeJ by the End 
of the Beam D likewife in a conftant Ratio: Let 
this Ratio be that of b to any given Quantity d^ 
that is, let h — x:z::b:d, and we {hcdl have dh — 
dx=bz : Moreover, we have AD'' (CDM-A^* — 2AC 

XBC) z=La'-'+b'-^2LX^^^ = b—a''+2i?z—c^+2bz 
zn^c'' — 2^/Z^ + 2dx : Whence AP {m — AD) =:m — 

Mm 2 
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\/cc—2dh+2dx9 and therefore, y* (AP*— AF*) =s 

m--\/cc—2Jb+2jij^*—x\ ^ E. I. 

After the fame manner a Curve may be found,- along 
which a Weight defcending, ihall be every where in 
Equilibrio with another Weight afcending thro' the Aijch 
of a given Curve* 

PROB. XXIV. 

456. To find the Equation of a Curve ABH, along 
which a given Weight P, fuj^nded by a String FED 
pajfing over a Pulley £, muji defcendy fo that the Tenfion 
of the String may vary according to any given Law^ 

Let EC be perpendicular, and 
CP parallel, to the Plane of the 
Horizon; alfo let AE=:i7, AC=;r, 
CB=y, EP=v, and let the Ten- 
fion of the String (or the Force 
a£iing at the End D) be denoted 
by any variable, t)r con(t«t. Quan- 
tity ^ 

Therefore, beraufe the Celerity 
of the Weight P, in a vertical Di- 
redlion, is. to its Celerity, in th9 
Diredion EP produced, (or the 
Celerity of the other End D) as 
X to *£», it is evident that the Weight 

itfelf muft be to the tending Force ^, inverfely in th at 
Ratio, and confequently Pxzzz^. 
Furtherniore, bccaufc ECz=ia+x and BC*=BE*— 

EC% wchavejr*=^* — J+P*: From which Equa* 
tions, wlien the Relation' of P and ^ is given, the 
Curve itfelf will alfo be knowa 

Thus, for Example, let the Ratio of P to ^ be 
conftant, or that of m to //, then mx being =ini;j we 
have (by taking the Fluent) mx -{- na z=i nv -^ whence 

rix 2 max 
1? = tf 4" — J and therefore ^'^ (=:/?»+ -f- 




m'^x* 
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m — n m^-^n^ 

Which is the Equation of an Hyperbola. 
Agaiii) for a fecond Ejcample, let the tending Force 

^ be to the Weight P, as DE" to AC*" Xc*^, or as^ 



J--W : ^"V*"** (fuppofing i=P£D and r = any given 
Line AF) Therefore, fince ^= ^~^ - X P, and 



■ ,^ « "XP-i) (=^^) —Px, we have ^— t; X* 

,11+1 ■.g-t-i 






X, and 10 I I ^ ■ =s 

;» + ! 



X , V- Mr\ v« + i 

.5 whence ^ — vi =; ^-— i^i — . 






— J , and V ( EP ) = * 



«— »»w m + 1 



» + l 



X:-.3;,.tx_«+,Xc'-''."-^ . From Which 

;w+ 1 i 

the Relation of x and j^, or the Value of fiC, is alfo 
known. 

But if OT r= o, and « == i , ( vhich will be the Cafe 
when the Force ading at D is equal to that, by which a 
Beam or Rod is made to move about a Center^ as in 
the laft Problem) v will then become, barely, zz: ^ — * 

b — a^'' — 2rA» , and therefore y^ (= ^* — a 4- a-^* ) 

= ^ — V^^_^V — 2f^| — ^4-;ir' : Thercfora 
ABH isj in this Cafe, a Line of the fourth Order. 

Mm 3 PR OH. 
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P R O B, XXV. 

457. Suppojing a Ray of Light ABCD t9 be refraSled 
at the Surface of a given Sphere MQND, and after- 
wards refieSied any given Number (n) of Ttmes^ tvithin 
the Sphere ; to determine the Diftance of the Incident Ray 
AB from the Axis MN, fo that the Arch MBCDE, in- 
tercepted by the given Point M and the emerging Ray at 
E, may be a Minimum. 

Let the Radius 
OB = ij the Sine 
of Incidence BR=: 
x^ and the Sine of 
Refraaion OPzrj^, 
and let the given 
Ratio of the two 
laft be that of ^ to q. 
Since all the An- 
gles of Incidence 
and Reflexion BCO 
OCD, CDO isfr. 
are equal, the Arcs 
BC, CD and DE muft alfo be equal j and confequently 

MBCDE=:MB+H^XBC=MB+2H^XBQ: 

•Artaa. Whofe Fluxion is to be equal to Nothing*. Now 

the Fluxion of the Arch MB, whofe Sine is x and 




t Aft. 14a. Radius Unity, will be c= 



\/l — X' 

the Arch BQ, whofe Co fine (OP) is y^ = 



t f and that of 



v/i— 1 



Hence we have " 



X 



2?7+ 2 Xy 



\/i—x^ \/T^ 



-= o : But, 



qx qx 

fince X ly-' p' q^ y'^s =z -- and ^ := --- ; and fo we 



b»ve 



^ — ^ — — J.^ \ =:o ', whence ;piittms; 



V^v 



q'x' 



m 
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m = 2«4'2) X Is found 
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Q n/ 



^ r — P^ 



Fronv 
? •^^ OT*— I 

which it is obfervable^ that, when m^ is lefs than /, or 

P 
2«4- 2 lefs than — , the Arch MBCD continually in- 

creafes with BM ; and therefore is the leaft pofSble, 
when B coincides with M. ^. E, L 

P R O B. XXVI. 

458. If two Rays of Light PR and Pr, from a givkn 
Point P, making an indefinitely fmaU Angle with each 
other ^ he refeSied at a given Curve Surface ARB ; 'tis 
propofed to determine the Concourfe^ or Focus^ Q^ of the 
refe^fed Rays KQ^and rQ^ 

Let RO, perpendi- 
cular to the Curve, be 
the Radius of a Circle 
having the fame Cur- 
vature with ARB at 
R ; make PH and QM 
perpendicular to RO, 
join Q, O ; and put RO 
=r, PR=;', RH=v, 
and RQ,= si- 
Then, becaufe the Angle of Reflexion ORQ is equal 
to the Angle of Incidence ORP, the Triangles RQM 
and RPH will be fimilar, and therefore y:v::z: RM 

'= — : Whence OQ: (RO* -f- RQ^— 2ROXRM) 




= r* -f 2^ — 



2rvz 



But, fince this Quantity OQ^ continues the fame 
(by Hypothefis) whether we regard one Ray or the 
other (that is, whether y ftands for PR or Pr) its 
Fluxion mufl therefore be equal to Nothing ; that 

Mm 4 i8> 
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h az:^^ ^^^^^T"-^""-^ =:o: Whence 

y 

zzzLT- "^iButibyJrt. 35.)i=:— yj therefore asr 

"^vxf yy 

-rr : Moreover {lyArt. 73.) r= r-j 

»— ^ 'TVy-y^ therefore 

-. -^ .= ^ . «£/ 

ExMMple I. Let ARB be an Arch of the Logarithmic 
Spiral : Whofc Equation is flv = ^jf f: And then, v 

ky f ^yy \ 

bcing=-, we fliaU have z (^pr=^) =^- 

Therefore in this Cafe the Incident and Refle£led Rays 
are equal to each other. 

Ex. 2. Let ARB be fuppofed to degenerate into a 
Right-line : In which Cafe v being confbuit, its Fluxion 

vyy \ 

«^ is = 5 and therefore % ( = ZZ^J ^'^y • Which 

being negative, indicates that the Rays do not converge 
after Rcfle£lion, but, on the contrary, diverge from a 
Point on the contrary Side of ARB, at theDiftanccy. 
Which is very eafy to dcmonftrate by common Geo- 
metryii 

P R O B. XXVIL 

459, Let two Rays of Light PR and ?r,/rm a givea 
Point P, he refraSied at a given Curve Surface ARB j t§ 
determine the Focus Qjf the refra5led Rays RQjondrQ. 

Let the Lines RO, RH ^V. be drawn, and denoted 

as in the preceding Problem : Moreover, let the Sine of 

Incidence PRH (to the Radius i) be reprefented by j, 

and let it be to the Sine of Refradtion ORQ, in the 

^iven Ratio of i to ». 

3 Tbea 
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Then {byTrigonometry) i : ns (Sine QR M) ;; z (RQ ) 
:QM = »5%; and therefore RM = \/«* — »*j*a* 




rrjsV^i — «V. From whence, following the Steps 
of the preceding Problem, we alfo get OQ2=r*-t-2* 

— 2rzv^i — «*x*; and'its Fluxion 22;« — irks/i — n*'s*' 

+ J ==: O ; or zaV^i — «*j* — r«X i — n^s^ 

+ K*raf J = 0. But (*j^ Art. 35.^ « = — »j; • there- 
fore — zy\/i — «V -f-f> X I — »V + «rzj/=:0: 
Moreover (*y rr/^.) i (Radius) : s (Sine of PRH) :: 

y (PR) : v/y* — ^* (P^) whence we have /;> = 
V^f=^, J* = i — 7, andj.= ^ ^/ ^ 



r 7 

^- J ; which Values, of s^ and jj, being fub- 

y 

ftituted in tJie foregoing Equation, it becomes — zj 
I — «* + — :^ + O A I — «* + — ::— + »rz X 



I — «* + -^ + rj X I — «* + — 

y y"- 



ilP-y yD<jj 



= 0, or — z/jjV^i-— ««X/+^*^* + W ^ 



I •— «« X j^* + «*v*+^2X^!y ■— yv'b = o ; or (putting 

\/i — »*x/+«'v* = «^) — ^;: — • + wVi + 
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naev^j — njzw = o. But {ly ArU 73.) r = -r, 
therefore '^%ywv'\'W^yy^n%v*'y — i9rjf2i^v=o» and 



confequently % = 



«;*j[y 



^E.L 



From this Solution, that of the preceding Problent 
is eafily derived : Alfo from hence the Cauftic (or the 
Curve which is the Locus of all the Points Q^ thus 
found) will likewife be given. 

< 

P R O B. XXVffl. 

460. 3« find the Timt tf the Vihratim of a Fendulum 

in the Arch of a Circle. 



Nr 



*Art* 142. 




Let AB denote the Pen- 
dulum in a vertical Pofition ; 
and from any Point D in the 
given Arch CBH, wherein 
the Vibrations are perform*d, 
draw E)/* parallel to CH ; and 
Jet AB=^, BE=r, B/=Af, 
and BD=z : By the Nature 
of the Circle we have x =: 



ax 



*]* Art 207. as 



V/E/ 



+ , will be defined by 



. =r * : Whence the 

\^2ax — XX 

Fluxion of the Time, being 

ax 



\/c — x)K\^2ax^xx 



ax 



\d X 






\/cx — xxXs/^a — X \/cx — XX ^^^ 



kd Xx 



'■I * 



\/cx — 



XX 



X I + 



X 



+ 



3* 



.-4> 



A 



.^•S-*"" 



3 ; ^ ' 7^^ 



2 . 2a ' z.^.i^a^ 2.4.6. 8fl^ 
^c. Whereof the Fluent, 



when 
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Vfiitn x^SLC^ [pxcx—1^ z=:o)\s^[hyAri.i42,and2%b.\ 

equal to py/la X i -^ f- ^ ^ ^-s; 

2.2. 2fl 2. 2. 4. 4*^ 



3 ' 3 - 5 ' 5^' . :^ - 3 > 5 - 5 ' 7 * 7^* 

2.2.4.4.6«6 . 2fll^ 2. 2. 4. 4. 6. 6. 8. 8 .^* 

tff • Which therefore is proportional to the Time of 
half one Vibration ; where ^ liands for the Semi-Peri- 
phery of the Circle whofe Radius is Unity. 

Corollary I. 

4€i. Since the Time of the perpendicular Defcent 
of a Body through any given Right-line u^ computed 
according to the fame Method, is as the Fluent of 

u 



j= or 2V^«> it follows that the Time of falling 

along the Diameter BF (212), or the Chord CB t» willt Art. aojf. 

be truly defined by zs/Ta : Which therefore is to the 

4 
Time of the Defcent thro* the Arch CDB, as — to i 

P 

c 3 • 3^* 
4- V ' =r-i ^c. From whence, 

~2.2.2lX*2.2.4.4.2l) ' 

as the Time of falling thro' the Diameter BF, is abfo* 
lutely given, hy Art^ 202. the true Time of Vibration 
will alio be known. 

COROLLARV 11. 

462. If the Arch ii\ which the Pendulum vibrates b« ' 
very fmall, the above Proportion will become, nearljr, 
as 4 to ^ ; From which it appears, that the Time of 
Defcent thro' any very fmall Arch CB is to that along 
the Chord CB» as the Periphery of any Circle is to four 
times its Diameter. 

CoROLi^ARy III, 
46 -J* Hence, we have a Method for determining hovir 
far a Body freely defcends in a given Time ; by knowing 

the 



t ' 
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the Time of Vibration, of a given Pendulum : For> if 
BN be aflumed for the Space thro' which a Body wouM 
defcend durine the Time of one whole Vibration, in 
the very (maU Arch CBH ; then, the Diftances de* 
f Art 101. fcended being as the Squares of the * Times we luive, 

from the laft Corollary, as 4* :^* :: BE {%a) I BN, 
or I : Ip* I a : BN i that is, as the Square of the jDia^ 
meter of a Circle is to half the Square of its Periphery^ 
fo is the Length of the Pendulum, to the Diftance a 
Body will freely defcend, from Reft^ in the Time of 
one Ofcillation. Thus, for inftance (becaufe it is found 
from Experiment that a Pendulum 39,2 Inches long 
vibrates Seconds) it will be as i : 4,934 (=1^*) *•: 39)2 
: 193 Inches, the Diftance which a heavy Body will 
fall in the firft Second of Time. 

Corollary IV, 

464. Moreover, from the foregoing Series, the Tims 
which a Pendulum^ vibrating m aa exceeding ftnaH 
Arch, will lofe when made to vibrate in a greater Arch 
of the fame Circle may alfo be deduced : 

For let 7" be put to denote the Number of Seowdft 
in 24 Hours (or any other given Time) then the Num- 
ber of Vibrations, perform^ in that Time will be as 

T 

' , ,.2 f which, there« 

J J, f_ J LJl 

^ 2 . 2 . 2^ ^ 2 . 2 . 4 . 2?- fsTf . 

fore, in an exceeding fmall Arch (where c may be takea 
as Nothing) will be expreflcd by T: And fo the Time 
{t) or Nuinber of Vibrations loft will be 3"—* 

T 

= r X 



i + — ^— + ^'''^ 

loo Oy» • 



2.2.2a 2.2.4.4. 2a* &^f. 



— -j — 2 — ^c. (by dividing by the Denominator.) 

Now^ if the Number of Degrees defcribed on each 
Side of the Perpendicular be reprefented by Z>, the 

Arch 
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Arch itfelf, on each Side^ will be = 3^14159 ^c. X a 

D 

X jTg^ ; which, if the Value of D be not more jthan 

about 15 or 20 Degrees, will be nearly equal to its 

Chord, reprefented by y/lac (=a/BFXBE,) From 

c D^ 
which Equation we get — = j^^^ : This Value, fiib- 



6560 



D 



SD- 



ftituted above, gives /ssT^X q-t-tt + , I — , - ^c. 

'* 8x6560 256x6560^* 

-= TX T^Tgl nearly: Which, when 7* is interpreted 

by 86400 Seconds (or one whole Day) becomes =ifx: 
Z)*, nearly : And fo many are the Seconds which will be 
loft per DUm in the Arch D. From whence we gather, 
that if the Pendulum meafures true Time in any fmall 
Arch, whofe Degrees on each Side the Perpendicular 
are denoted by J^ the Number of Seconds loft per Diem 
in another Arch whofe Degrees are fi, wiU be nearly 

reprefented by -|- X -S* — ^* : Thus, if a Penduluin 

meafures true Time, in an Arch of 3 Degrees, it will 
lofe )[o| Seconds a Day in an Arch of 4 Degrees, and 
24'Mn an Arch of 5 Degrees. 

P R O B. XXIX. 

465. Tc d^ermine the Meridional Parts anfwerlng t§ 
4iny propofed Latitudej according to Wright'j ProjeSiion^ 
4ipply*d to the true fpheroidal Figure of the Earth. 

Let DAR be the 
Axis, AB the Se- 
mi equatoreal Dia- 
meter, and DBR a 
Meridian, of the 
Earth ; alfo let bn 
be an Ordinate to 
the Ellipfis DBR; 
puttingAD(=AR} 
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s^iy BA=i/, A^=4r, £»=/, Birrrxy and the Meri^ 
dional Diftance (in ParU of the Semi- Axis AD) =»• 
Then» by the Nature of the Ellipfis, we have yz=,d 

j,i ■ "^dxx 

VI — ^** ; therefore y = —7== 5 and confcquently 

x:=i J x^ + €££. : Which, by putting i* = i* 

— r, wiU be reduced to i = ^V^^+^'^\ Whence, 
ty the Nature of the Projedlion, it will be as to 
(d\/Z^) : AB {d) :: i ( \—L= ^) :«=t 



"^ - ; which is the Fluxion of the Quantity 



x'' 



required : But we are now to get the fame thing ex« 
preiTtd in Terms of the Latitude of the Place n : In 
order thereto, putting the Sine of that Latitude =j, we 



( x\/i+h^x ''\ 



c 



j\/i-j-^*A* = dx 5 from which Equation x is found= 



i __ d'-s 



__ — : Whence x = — : j alfo i — x^zzs. 

d^^b^^^'—s'' d^—d^-s^^^ ^ , 

-^ x_^^,x = ^x_/,x^x (becaufe //* = i + **) and, 

laftly, \/7-M^^* (=—)=—=..-==: Which 

fcveral Values being fubfiitutcd in that of », found above, 

/^ rf^i d 

it will become ( = X — . — X 

d^ — lP-i'' \ d's 
-- — ■ ' •■ 1 = "^ ,, , . > which refolved 
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into two Parts, for the more readily finding the Fluent, 

di dh^-i 

gives u = Y^-^ — ^^_^a^z : Whereof the Fluent 

being taken, we have 

2 . 302585 ^c. XldX Log. ~rs 

— 2 . 302585 fcfr. X I * X Log. ^3:^-^ 

But, as 3,14159 &r. X 2i (the Meafure of the whole 
Periphery of the Earth at the Equator, in Parts of the 
Semi- Axis AD) is Co 2i6co (the Meafure of the (ame 
Periphery in Geographical Miles) fo is the forelaid Va* 
lue of u to 

3958 X Log. J— 7j 

3958* ^ ^ ^^ > the correfponding Value 

^ T>^ Log. -^zTts^ 

of Uy in Geographical Miles, or the Meridional Parti 
required* 

Corollary. 

466. If the Earth be confidered as differing but little 
from a Sphere, d will be nearly =1, and confequently 

(v/^* — i) the Value of ^, very fmall; Therefore, in 

/ 3958^ 
this Cafe, the latter Part of our Fluent ( — — -^ — X 

d'{'bs\ 
Log. -J — 7" ) will become nearly ;=;344oi*j (becaufe 

d-X^bs xbs\ I ^ 

I>og- dl=rs = v)^ ITi^^ilP^t. But if the Earth 

be taken as a perfect Sphere, this laft Expreffion will 
vanifh, and fo the Value of u will become barely =3958 

J T/jere is a Mftuke in p- 43> and ^. of my Differ tat ions 
(hj for i^et ting to drviJe bf tL' MoUuIui 2.3025 &C.) ivbUh 
may from bence be reclffd* 
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XLog. -^ . Which Logarithm, it is -cafy to provcy 

exprefles twice the artificial Tai^ent of half the given 

Latitude increafed by 4 j Degrees (Radius being Unity.) 

Wherefore, if the Meridional Parts anfwering to any 

given Latitude, thus found (from a Table of logarithmic 

Tangents) when the Earth is confidered as a perfeft 

Sphere, be denoted bv My it follows that the Meridional 

Parts anfwering to the fame Latitude, when the Earth 

is taken as a Spheroid, will be nearly equal to Af-^ 

3440**/: Which, becaufeOP* (i) : OA* (1+**) :: 

Art. 397. 230 : 231 *, will (by fubftituting the Value of b hence 

arifing) be reduced to M—y>s. Whence the follow^ 

ing Rule. 

II 

jIs Radius^ to the Sine of the given Latiiudey fo is 30 

to a Fourth-Proportional ; which fubtra£fed from the Me^ 

ridional Parts when the Earth is taken as a Sphere (found 

as above) gipes the Meridional Parts anfwering to the 

fame Latitude^ when it is confidered as an oblate Spheroid* 

Thus, for Example, let the given Latitude be 50** : 
Then, firft, for the Meridional Parts in the Sphere ; 
we muft, according to the foregoing Prefcript, take the 
Logarithmic Tangent of 25^+45**, or 70® : Which, 
by the Table, is found =0,43893 i^c. Thb multi- 
ply*d by the conftant Multiplicaior 7916 (=2X3958) 
produces 3475 for the Meridional Parts in the Sphere : 
Then by the Rule above, it will be as Radius to the 
Sine of 50*^, fo is 30 to 23 ; which fubtraded from 
3475, leaves 3452 for the Meridional Parts anfwering 
to 50^ Latitude, in the SpheroiJ. 

P R O B. XXX. 

467. To determine the Paths luhich S ha dews of Oh- 
jecfs defer ihcy upon the Plane of the Horizon , during tl>e 
Sufi's apparent diurnal Revolution, 

Let CSODT be the Plane of the Horizon, and AV 
the perpendicular Height of the Objedt : Then, fince 
the Rays, intercepted by the highcft Point V, would, 
in the Sun's diurnal Revolution, form a conical Sur- 
face 
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face VDFEH about that Pcrfnt as a Vertex ; whpfe Axis 
PV prodyced pafles thro* the Pole of the World ; i( \s 
evident that the Path of the Shadow, being the Jnter- 
fedfon of the Plane of the Horizon with that Surface, 
muft be a Conic Sefiion. 



v^Q 




D '-:S::::: 



l< ^..P— ••...V.:::,:^:e 



Let its two principal Diameters therefore (when an 
Ellipfis, that is, when the Sun never defcends belov/ the 
Horizon) be CD and ST ; alfo let DPE and CG be 
perpendicular to VP the Axis of the Cone, and CC^ 
perpendicular to DV : Putting the Sine of (QVC) twice 
the Sun's Declination VEPm/j the Sine of (DCV) his 
greater Meridional Altitude =^, and that of the lefler 
(CDV) z=Lh: Then {by plane Trig,) g : i (AV) :: i 

{Radius) : CV = — ; and h (Sine of CDV) : -^ (CV) 

g o 

f 

i,f (Sine of DVC) : DC = -^^ : Moreover, i (Ra- 
dius) : — - (CV) :: p (the Sine of the Comp. Decl. 

o 

p 
G VC) : GC = — : And in the very fame Manner it 

will be found that DP = y : But GC X DP = OS*' 



{vid.Art. 41.) whence we have ST (2OS) = 



2p 



\/gh 



From which, and the Tranfverfe Axis (DC *^ ""I ) ^'^^ 



Curve itfclf is given. 



Nn 



Lemma 



545 
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Lemma. 

468. In any Jpherical Triangle j if Radius be fuppofei 
Unity y the ProduSf of the Sines of any two of the Sides 
drawn into the Co-fine of the Angle they include ^ added to 
the Produ£l of their Co-fines^ is equal to the Co-Jtm of the 
remaining Side, 

This is demonftrated by the Writers upon Spberia. 

PR OB. XXXI. 

469. The Elevation of the Pole and the Declination of 
the' Sun being given, to find at what Time of the Day the 
Azimuth of the Sun increafes the fhweji. 

It is evident that the 
Time fought ,will be when 
the Fluxion of the Hour 
Angle P, bears the greateft 
Ratio poiEble to That 
of (he Azimuth Z. 

Now the Fluxion of the 
Angle P is to that of Z, 
univerfally, as Rad. XS.ZO 
:S.?OXCo-fO {by Art. 
256. Cafe 2.) Confequently 
S. PO X Co'f O C(7-/0 
Rad. X S. ZO * ^^ S.ZO '^ ^ Minimum^ in this 

Cafe, becaufe PO may be confidered as conftant. 

Let now the Sine of PO be put =:^, its Co-fine z^d 
the Co-fme of PZ = b^ that of ZO = Xy and that of 

0=;^ ; then, the Sine of ZO being = \/i ;r*, we 

have {by the Lemma) p \/T^^ X y+dx=b ; whence 
^—^^ , ^ ^ CofO/ y N 

^-;;7i^.' ^"' ^^^^^^^^^ xio (=:;7=0 

_ b—dx 

— \^' =• Which put into Fluxions, and ic- 

duced, 
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^ \j/lf^ ^ 

duced, gives x =: 2.— ., for the Sine of the 

a 

Sun's Altitude at the Time required : Whence the Time 
itfelf is given. 

p R o B. xxxn, 

470. To determine the Ratio of the Heat received from 
the Sun in different Latitudes, during the Time of ont 
whole Day, or any Part thereof, 

Let^= the Sine of the Sun's Pglar-Diftance Fo (fee 
^ thelaJlFig.) ' 
dz=L its Co-fine, or the Sine of the Declination. 
b-=, the Sine of the Pole's Elevation, 
f z= its Co-fine, or the Sine of PZ. 
%z=. the Angle (P) expreifing the Time from Noon. 

xziz its iSine, and \/i — x"^ = its Co-fme. 
Then (by the foregoing Lemma) we (hall have 

pcs/i — A^ + W=: Co-finc ZO ^= Sine of the Sun's 
Altitude 

Now, it is known that the Number of Rays falling in 
any given Particle of Time, upon a given horizontal 
Plane, is as that Time and the Sine of the Sun's Alti- 
tude conjunSly : Therefore the Number of Rays falling 

X I 

in the Time «, or ' > {vid. Art. 142.) will 

be defined by pcx-^hdx : Whofe Fluent pcx'{'idz is, 
therefore, as the Heat required. 
Where it may be obferved, 

1. That when the Latitude and Declination are of 
different Kinds, or PO is greater than 90 Decrees, 
the Value of d is to be confidered as a negative Quan- 
tity. 

2. That, if the Exprefllon for the Heat found above 
be divided by the Square of the Sun's Diftance from the 
Earth, the Quotient will exhibit the Ratio of the Heat» 
allowing for the Excentricity of the Earth's Orbit. 

N n 2 Co- 
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Corollary I. 

471. If the Place propofed be at the Equator, the 
Heat, received in half one diurnal Revolution^ will be 
barely as ^i becaufe^zzo, r=:i, and;r=:i. 

Corollary IL 

472. But if the Place be at the Pole, then the Heat 

will be as ^/ X 3,14159 if^c. fince, in this Cafe, r=o, 
i=i, and 2 (= Semi- Circle) =3>i4i59 isFc. 

Lemma. 

* 473. The Number of Particles of Lights ^eStedhy the 
Sun; upon the Earthy in a given Time, is proportional 
to the Angle defer ibed about his Center in that Time. 

For, let S reprefent the Center 
of the Sun, AEB the Orbit of the 
Earth (orThat of any other Planet) 
and let E and r be two Points there- 
in as near as pojBSble to each other: 
Since the Triangle ESr may be 
taken as redilineal, its Area, if 
the Angle ESr be fuppofed given, 
or every where the fame, will be 
as SEXSr, or SE* : And there- 
fore the Time of defcribing Er 
(being always as that Area) is alfo explicable by^E^ : 
But the Intenfity of the Light, or Heat, at the Dilhnce of 

SE is as gpi : Therefore the Intenfity compounded 
with the Time (or the whol<; Number of Particles re- 
ceived in that Time) will confequently be as oprixSE* 

(=1) Which being every where the fame, the Propo-; 
fition is manifeft. 

P R O B. XXXIII. 

474. To determine the Ratio of the Heat received from 
the Sun at the Equator and either of the Poles, during 
the Time of one whole Tear^ or any Part thereof 

If 
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If the Sine of the 
Sun's Dedinarion be 
denoted by d and its 
Cp-fine by pj the 
Heat received at the 
Equator^and thePoIe^ 
during half one di- 
urnal Revolution* of 
the Sun, will be as ^ a -n 
and ^X 3,14159 fsTr. A H 
refpedively {by the 
Corollaries to the preceding Problem,) 

Let the Sun*s Longitude, confidered a$ variable, be 
now denoted by z, and its Sine by s ; and let / be put 
far the Sine of the Obliquity of the Ecliptic : Then 
(per Spherics) we (hall have d=fs, and confequently p 

(=\/i— ^*) =\/i— /^j*: Wherefore, feeing the 
Ratio of Heat in the two Places, for one Half-Day, is 

that of s/i — ^/*i* to fs X 3,14 ^^. let each of thefe 
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Terms be multiply'd by 



v^i 



ss 



(=:«) * expreffing*Art.i4»t 



the Quantity of Heat falling upon the Earth in the 
Time of defcribing x (fee the foregoing Lemma) then 



the Produfls 



— ^ — , and 3.14/ X y 1 



will 



be the Fluxions of the required Heat, anfwcring to z. 

But now to exhibit the fluents hereof, let ACB be 
an EUipfis whofe greater Semi-Axis AO is =: Unity, 
and its Excentricity FO=/; andj fuppofing ADB to 
be a Circle defcribed about the Ellipfis, let the Arch DH 
exprefs the Sun's Longitude from the Equino6Jial Point; 
whofe Sine (OR) being =j, its Co-fine RH will be = 

>/i — ss. 

But, by the Property of the EUipfis, OD (i) 
P C : {\/T ZZp ) :: RH (v^r=i;) : RG =s 

\^i — ff X^ \/T^7s : Whofe Fluxion being = 

Nn 3 
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— , we nave s/ ^ + ■ " ■ -^ * 

= iy!l }~flf l = the Fluxion of CG. Whence it 
\/i — ss 

appears that die Fluent of ■ ' ^^~^ ^ is truly define4 

by CG. or CGXAO*. 

But the Fluent of the other given Fluxion, ^i^f^ 



ss 



v/. 



ai, will be = 3,ij/Xi— v/i— ii = ADBX 

ss 



FO X OO — RH. Therefore the two Fluents, when 
H and G coincide with A, will be to each other as 
CA X AO to ADB XFO : Whereof the Antecedent, 
multiply M by 4, will be as the Heat received at the 
Equator ddring one whole Year ; and the Confequent, 
multiply 'd by z, as the Heat at the Pole in the fame 
Time (because the Sun (bines at the Pole only two 
Quartcfs of the Year.) Hence the required Ratio, of 
tlie Heat received at the Equator and Pole, in one 
whole Year, will be That of CA X AO to DAXFO j 

or, in bpecies, as I — — : — - — — : 2"Z 

*^ ' 2.2 2.2.4.4 2.2.4.4.6.6 

f Alt. 434-* k^crto fi which, in Numbers, is as 959 to 396, or 
as 17 to 7, nearly. 

P R O B. XXXIV. 

475. Tf> find when that Part of the Equatim of 
Time^ ar'ijmg fr:m the Obliquity of the Ecliptic to the 
Eqninociial^ is a Maximum. 

In the right-angled fpherical Triangle ABC let the 
Angle A be that made by the Ecliptic AC, and the 
Equinodial ABi then ^he Problem will be, to find 

Vhei\ 
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when the Difference be- 
t\veen the Bafe AB and 
the Hypothenufe AC is 
the greateft poffible (the 
Angle A remaining inva- 
riable.) Now (by Art, 
254.) we have Co-f. BC 
: Sin. C :: Fluxion of AC 

fluxion of AB : Alfo (per Spherics) Sin. C : Co-f. A :: 

Cof.X X Rod. 
Rad. : Co-f. BC = — sinC ' Whence, by mul- 
tiplying the two lirft Terms of the former Proportion 
by thefe equal Qijantities, refpe^lively, we get this new 

Proportion, viz, Co^J. BC^ : Co-/. A X Radius :: fo is 

the Fluxion of AC to That of AB. But, when AC— 
AB IS a Maximum^ thefe Fluxions become equal ; and 

confequently Co-j\ /JCS" = Co-/. A X Rad. From 

which Equation BC, and from thence AC, will be 
known. ^ E. /. 

The fame^ without Fluxions. 

476. It will be (per Spherics) Rad, : Co-f A :: Tang. 
AC : Tang, A B ; and therefore by Compofitiun and 
Divifion, Rad, -|- Co-/ A : Rad, — Co-f. A :: Tang. 
AC + Tang, AB : Tang. AC — Tang. AB :: Sin. 

AC+AB: Sin. AC— AB, by the Theorem mentioned 
in Problem 8th : From which, by following the Steps 
there laid down, it appears that, Radius -[- Co-/. A : 

Radius — Co f. Aw Radius : Sine of AC — AB, when 
a Maximum : Whence (AC+AB being then =:. go*) 
huh AC and BC will be given. ^ 

, Corollary, 

477. Since, Radius -|- Co-f. A : Radius — .(C«-/ A 
;: Co-tang, f A : Tang. | A ♦ :: Radius^'' ; Tang, J A)* *> 



• f^id, p. 70. adid ji. ofmyTrfgouemetry, 

Nn 4 There- 
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therefore Radiu^* : Tang. |AV :: Radiui : 5tM (tf 
AC — AB, Or, ^fliA'fcj : I'ang. | A :: TJff^. | A : the 
S/w of the grcaieft Kquauon : Which, rupp<^ng the 
Angle A to be 23° 29', comes out 1°: 28': 34': an- 
fwcring, in Time, to 9 Minutes : 54 Seconds. 

P R O B. XXXV. 

478. To deitrmini when the ahfdute Equatinn ofTimt, 
ar'tftng from ihi Inequality if the Sun't apparent Aia- 
tion, and the Obliquity of the £i!iptic, conjuniltyy is a 
Maxim unh 

L^t ABPD be the 
Ellipfis in which the 
Earth revolves about 
the Sun, in the Focus 
S ; let F be the other 
Focus, and T the 
Place of the Earth in 
its Orbit at the Time 
xequited. Moreover, 
about S, as a Center, 
let a Circle GEKI be 
defcribed, whofe Dia- 
meter GK is a Mean 
Proportional between 
the two Axes AP and 
BD of the Ellipfis; (o 
that the Area thereof 
may be e<]ual to That 
of the Ellipfis: And, fuppofing Sm to be indefinitely 
near to S T, let ESn be a Se£tor of the faid Circle, equal 
to the Area I'S^n. 

Then, the Time in wMch the Earth moves thro' 
the Arch Tm bei'ij; 10 the Time of one intire Revo- 
lution, as the Area "1 Sw, or ES17, is to the whole El- 
lipfis, or the '.^ual -JirclE -IKMF; and thefe Areas 
ESn, and GEKI being in the Ratio of the Arch Eh 
to the whole Periphery GEKI ; it is evident that Ei, 
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or the Angle ES»,''will exprefs the Incrcafe of the Mean 
Longitude^'in the forefaid Time of defer ibing the ArchT/w: 
And that this Angle or Increafc, by reafon of the Equa- 
lity of the Areas ES« and TS/w, will be to the Angle 
TSot, expreffing the correfponding Increafe of the True 
Longitude^ as S'f* to SE*. Therefore, if the former 

SE* 
be denoted by Af, the latter will be reprefented by ^^^^ 

X M. But now to get a proper Expreffion for the 
Value of this Increafe of the True Longitude, in Al* 
gebraic Terms ; let FT be drawn, and alfo TH, per- 
pendicular to AP : Putting AC (;=CP) =a, CB=^ 
CS (=Cf) =r, ST=z, and the Co-fme of (TSP) 
the Earth's Diftance from its Perihelion (to the Radius 
I) z=;^; Then FT being (=AP— ST) zziza — z 
(by the Property of the Ellipfis) and SHzzzxz [by Trig ) 

we haveFT+bT^ X KT— i>l^ {zaXi^^^^^) = FS 

X.2CH (5 X2Xc+^) by a known Property of Tri- 
angles : Frori* which Equation z (ST) is found = 
a' 



'* — '* h^ 



, — , - : And this Value, with that of ES* 
a 'f' ex a '\' ex 

(= ab) being fubflituted in the Increafe of the True Lon- 

tude, found above, we thence get 7- X M 

for the Meafure of that Increafe ; where M denotes 
the Increment of the Mean Motion correfponding. 

This being obtained, let r^ V:J- qn (in the an- 
nexed Figure) reprefent the Southern Semi- Circle of 
the Ecliptic, P the ^lace of the Perihelion, ^^ the 
Tropic of Capricorn, O the apparent Place of the Sun 
in the Ecliptic, and Qp his Declination, at the Time 
required : Then ic appears, {from Art, 475.)- that the 
Increafe of the True Longitude ^O^ in an indefinitely 
fmall Particle of Time, will be to That of the Right- 
Afcenfion ^^^ in the fame Time, as the Square of the 
Cofine of Qj3) is to a ReSangle under the Radius and 
the Co-fine of the Angle €^ : Therefore, the former, 

2 being 



^ 
^ 
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being expreflcd by fitff- X -Af, the latter is truly 

aX r^* , Rad, X Co-f, ^ 
^„fe„ted by -i^t- XMX -^^^=^ : 

Which, in the required Circumftance, when the pro- 
pofed Equation (or the Difference between the Sun's 




Mean Motion and Right AJcenfion) is a Maximum^ muft 
confequently be equal to (A/) the correfponding In- 

creafe of Mean Motion \ and therefore 

_ Co-j. QQ)" 
"^ A^i. X Ctf/. ^ ' 

But, to obtain the Value of the Utter Part of this 
Equation, alfo, in Algebraic Terms, let the Sine and 
Co- fine of (>f P) the Dittance of the Perihelion from 
b* > be denoted by m and n refpe£iively ; then, the 
Co- fine of Po being (as above) expreflcd by *•, and 

its Sine by \/i — xxy we fhall thence get nx + 

m\/i — ;rA'=Co-fine of O Vf = Sine of ^Q (by the 
Elem. of Trig.) But (putting the Sine of the Angle 
8C==:^ and its Co-fine = ^) we have {per Spherics) 

Radius (i) : Sine ^O (nx-^ms/i — xx) :: p ipnx-}- 
pm^/ \ — XX = Sine of Qj3) ; from whence Co-l.C^cV 

^::: I — pnx -f- pm \/i — xxv : Which Value, with 
That of the Co-fine of the Angle sa, being fub- 

ftituted abovcjj we, at leng^th, get t — ^ *" ^"^ = 

b^ 
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^ from whigh Equation the 



I — pnx+pm\/i — xx^'^ 

Value ctf X may be determiaed. 

The foregoing Equation, it may be obferved, gives 
the Time of the Maximum which precede the Winter 
Solftice ; but if the Maximum following that Solftice be 
fought J 'tij but changing the Sign of m, and then you 

.,, , aX a 4- cj^ I — pnx — pm\^i — xxi* 

Will have i ■ ,, ■ = ■ ■ — ■ .i,-^ 

^nfwertng in this Cafe. And from the negative Rootg 
of this, and the preceding. Equation, the Times of the 
other Maxima after, and before, the Summer Solftice will 
alfo be obtained. ^. £. I. 

CoROLtARY. 

479, It is evident that the Equation of the Earth's 
Orbit (or that ?art of the Equation of Time arifing 
from the Ineqiiality of the Sun's apparent Motion) will 
be a Maxih "f^^ when the Center of the Earth is in the 
Interfeftion i \f the Ellipfis and the Circle ; where the 
Mean Motion aijd True Longitude increafe with the fame 
Celerity. 

P R O B. XXXVI. 

480. To determine the Law of the Denjity of a Me^ 
dium and the Curve defcribed therein^ by Means of an 
uniform Gravity^ Jo thai the PrnjeQile mayy every wbere^ 
move with the fame Vehcity. 

It appears, from Art. 367. that / -^^ is a general 

^ X 

Expreffion for the Celerity in the Direfiion of the Or- 
Ordinate PBR ; whence --ry, I ^^ or its Equal, 

=-, muft be the true M^afure of the abfolute Ce<p 

Urity 




S5(> 
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lerity, in the DireftionBN: Which being a conflant 
Quantity (by Hypothefo) its Square muft alfo be coo- 







llant, and fo,/Wchave -r-=tf; and confequently a^x 

But, in order to the Solution of the Equation thus 
given, make u\i\:x :j?, or x-rzyy*, then xzizuy^ and, 
by Subftitution, «*>* + i* = ^"y ' Hence, y being == 



arm 



jjj^jq— , and X = ^^^ ^ , we get y=aX^rch^ whofc 

•Art. 142. Tangent is a* (and Secant y/i-^-uu) ; and x = f ^X 
t Art. 126. Hyp. Log. I + uu^=i aX Hyp. Log. \/i 4- aar f . 

Therefore, as the Hyp. Log. of v^i ^uuis = — , 

a 

the Common Logarithm of y/i + w« will be = 
0^4342944 •^'^•*' . and confcquently yz=,Qy.Arch^ whofe 

Radius is Unity, and Log. Secant Q'4342944^^> X ^ 

Moreover, with refped to the Denfity of the Medium ; 
if the abfolute Force of Gravity, in the Direftion QB, 

be 
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be denoted by Unity, its EiEcacy in the DlrefHon BN, 
whereby the Body is accelerated, will be exprefled by 

X u 

-r-, or its Equal " ■ ^ : Which, as the Velocity 

is fuppofed to remain every where the fame, muft alfo 
cxprefs the Force of the Redftance, in the oppofite Di- 
region, or the true Meafure of the required Denfity. 
This, therefore, if M be put for the abfolute Number 
whofe Hyperbolical Logarithm is Unity, may be had in 



ill be I— ^"^' : 



Terms of a-, and will be i — M\^ : Becaufe 

X 

Hyp. Log. ^* f-=z —J being= Hyp. Log. Vi '\'uu , 
wchave\/i+««=2S^* s whence uz=:M'' — 1| , and 



confequently 



I + «« I ^^ 
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481. Let a Line, or an inflexible Rod OP {confider*d 
without regard to Thicknefs) be fuppofed to revolvi 
about one of its Extremes O, as a Center, with a Mo- 
j^cn regulated according to any given Law ; wbi//i a 
Ring, or Bail, carry* d about with it, and tending to tbi 
Center O with any given Force, is fuffer^d to move or 
flide, freely along the faid Live or Rod: 'Tis propofed t9 
determine the Velocity of the Ring, and its Preffure upon 
the Rod, in any propofed Pofltion, together with the Na- 
ture of the Curve ADL defcribcd by means of that com^ 
pound Motion. 

Let ODP .be any Pofition of the revolving Line, 
and D the correfpondlng Pofition of the Body ; More- 
over, fuppofing ACK to be , the Circumference of a 

Circle 
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Circle dcfcribcd from the Center O, thro' the given 
Point A, let the Meafure of the angular Celerity of 
that Line, in the faid Circumference ACK, be repr^- 




(ented by u ; alfo let v denote the Celerity of the Ring 
at D in the Diredion DP ; and w the true Meafure of the 
centripetal Force : Call OA, a ; OD, x ; and AC, 
% ; and let the given Values of u and v^ at A, be de« 
noted by b and c refpedively. Then it will be, a& a : 

(ux\ 
— I the paracentric Velocity of the Body, at 

D ; whoie Square, divided by the Diftance OD, gives 

»» 

t Art. aix. __^ f^j, ^jjg ^^^^ Meafure of the Centrifugal Force f 

ariiing from the Revolution of the Rod : From which 
the centripetal Force w being deducted, the Remainder, 

—7- — w, is the true Force whereby the Velocity in the 

Line OP is accelerated. Therefore (by Art. 218.) we 



xu 



u^xx 



have v*v = — -— «; X a^ = *~t— — wx. 
a*- ^ 

Moreover, becaufe the Fluxion of the Time is ex- 

• • 

X X 

prefled cither by — or by --, thcfe two Values muft, 

there- 
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therefore, be equal to each other, and eonfequently 

v=: -r: From which, and the preceding Equation 

(when u and w are exhibited in Termi of x or %) the 
quired Relation of v, x and % will alfo become known—* 
But now, in order to determine the Adion of the Rod 
upon the Ring ; let Od? be indefinitely near to ODP, 
interfe^ling ADL and ACK in d and c i and put Od=: 

x-\'X, Then, beraufe a Body, afted on by no other 
Force befides That tending to the Center, about which 
it revolves, defcribes Areas propoitional to the Times *,*^' ***• 
and the angular Celerity of a Ray revolving with the 
Body, it, in that Cafe, as the Square of the Diftance 
of the Body from the Center, inverfely {vid. Art. 478.) 
it follows, that, if the Rod was to ceafe to a£l upon the 
Ring, at the Pofuion ODP, the angular Celerity at r. 



A-* / 



would then be ^^ X «, inftead of u-\-u. There- 



fore the Excefs of « + « above -==ci X u^ which Is 



** 




4 2UX 2^X^ 

= « + *T ""^T fsTr. is the Increafe of the faid an- 



X' 



galar Celerity, at the Diftance OC, arifmg from the 
Aftion of the Rod. Therefore it will be, as OC ^a) \ OD 

/ ' ' ' \ 

(x) :: the faid Increafe to I — 4-- — ■ i^c. I 

^ ' \^a ^ a ax y 

the Alteration of the Ring's paracentric Velocity, arifing 
from the fame Caufe. Which, divided by 




' XVU 2UV 

Time wherein It is produced, gives — H — 

ex 
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' — ' ^c. for the Meafure of the Force, by which // 

ax ^ 

m 

U , 

is produced. From whence, by fubftituting — in the 

ti 
Room of -— , and neglefliing all the Terms after the two 

X 

• Art. 134. firft (in order to have the limiting Ratio ♦) we get 

XVU . 2UV XVU 7.UV 

— r + — . Therefore it will be, as -7 r- + ~T" to 
ax * a ^ ax * a 

+ A^ -,, hb XVU 2UV 

7"+* oras^ + -^^ to Unity, fo is the Adion of 

the Rod upon the Ring, to the (given) Centrifugal 
Force at A (or the Force that would retain a Body in the 
Circle ACK, with the Velocity b.) ^ E. I. 

Corollary I. 

482. If the angular Motion be uniform, the Equations 

h'-xx 

found above, will become vi/ = — r- — wx, and vzz: 

a 

Ix ^ 

-r-. From the latter of which, by taking the Fluxion, 

bx ^ b^xx 

we have 'i' = -r- j whence (by Subftitution) -^-r- = 



xk^ wz' 



V'XX ^ A"5B* Wi* 

•— - •— wxy and confequently x — —r- = tt" ; 

from the Solution of which, the Relation of x and z 
will be given. And then, the Value of v (—) bein^. 
alfo known, the Aftion upon the Rod, which in this Cafe 
IS barely = — ^=: -^J will be given likewife, 

being 
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being to f — } the centrifugaf Force in tJie Circle 
ACK, as — to Unity. 

feoROLLARV H, 

483. Birt if the Angular Celerity be proportiohat to 

any Power (V*) of the Diflance, ^nd the Centripetal 
r orce w be, alfo, fuppofed to vary according to fome 

Power (4^) of the fame Diftance : Then, putting p to 
denote die Centripetal, and q the Centrifugal, Force, at 
ihe given Point A, the Valu6 of w will, here» be e:t- 

pounded by "^jx^j and That of « by t^X b : And there- 
fore^ the paracentric Velocity of the R^ig at D being =1 

-XiX - (^= -^J it will be as -:;^Sn 

•• i • -j;^ X iy the Centrifugal Force at D •• Hence * Ait. iix# 

^ ^^ — 2wfi "" — r » whereof the (corredled) Fluent 
tf tf 

+ ^, i FrOttf *rfe6iit6' * is found = 



J 



i*/*— — i — 4- ^r" 4i ■ ^ ^ — «• ■ v 

* iJ + I /7i -J- I . tf ' «-f- 1 • tf^ 



. . /" ax bx'^x^ 
and « I 2= -r = ~T-~ I =^ 



bx'^x 



^tf , 2^tf , y-v 2/>* 

O o Moi»e- 
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Moreover, by fubftitudng for Uj and 4ts Fluxion, we 

Xvi 2liV — ^ ^ Av"»v ^ , Art. 

get — r + — - = W+ 2 X r, exprcflbg the Aoion 

of the Rod upon the Ring : Which, therefore, when 
m is expounded by -*- 2, will intirely vanifh : And, 
in thai Cafe, % will becxMne = 

a^bx i 

. expreffing the Nature of the Trajeftory defcribed by 
means of a Centripetal Force, varying according to any 

Power (V*) of the Diftance. But this Ecpi^tioa witt 
be rendered fomewhat more comnoodious, by fubftitudng 
die Values of b and c : For, if OQ^ (perpendicular to 
the Tangent at A) be denoted by h^ it will be, b : 

y/^^^ (AQ.) :: * (the Celerity in the DireAion AC) 
, P. Art. 35. to gas ,— — = the Cclcri^ in thcDireSion AH ♦. 

+ Alt, zii. Therefore, * being= \/^aq f, wefaave ^* = iS ^f ; 



and «==: 



yff + .=^X;.»-«»-=l*! 



bh ' ^4-1. 9 n + l.^fl*** 

Which Equation is the fame, in effe^iy with that given 
in /trt. 242. by a different Method. 

Corollary III. 

484. If the Angular Celerity be fuppofed uniform, and 
the Ring to have no other Motion along the Rod than 
what it acquires from its CentrifugalForce ; then r, 0^ aiid 
p being all of them equal to Nothing, x will here be- 

bx ax 

come, barely =: — / =^ = ■ : : And 

a 

there- 



y-/«+? 
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Ae*efoq;«=«X«jH?.Log.fdt±ilZLff. Hence 



if the Number whofe Hyp. Log. ;s — be denoted by 
2V, we fhallhave l+^H^J^EB = N : From which 



^ is fouixd = II X — 4- — ; ythssicc x is, alfo, Jiad =: 

2 2N 



^-f^ = f -4 (becaufe^ =4).There. 

, oJV* 2 2N ^ N ^J 



2 2lSn- 2 2iV - ]sf 

N I 
fore, it will be {hy Carol, i.) as Unity is to -— — » -^ , 

fo is the Angular Velocity \b) in the Arch ACK to the 
Velocity with which die Body recedes from the Center 
of Motion : And fo, likewife, is the Centrifugal Force 
in that Arch to half the Preffure upon the Rod — By 

taking z = the whole Periphery, pr ~ = 2 X 3 . 145 

. iffc. ^ will come out =s 535.5, and x t= 067.7 X ^ : 
From whence it appears that the Diftance of the Ring 
.from -the Center at the £nd of one intire Revoluti^m 
.will be almofl: 268 times as great as at fir ft. 

Corollary IV. 

485. If a^ody be foppofed to defcend frotn thePoint O, 
(Jeeike next Fig.) by the Force of its own Gravity, along 
an inclined Plane OCP ; whilft -the Plane itfelf moves un'i- 

^ formlyabout thatPoint,froman horizontal PofitionOEH; 
then the Place, and the Preflfure of the Body upon ,the 
Plane, in ^ny given Pplitioa QCP, may, alfo, be derived 
fr<^m the Equations in Corollary i. For let CB (perpen- 

. dicular tQrQ{I}'be,p(3t i^jf.;^i>d:let the Ratio of die Cen- 
trifugal Force in tfie Circle ECK, to the Force of Gra- 

. vity . {given ^ 4rt.. 217.) be as r to Unity : Then, as 

jthe Meafure of the formcf For«e is expreflcd by --, 

Oo 2 That; 
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bb 

That of the latter muft be reprefented by ^ ; andj, 

confequently, its EfEcacy in the DireSion PO^ by 

bbv f bb C&\ 

p^ ^= — X QgJ : Which Value being fubftituted 

for — w, in the aforelaid Corollary, we have x — 

— : = -— . But now, in order to the Solution of this 
aa raa 




Equation, put the Radius OC f^) = 1 (that the Ope- 
ration may be as fimple as poffible) alfo, inftead of jy 

• Art.4»S' let its Equal « — -^ +. r ♦ iic. be fubfti- 

tutcd, and let x be affumcd = -A;' + J?2* + Cz^ + 

Then, by proceeding as is taught in ArK 267. the 

Value of^will«onieout=-^ 'r^ TT^;^ T^J:^^ 

4- 7 ^-' + Sfr. Whence 

(bx\ 
-^ J in the Plane, is, alfoy found =: 

b z^' z^ 

— into H — :: — , ^ X i^c. Which, therefore, is 

r 2*2,5, 4, 5.0 

to 



\ 
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to f*) the angular Velocity of the Plane, in the Arch 

£CK, as — + -— — T + ^c. to r. Moreover, 

the Centrifugal Force in the (aid Arch being denoted by 
r -(the Force trf Gravity being Unity) it will like wife be 

^x fzrx \ 
(by the above-mention*d C^r^/.) as i : -:- :: r : ( -^ = / 



« V « 



:6 2j,o 



*' + 3.4. S.6 + 3. 4. 5-6. 7-8.9. »o+^'- -*^ 

Force fufficient to keep the Body upon the Plane. But 
the Force of Gravity in a Direftion perpendicular to 
the Plane (the Weight of the Body being reprefented 

by C7»/V;r) is Q^ = i~— +~^*6fi:. From * ^rt. 4*5- 
which deducing theX^aotity laft found, there refts i— 

~- + — — --^ — TT ^^* for the true Pref- 

2*^2.3.4 2 * 3 • 4 . 5 • 6 

fure of the Body upon the Plane. By putting of Which 
equal to Nothing, »* will be found = 0.67715; an- 
fwering to an Angle (EOC) of 47 ^^ 9': Which Angle 
is therefore the Inclination, when the Force of Gravity 
ispno longerfufficient to keep the Body upon the Plane. 

Though the Value of x^ given above, is found by 
an Infinite Series, yet the Sum of that Series is eafily 
exhibited by the M eafures of Angles and Ratios. For» 
putting N to denote the Number whofe hyperbolical 
Logarithm is k, 

%* vs? z* 

^ Art. 424f 
z* Z3 Z4 , 

' 2 2.3 ' 2.3.4 N 

Half the Difference of which two Equations is % ^ 

z' . z* z^ N 1 

^ — V f- — 7— fcrr.=- — -^• 

^.3^2.3.4,5 2*3.4. 5.6. 7 2 zN'^ 

Oo 3 From 
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From which taking z — — + rr"— : — ^ ^ ^ ^ '/; ■ 
fifr. = j' 5 and dividing the Remainder by 2r, thdrc rc- 



frlu 



» _ _ ,*.^__i_^ 

7^ ri+ 2.3.4.5-6.7 ^v -^ 



_ — -L. — j', for the true Value of x. Which, if 

2 aJV • 

required, may be 63tpr^f&d rndependent cltr\\y put-^ 
ting d for the Diftance tbro' which a Body, ffeefy, de« 
fcends in the firft Secdn^.of Time, an^ tafetng k Cci^de* 
note the Velocity of the Plane, (per SutniJ m did 
Arch ECK : For then, the Ratio of th« Otl^tfueri 
Force, in the faid Arch, to the Forci of Gravity (or 

hb f hb \ 
•Art. XII. That of r to 1) being as — \ = OC/ ^^ ^ ** 

bh d 

we IhaB Rave r = -n, and confequcntty ;p r= tt >^ 



2^31 ****^ VVMlWV^MVllM/ .» — ^^ 
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By Compotations, not very unlike Tbofe aboi^, the 
Motion of the Moon's Apogee^ and the prifteisNA Tiiogue- 
tions of the Lunar Orbit may be exhibited y by means 
of proper Appraximatioi|S, derived from the general 
Equations in vfr/» 481. But thb is a Confideratioa 
that WQuM reqiHre a Volume of itfelf, to Areat it^ fton^ 
iirft Principles, with all the Attention and Per^Mcuky 
fuitable to the Importance of the.Subje£t I (hall con- 
f:lude this Work with the following fllort Table of 
^Hyperbolical Logarithms^ drawn up and communicated 
by my ingenious Friend Mr. yohn Turner : Whereof 
the Ufcs in finding Fluents, will fufiiciently appear from 
the foregorng Pages. In die feid Table we have given the 
Hyperbolical Logarithms of every whole Number and 
hundredth Part of an Unit, from i to 10 (which Forn^ 
is beft adapted to the Purpofes above-mention'd) by 
ijclp whereof, and the following Obferyations, the Hy- 

I p^rbolica] 



of v^rioui Ki/ids. jpSjc 

perbolical Logarithm of any Number, not exceeding 
feven Places of Figures, may be found with very little* 
Trouble, 

1®. If the Number given be between i and lO (Jo as 
/# faJl within the Limits of the Table.) 

Then take from it the next inferior Number in the 
Table, and divide the Remainder by the (aid inferior 
Number increafed by half the Remainder; and let th^ 
^otient be added to the Logarithm of the (aid inferior 
Number, the Sum will be the Logarithm fought. 

Thus, let tbe Hyperbolical Logarithm of 3.45678 
be required ; then the Operation 
wittflandthus: 3.45339).oos678{.oor6442: Which 
ackted to 1.2383742, the Log. of 3.45, gives 1.2400184 
for the Logarithm fought. 

2°. fFhen th^ Number propofed exceeds 10. 

Find the Logarithm tfiereof, fuppo(ing aH the Fi- 
g^re8 after the Firft to be Decimals j then to the Lo- 
garithm, io fqund, let 2.3025851, 4.6051702, or 
6.9077553 iic* be added, according as the whole Nunu- 
ber 0(^(16 of 2, 3, or 4 i^c. Places : Th^ Stjm wi)l 
he the Logarithm fought. 

Thus, tlie Hyperbolical Logarithm of 345.678 will 
be found t9 be 5.845 1886 : For That <4 345678 being 
1.24001841 tie fame, added to 4.6051702, gives the 
very Quantity above exhibited. The Reafon of whicht 
as well as of the Operation in the preceding Cale, . is evi- 
dent itotjx tbp Nature and Conftru^tion of LogamhoiSf 



Oo 4 



$69 



A rabk •f 



N 

.02 
.03 
.04 

.06 

.08 
.09 
JO 

rll 

■ ' 

12 

16 

18 

•79 
.20 

z\ 
22 
23 
.24 

.ZOi 

30 



Logarithm 

.0:99503 
.0198026 

.029;588 

.039*207 
.0487902 



.0582689 
.0676586 
.07696 1 c 
.0861777 
.0953102 



.io43&>o 
• 1133287 
.1222176 

.i3"o«83 
.1397619 



•1484200 
•?570P37 
•1655144 

•«739SJ3 
•1823215 



.1906903 
.I9BS5P8 
.2070141 
•2151113 
.2231435 



.2311117 

. 23 90 f 69 
.2468600 
.2546422 
.2623642 



^'1 

.32' 

33 

•34 



.2700271 
.2776317 
.2851789 
.2926696 



N 

«-34 

»-3S 

1.3b 

•37 
1.38 



1.39 
1.40 
1. 41 
1.42 

1-43 



'•44 
1.45 

1.46 

i«-42 

I 48 

»49 
1.50 

1:51 



^54 

1.56 

«-57 
1.58 



1.59 
1.60 
1.61 
1.62 

1.63 



1.64 
1.65 
1.66 
1.67 



Logarithm 



2996696 

300^045 
3074846 
3148107 
3220834 



3293037 
336^7?^ 

3435897 
3506568 

3576744 



3646431 

3715635 
3784364 
3859624 

3920420 



3987761 
4054651 
4121096 
4187103 

4252677 



•mA 



4-317824 

4382549 
4446858 

4510756 

4574248 



H.637340 

.4700036 

.4762341^ 

•4824261 

.4885800 



.4946962 

.5007752 

.5068175 
.5128236 



" I 'I ■ I I I. 

N Logarithm 

•5128236 

.5187937 

.5247285 

.5J06282 
> 5 364933 

* - . 

.5423242 
•5481214 
.5538851 

•5^96157 
.5653138 

■j* « » 

•570979$ 
.57661^ 

•5822x56 

•5877866 

.5933268 

.5988365 

•SP43«£9 
'.§097655 
•01518C6 
•6205704 



.67 

.68 

.69 
.70 

'11 

.72 

73 
74 

75 

IL 

77 
78 

79 
.80 

.81 

84 
.86 

•sl 

,88 
.89 
.90 

•9> 

.92 

93 

'94 
•95 

•97 
.98 

•99 
.001 



■^i* 



.6259384 
.6312717 
•6365768 
•64185^ 
.6471032 

.6523^^1 
.6575200 
.6626879 
.6678293 
•6729444 

•6780335 

.6830969 
.6881346 
.6931472 



Hyperbolical Logarithms, 



5^9 



N 



Logarithm 



2.01 

2.02 
?.03 
2.04 
2.05 

2.0(3 

2.07 
2.08 
2.09 
2.10 

m 

2.11 
M2 
2.13 
2.14 
2.15 

?.i6 
2.17 
2.18 
?.i9 
2.20 

2.2| 

2.22 
2.23 
2.24 
2.25 

2.26 
2.27 
2.28 
2.29 
2.30 

2.31 

.31.32 

41.34I 



f 6981347 

7<^3®974 
7080357 

7129497 

7178397 



7227059 

7?7S485 
7323678 

7371640 
74'9373 



7466879 

751416c 

7^6121 

760805 

7654678 



7701082 

7747?7> 
7793248 

7839015 
7884573 



7929925 
7275071 
8020P15 
8064.758 
8109302 



8153648 
8197798 
8241754 
B285518 
8329091 



8372475 
8415671 
8458682 
8501509 



mi^mt 



«-45 
2.46 

2.47 

2.48 



N Logarithm 



2.34 

^•35 
2.36 

2.37 

2.38 



239 

2.40 
2.41 
2.42 
2.43 



2-49 

2.50 
2.51 

2.52 
*-53 



2.54 
2-55 

2?5^ 

2.57 
2 58 



2.59 
2.60 
2.61 
2.62 
2.63 



2.6^ 
2.65 

2.66 

|2^7| 



S50I509 

8544" 53 
8586616 

8628899 

8671004 



87*2933 
8754687 
8796267 

8837675 
8878912 



8919980 

8960880 
9001613 
9042181 
9082585 



9122826 
9162907 

9202827 

9242589I 
9282193 



•«i« 



9321640 

•9360933 
9400072 
9439058 
9477893 



9516578 

•9555* H 
95955<!>2 
9631743 
9669838 



9707789 

19745596 

9783261 

49820764 



N I Logarithm 



lilt 



2.67 
2.68 
2.69 
2.70 
2.71 



■•^ 



2.72 

2.73 

2-74 

2.75 
2.76 



277 
2.78 

2.79 

2.80 

2.81 



2.82 
2.83 
2.84 
I2.85 
;.80 



2.87 
2.88 

2.89 
2.90 

2.91 



2.92 
2.93 
2.94 
2.95 
2.96 



2.97 
2.98 

2.99I 
3.00 



.9820784 
.9858167 
.989541* 
.9932517 
.9969486 



.0006318 
.0043015 
.0079579 
.0116008 
•0152306 



»o 1 88473 
«0224^e9 
.026041 S 
.0296194 
.0331844 



0367368 
•0402766 
.0438040 
.0473189 
.0508216 



0543120 
.0577904 
.0612564 
.0647107 
.068153a 



.0715836 
•0750024 
.078409$ 
.0818051 
•085189a 



.0885619 
.0919233 
.0952733 
•0986129 



sr^ 



A rabk of 



N 

3.02 

3-03 
304 



Logarithm 



1.1019400 
1.1052^8 
1.1085626 
1.1118575 
3.Q$|i. 1151415 



3*06 1.1184149 



3.07 

3.C8 

3.09 



1.1216775 

1. 1 2 4^,29 5 
1. 1281710 



3. ic[i. 1314021 



^•ir I.I 346227 
3.121.137833c 
3.13 1.141033c 
3.141.1442227 
3.I5I1. 1474024 



3-17 

3.18 

3-»9 
3^ 



6k. 1505720 

'•I537315 
1.1568811 

1.X600209 

1.1631508 



3.21 

3.22 

3.»3 
3.24 

3-25 



«. 1662709 
1.1693813 
f. 1724821 

»-t755733 
I. 1786549 



3.261 



3-a7 
3.28I1 

3 «9 

3-30 



3- 
3 
3 

3 

r 



3« 

32 
33 
34 



.1&1727I 
1.1847899 

•187^34 
1. 1 90887 9 

1.1939224 



1.19^9481 
1.1999647 
1.2029722 
1.2059707 



■^ 



N 



Logarithm 



3-34 

5.36 

3-37 
3.38 



1.2059707 
1.2089603 
1.2119409 
1.2149127 

1.2178757 



3 39^1.2208299 
3.4<.' 1.2237754 
3.41 1.2267122 
3.42 1.2296405 
3 43 i.232<;6o5 



344 
3-45 



1.2354714 
1.2383742 



3.4611.2412685 

3.471.2441545 
3.48 1.2470322 



3.491.2499017 

3.50 1.2527629 

3.51 1.2556160 

3.52 f. 2584609 
{3.53 1. 261 2978 



bW< 



3-54 

3.56 

3-57 
3.58 



3-59 
3.60 

3.61 

3.62 

3-63 



3.64 1. 2919836 



3.65 
3.66 



3- 



1. 2641266 
1.2669475 
1.2697605 
1.2725655 
1.2753627 



t. 2781521 
1.2809338 
1.2837077 
1 .2864740 
1.2892326 



1.2947271 
1.2974631 



3.67 1. 300 1 91 6 



"^-wf* 



N iLogarithar 



3 67 1.3001916 

3.68 1.3029127 

3.69 1.3056264 

3.70 1.308332a 

3.71 1.3110318- 



721 



[3- 

3-73 

3-74 

3-75 
3.76 



.3137236 
1.316408a 
1.3199856 
1.3217558 
1. 32441 89 



"i*^ 



77 7 



3 

3.78 

3-79 
3.80 

3.81 



.3270749 

1-3*97*4^ 
1.3323660 

1.3350010 

1.3376291 



3.82 1.3402504 

3.83 1 3428048 
3.841.3454723 

3.85 1.3480731 

3.86 1*3506671 



3-871.3^2544 
3.a8 i.355«35« 
3.89 1.3584091 
3. 9o| 1.3609765 



3.91 



92 1 



13 

3-93 

3-94 

3-95 
3.96I 



» -3635373 



.3660916 
1 . 3686394 
1.3711807 

»-3737«56 
1.3762440 



[3 97 
3.98 

3-99 
4.00 



1.3787661 
1.3812818 
1.3837912 
1.3862943 



m»mm^>^^m^lt 






HyperMicaJ Lo^rithms, 



S7i 



4.011.388791 
4.0a 1.J913318 
403 ''3937665 
4^ ■.$963446 



4.05 



I.j987r6fl 



4.06 I ^t 1829 
4.0T 1.4036429 
* ,4060969 
.4085449 
,4109869 



4-09 



4.111 4i3423( 
1.4158531 
. ,1.4182774 
4.14 1.4206957 



4-»S 



4.11 
4-*3 
4.14 
4.25 



4-*e 

4.29 



.4731083 



4.i6i.4iS5i5< 
4.i7i.4z79!6o 
4,1814303 
4-19 14327007 
4.201.435084s 



,4374626 
,4398351 
1.4422020 
1.4445631 
1.4469189 



1.4492691 
1.4516138 



1.4609379 
1.4632553 
1.4655675 
1.467,8743 



" 


Logaiiihm 


+■34 
f-JS 
4-36 
4-37 
438 


' -4678743 
..4.70175a 
1.4724720 
1.4747630 
[.4770487 


t-59 
f.40 
1-4' 
4.+ 2 
4.43 


2.4793292 
1. 4S 1604s 
1.4838746 
1.486.396 
1.4883995 


4-44 
4-45 
+.40 
4-47 
4-4S 


1.4906543 
1.4929040 
J. 495 14a 7 
1-4973883 
1.4996^30 


4-49 
4-5° 
4-!' 
4-S» 
4- S3 


(.5018527 
1.5040774 
1.5062971 

1.5085119 
1.5107219 


4'S4 
4-S7 

4-;8 


1.5129269 
1.5151272 
1.5173226 
1.5195132 

1.5216590 


,6. 

4-63 


1. 5238^00 
i.5z6o;tf5 
1.518^278 

'-J30354-7 
1,5325568 


4.64 

4.65 

4.66 

4.67 


1.5347143 
1.5368672 
i->39o'S4 
1.541.590 



N 


fLogamW 


,.67 
4,6s 
,.69 
,.70 
4.71 


1.5411550 
1.543298' 
'-S4543'S 
1.5475625 
..5496879 


4.7Z 
+73 
+■7+ 
4-7? 
4.7b 


1.55180B7 
1.5539252 
1. 5 560371 
1.5581446 
1.5602476 


4 77 
4.73 
4v9 
4.S0 
4-81 


■ .5623462 
1.5644405 
1.5665304 
1.5686159 
[.5706971 


,.8i 
483 
484 

til 


1.5727739 
..574846+ 
'■S769147 
1.57B9787 
..58,0384 


4.87 
488 
4.89 

4.90 

4.fji 


1.5830939 
1.585.452 
1.5871923 
..5892352 
1.5912739 


4.92 
4-93 
4-94 

til 


1.5933085 
1-5953389 
'■!973653 
1.5993875 
1.6014057 


4-97 
4-98 
4-99 
5.00I 


1.6034198 
1.6054298 
1.60743^3 
1.6094379 



S7^ 



A table of 



N 


Logarithm 


5.01 


1.6114359 


5.02 


1. 6 1 34300 


5.03 


1. 6 154200 


5,04 


1. 6 1 74060 


5.05 


1.6193882 


5.06 


1. 62 1 3664 


5.Q7 


1.6233408 


5.08 


1.6253112 


509 


1.6272778 


5.10 


1 .6292405 


5.11 


1.631 1994 


5.12 


1.6331544 


«»3 


1.635 1056 


5.14 


1.6370530 


5-«5 


1.6385^07 


5.16 


1.6409365 


5-17 


1.6428726 


5.18 


1.6448050 


5.19 


1.6467336 


5.20 


J. 6486586 


5.2! 


1.6505798 


5.22 


1.6524974 


5-23 
5.24 


1.65^4112 
-1.65032 1 4 


5-25 


1.6582280 


5.26 


1.6601310 


5-27 


1.6620303 


5.28 


1 ^6639260 


5.29 


1.6658182 


s 30 


1.6677068 


5-31 


1.6695918 


5-32 


1.67 1473 3 


5-33 


1.6733512 


5-3^ 


1.6752256 



N 



34 « 



5 

V3| 
5.36 

^37 
5.38 



•39 
540 

5.41 

5.42 

5-43 



Logarithm 



•6752256 
1.6770965 
1.6789639 
J. 6808278 
i.6826882 



1.68454 c 3 
1 .6863989 
116882491 
1.6900958 
1.6919391 



5-441 

5-45 
546 

5*47 
5.48 



501 



5-4<^. 

5 

5-5' 

5-5^ 

5-53 



1.6937790 
1.6956155 
1.6974487 
1 .6992786 
1.701 105 1 



1,7029282 
.7047481 
1.7065646 
1.7083778 
1.7101878 



5-54 

5-55 
561 



5 
5.58I 



57^ 



5.59 



1.7119944 

[^•7*37979 
.7155981 

.7173950 

1.7191887 



1.7209792 



5.604.7227666 
5.6H. 7245507 
5.621.7263316 
5.63 1.7281094 



5.64 
5.65 



5.67 



1.7298840 
1.73*6555 



5.66J.7334238 



1.735^891 



N Logarithm 

5-67I.735I891 
5.681.7369512 
5.691.7387101 
5*701.7404661 



S7» 



5-7* 
573 
5-74 
5 75 



1.7422189 



«Mh 



1.7439687 

«-7457i55 

"•7474591 
1.7491998 



5.70 1 7509374 



5-77 
5.78 

5-79 
5.80 

5.81 

5.82 
5.83 
5.84 
5.85 

5 



1.7526720 
1 .75^4036 

1.75^1323 

«-7578579 
1.7595805 



1.7613002 

1.7630170 

1.7647308 

W3. 1.7664416 

861.7681496 



J .J698546 

*• 77*5567 

17732559 
5.9o|i. 7749523 

1.7766458 



^m 



1.7783364 
1.7800242 
5.941 7817094 
I.78339I2 
7850704 



1.7867469 
1.7884205 
I. 79009 14 

« -7917594 



Bypertolical Ij/garitlmu, 



573. 



M 


Logarithm 


6.01 


1.7934247 




1.79S087; 


6.03 


1.7967470 


6.04 


J. 798404c 


6.05 


1.8000582 


6.n6 


1.8017098 


6.07 


..8033SS6 


b.ai 


1.305004- 


6.09 


1.8066481 


6.10 


1.8082887 


6.11 


1.S099267 


6.12 


..81.56.1 


6.1? 


1,8131947 


6.14 


1.8148247 


6.15 


..S1645Z0 


f> ifi 


1.8180767 


6.17 


1.81969S8 


6,1) 


1.821318; 


fl.lO 


1.8229351 


6.ZC 


1.8245493 


fi71 


1. 8261608 


6?7 


1 ".8293763 


6.2, 


6.^4 


1.8309801 


6.2s 


1.8325814 


fi.ifi 


..8341801 


6.27 


1.8357763 


h.2t 




6,29 


..83896,0 


6.30 


1 .8405496 


6.3. 


1.342.356 


6.,. 


1.S437I91 


6.1^ 


1.8453002 


6.3t 


■ .846S7S7 



N 


Logarithm 


5.,4 


1.846S7S7 


c.n 


i.»4B4;47 


6.16 


i.SsoojSj 


6.17 




6JS 


i.g;3i68o 


5.19 


1.8547342 


6.40 


1.8562975 


6.,, 


1.8578592 


^.42 


;:^is;:; 


6.43 


6,44 


1.86252B5 


6.4i 


1.8640801 


1.46 


1.^556293 


S.47 


1,3571761 


6.4a 


1.8687205 




1.8702(525 


1.50 


1.8718021 


b.,, 


' 8733 394 


l.i. 


1.8748741 


6.SJ 


1.8764069 


6.(4 


[.8779371 


6:5^ 


1.879465c 


i.aSoygof 


i.57 


1.8825138 


6.;a 


1.8840347 




1.8855533 


J.60 


1.887069b 


b6L 


1.8885837 






b.63 


1.8916048 


6.64 


1.8931119 


Shr 


1.8946163 
1.8961194 


5.66 


6.67 


1.8976198 



N 


Logariilim 


6.67 


1.8976198 




t. 899 1 175 


6.6< 


..9006.38 


J.70 


1.902107s 


6.71 


1.90J5989 


6.72 


1.9050881 


'■7= 


1. 906^75.' 


i-74 


1.9080600 


'■7V 


1.9095+2! 


t,.7b 


1. 91.0228 


6.77 




6.78 


1.9139771 


yjc 


..9154.509 




1.9169225 


6.81 


1.9181921 


S.82 


1.9198594. 




1.9213247 


6.8^ 




f>.85 


1.9242486 


1.9257074 


6.87 


1. 92 7 > 641 




1.9286156 


bJi9 
6.9c 


1.9300710 




6.91 


1.93 89696 


6.92 


'■93441 S7 


b.q, 


1.9358598 


0.q: 


'■9373017 


i.95 


1.9387416 


6.96 


1.940.794 


6.97 


1.94.6152 


S.qt 


1.9430489 


6.9^ 


1.9444805 


7.00I 


1,9459.01 



574 



A Table i>f 



N iLogartthm 



7.01 
7.02 

7.03 
7.04 
7.05 



1-947537^ 
1.9487632 

1.9501806 

1*95 16080 

«-953o*7S 



7.061.9544449 
7.071.9558604 
7.081.9572739 
7.091.9586853 
7.10 1.9600947 



7.11 1.9615022 
7.12 1.9629077 
7.131.9643112 
7.141.9657127 
7.15 1.9671123 



■MM 



7.16 

7.17* 

7.18 

7 19 
7.20 

7.21 
71c 2 

7.23 
7.24 



r .9685099 
1.9699056 
1.97x2993 
1. 9726911 
1 .97408 1 o 



1.9754689 
'97-8549 

1.9782390 
^,_T.i.979:)2i2 

7.25 1.9810014 



7,26 
7.27 
7.28 
7.29 
7.30 



1.9823798 
1.9837562 
1 .985 1 308 
1.9865035 

«:987S743 



■7-3 «■ 
7.32 

7-33 
7.34 



1,9892432 
1.9906 1 03 
1.9919754 

'•99333.87 



N 

7.34 

7-35 
7.36 

7-37 
7.3S 



Lqgarkhm 



'•9933387 
1.994700^ 

1.9960599 

'•9974^77 
1.9987736 



7.392.0001278 

7.402.0014^0 
7.41 2.0028305 
7 42 2.0041790 
7432.0055258 



7-44 

7-45 

746 

7-47 
7.48 



2.0068708 

2.0082-140 

2.oo95S5$l 

2.0108949 

2.0122327 



7-4^ 

7-59 

7-5' 
7.52 

7-53 



2.01 3.5687 
2-0149030 
2.^0162354 
2.0 1 7566 1. 
2.018895G 



7-54 

7-55 
7.56 

7-57 
7.58 



2.0202221^ 
2.021C475J 
2 0220711- 
2.024192^ 
2.0255131 



60 2 



7S9 

7, 
7.61 

7.62 

7.63 



2.0268315 
.0281482 
2.0294631 
2.0307763 
2.0320878 



7.64 

765 
7.66 



2.0333976 
2.0347056 
2.0360119 



7.672.0373166 



N JLogaritfam 



7.67 
7.68 
7.69 
7.70 

HI 

7.72 

7.73 
7 74 
7-75 
776 



2.0373166 
2.03S6195 
2.0399207 
2.041 2203 
2.0^1.25 1 81 

■■'111 WW 

2.0438143 

2.04c I0S8 
2.040401^ 

2.0476928 

2 0489823 



7^77 
7.78 



7 
7 



.792 
.802 
7.81 

7.82 

7.83 
7.84 
7.«5 
7.86 



2.0502701 

2.0515563 

05;s84d8 

0541237 

2.0554049 
■"^— '^■..■•^— 

2.0566^5 

2.0579624 

2.0592388 

2.0605135 

2.0617806 



7-87 2.0650586 
7.88 2.0643278 
7-89 2.0655961 
7-99 2.06686^7 
7-9' 2.0681277 



M«> 



7.92 

7-93 

7-94 

7-95 
7.96 

7-97 
7.98 

7.99 
8.00 



2.069391 1 
2.0706530 
2.0719132 

20731719 
2.0744290 

2.0756845 
2.0769384 

2'o78i907 
20794415 



HyperheUcal Logarithms 



StS 



N jLogarithm 




N 


Logariifam 




N 


Logarithm 


8.0I 

8.0! 

8.0, 
S.04 
B.os 


2 0806907 
10819384 
2.083.843 
2.0844290 
2.0856720 




•34 

1 

■43 


2.1210632 
2.1222615 
2.1234584 
2.1246539 
2.1258479 

1-127040? 
2.1282317 

2.1294214 
2.1306098 
=.1317967 


8.67 
8.68 
S.69 
8.70 
8,7. 


2,1598687 
2..6.02.; 

!. 1621729 
2.1633230 
1.16447,3 


8.06 

8.07 
8.0S 
8.00 
8.10 


2.0869,35 
2.088,534 
2.0893918 
2.0906287 
2.0918640 


8.72 
8.73 

^:?? 
^76 

8-77 
8.7S 
8.79 
8.80 
8. Si 

8.82 
8.83 
S84 
8.8? 

8.8^ 


2.1656192 

2.1667655 
2.1679101 
2,1690536 
2.1701959 


8.11 


2.0930984 
2.0943306 
■ .09;;6,3 
2.096790s 
2.0980,82 




.46 

■47 
.48 

% 

■33 


2.1329822 
2.1341664 
2.1353491 

2.1365304 
2.1377104 

2.1388889 
2.1400661 
2.1412419 
2.1424163 
2.1435893 


2.1713367 
2.1724763 
2.1736146 
2.1747517 

2.1758874 


8.16 
8., 7 
8.18 
8., 9 

8.20 


2.0092444 
2 ,0046:71 
2.10,6923 
2. ,029, 40 
2.,c.4,34, 


21770218 

2.1781 !5o, 
2.1792B68 
2.1 80+1 74 
2.18.5467 


8... 
8.22 

8.23 
8.24 

a.2s 


2.,0S3i29 
2., 063702 
2,07786, 
2.1089998 
2.1,02128 


•34 
■5S 

■36 
■37 
■S« 


3.1447609 
3.14593.2 

3.1471001 
2.1482676 
*-'494339 


8.87 
P.88 
8,89 
S.go 
3.91 


2.1826747 
2-1838015 
2.1849270 
:,i86o;i = 
2.1871742 


8.26 
8.29 

8.JC. 


2.1114243 
2., ,26343 
2.11J842B 
2.1,50499 
2.1,62535 


■39 
.60 
.61 
.62 
•63 


2150598; 
2.1517622 
2.1519243 
2.1 540851 
2.1552445 


a.glU. 1 882959 

8,932.1894165 
8.942.19053;;; 

8 952.<9,b5-,5 
S.96|z. 1 927702 


8.3, 
8.3" 

■8.33 
8,3, 


2.1198634 
..1210632 


.64 
6'^ 

.67 


2.156^026 
=-'S75S93 
2.1587.47 
2.1598687 


8,97Li938850 
3.982.1949998 
8,0^2.1961128 
9,oo;2.iq7224; 



J76 



A Table, &c. 



N 


Logarithm 


,o, 


2.1983350 


(J.02 


2.1994M3 


^.o■\ 


2.2005523 
1.2016591 

2.20176+7 


(),04 


9.0s 


9,06 


2.2038691 


»)07 


2.2049722 


.1.0« 


2.1060741 


q.oq 


2.1071748 


9.10 


2 2082744 




2.2093717 


q.l2 


2.2104697 


€).n 


2.2ii56;& 


9.H 


2.2 126605 


9.11, 


2-2'37!38 


9.16 


2.2,4846. 


<).i7 


2.2I;9J72 


().n 


2.2170272 


9.19 


2.2181160 


9-20 


2.2192034 


q.2I 


2.2Z01898 


<J.Z2 


2,zii375o 


9.^'. 


2.2224SPC 




2.2235418 


»-'! 


2.2246235 








2.2267833 


9.2s 


3.227B6I5 


9.2q 


2.22a93H5 


y.30 


2.2300144 


I-",' 


2.23.0890 


Q..l=' 


2.2321626 


f-ll 


2.233235c 


9-34 


=.2343062 



N 


Logkrilbm 






?■!< 




q.l6 


2.2364452 


y-1'; 


2.2137,-. 30 


9-3« 


2,23»5797 






9.4O 


2.2407096 


9.41 


2.24.7721; 


9-4! 


2.242^3!= 


9-43 


2.2438960 


9.44 


*»4495!9 


?::i 


1.1460147 


2.2470723 


^■47 




9.4h 


2 249' 843 


9.49 


2.2502386 


IJ.^O 


2.a5iz9i7 


4.?i 


z.2;z3438 


4.';! 


2.2533946 


9-« 


2.2S4444( 


9-U 




9.?^ 


2.2565411 


9.i;6 


2.Z575S77 


y-i- 


2.25^633: 


9.58 


2.2596776 


?:g 


2.2607200 


z»6,763i 


9.6, 


2.3628048 


qb2 


2.2638448 


9.63 


2.2648832 


9.64 


2.2659211 


q.b^ 


2. 2669 579 
2.2670036 


9.6( 


9.6712.26^0282] 



N |LogariiBni 

169028Z . 
27006 1 8 
2710944 
3721258 

2741856 
2752138 

17624 ri 

2772673 

»78'9^ 

2793165 
2803 39J 
28136.+ 
282382^ 
283402s 

2844211 
2854389 
2864556 

28747 '■4 



9.67 
9.68 
9.69 
9.70 2, 
9.71 

9.72 
9 73 
9-74 
9-7J 
9-7t>| '- 

9-77 
9.78 
9.79: 
9.80 z. 



9.82 z. 
9.83; 
984 



9.87 
9.88 2. 



9.91 

9.9: 
9 93 
9.94 2. 
9-95 
996 

9-97 

9.98 2. 

9.99 ^' 



2905124 
.2915241 
,292534:7 

'^3S445 

2945529 
,3955604 
,2965670 

^975 ; *5 
^985770 

2995806 
30058 ji 
301S846 

3025851 



FINIS.- 
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